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Holographic Model of Anisotropic Plasma
in Magnetic Field at Nonzero Chemical Potential
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Overview
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© Observations
e Pattern in Einstein Equations
o Formulas for Diagonal Metric g,,, ()

@ Solutions in Quadratures
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e Four-Maxwell Example
o Arbitrary Model
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Class of Models

Einstein-dilaton-Maxwell action with 2-forms and 3-forms

S:/dDac —gp X

fo)(®) ! hoay (@ 1
R= (20.)2' FforZi(M) Pry— D 5 Hiyy = 50u00" 6 — VW)]
: M

22! N 2 3'
L2b(z D2 22
ds? = z2( ) ( g(z)dt? + Z gi(2)dz? + ﬁ
=1

Material fields ansatses
@ clectric ansatz  Fio) = Aj(2)dz Adt:  Ag(0) = p, Ae(zp) =0

@ magnetic ansatz I yq) = q(aq) dzP A dak, Hnry = Qary daP A da* A dz!
for some p, k, l=1,D — 2

° ¢=¢(z)

Thermodynamics

! g’ (zn)| =
g(zn) =0 = T(zp) = R s(zp) = 4@
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Equations of Motions

Guv =Ty —> D EOM
m(\/%f(m FZB?) =0 — 1 EOM
@(@f(/m) F(%)) =0 — 0 EOM
ou(V=ap hoo) HE) =0 — 0 BOM

D,D*6 ~ 04V (6) — ;00 f0)(0) Fly
— 1 EOM

1 1
-> 196 J(9) Fomy— Y 13 9ehn) () Hiyy =0
M N
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Equations of Motions

Guw=T. — D EOM
Ou (wng fo) F(lg;) =0 — 1 EOM
d, (\ﬁ—gD fow F(*j\‘jl)> -0 — 0 EOM
0M<\/7—QD hoxy H{j\l}‘)’) -0 — 0 EOM
1
DuD'$ =04V (9) = 10J0 ) Fly =
1 2 1 2
-> 196 F () Fun — > 13 9hin (8) Hivy =0
M N
Not independent:
0 T 1 , 0L , 0L 6£_0 " 5[1_0
— Vu total_2gzz /—_79D tTAt—’_ % @— 1 TAt—

I. Ya. Aref’eva, K. Rannu, and P. Slepov arXiv:2409.12131v1 [hep-th]
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Pattern in 7,,/g,,

T(¢)_V(¢) i
b= o) P ()
¢/2
4o (= s = +)T

V. Zlobin Quadrature Solutions of EDM Models with 3-form Fields 5/ 22



Pattern in 7,,/g,,

T _ V(@) (e ) s
p=o(z): g 2N
¢/2 T
+4gzz (_7 ey T +)
(0) 2
T, A T
Fy = Al(2)dt Ndz : ﬂzw<+,...,—,...,+)
up 49009z2
plus sign before t, z
(M) 2
F<M):q(M)d:z:p/\dxk: THH :f(M)(d))q(M) (—,...,-}-, . ,+,...,—)T
Gup 49ppIrk 1 1

plus sign before p, k
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Pattern in 7,,/g,,

L _V@ )y
p=o(z): I 2
¢/2 T
+4gzz (_7 ey T +)
(0) 2
T, A T
Floy = Ay(2) dt Adz : ﬂzw<+7“_7_’“.,+>
up 49009z2
plus sign before t, z
(M) 2
T Fomy (@) @iy T
Fipmy = aomy daP Adab o H— = ¢ )(—7-~.7+, . ,+,...,—)
Gup 49ppIrk 1 1
plus sign before p, k
WO by (9) Q7
T, N T
Hnry = Q) daP A da® A da' pp _ ZN) W) (—,...,+7-~~,+:~~-’+,~~-,—)
Gup A9pp ik gu 1 1 1

plus sign before p, k, [
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Pattern in 7,,/g,,

T _ V(@) (e ) s
p=o(z): I 2
¢/2 T
+4gzz (_7 ey T +)
(0) 2
T, A T
Floy = Ay(2) dt Adz : ﬂzw<+7“_7_’“.,+>
Gup 49009z 2
plus sign before t, z
(M) 2
T Fomy (@) @iy T
Fimy = qomy daP Ndah s = 1 ¢ )(—7-~.7+, . ,+,...,—)
Gup 9ppIkk 1 1
plus sign before p, k
WO by (9) Q7
T, N T
Hpy = Q) daP A da® A dat - w0 ) (—+++—)
Gup 49pp 9Kk il 1 1 1
plus sign before p, k, [
M N
p#tv: T =179 =170 =197 =0, gu=0
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Pattern in 7),,/¢,,,: Sign Tables

Model: D=6, ¢=d¢(2), F=qde’Ndz", H=Qdz*Adz’Adz"

o7 | V(o) f)d® h(e) Q*
49 2 492503 9wy | 49wswsGrgrs Grans

T.. G..

z — =+ - - - = —

(=) gzz Gzz
(@) Lmmo || + + = Goamy
gl“liél gz‘ll“l
(933) h — — B s — %
Gxzas Grzzg
(x2) M — — — + — %
Gaaao KEPEDY
Tzlzl Gﬂ"léﬂl

1 _— — — — — =
( ) Gy TR
Tt Gt
t - — — — — — =—-—
( ) gtt gtt
/2 e 2 / 2
Trses _ ¢ V() + f(9)a + h(¢) @ _ Gajas
gxgx;; 4gzz 2 491‘;5:1:;;9:1:41‘4 49:1»2:::29;,:3:539;1;4.1:4 gac3a:3
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Pattern in 7),,/¢,,,: Sign Tables

Model: D=6, ¢=d¢(z), F=qd®ndz*, H=Qdx*dz*Adz*

% | V() f@)d h(9) @
49.. 2 49r505Grgzs | A9wowsGursasJrgay
T.. G2
@ =+ | - - - ==
Gzz gzz
Toya 24w
(m4) ZTaTa —_ _ + + — %
ETE Gryzy
T z33
(933) £33 _ _ + + — Gajas
Gxgxs Jrzas
Trye zow
({132) T2T _ _ _ + — G 2T2
[ Jwzws
@) D= | _ | _ B _ Gais
gz, Gy 21
o | _ ] _ _ _ _ _Gu
9it Jtt

Goyry | G
ETES gtt

(z1) — (t) =0
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Transformed Einstein Equations

Model: D=6, ¢=¢(z2), F=qda®Ndz*, H=Qdz*Ndz’Adx
G G 12
=) — ® = Gn_ 2
9zz it 2 9zz
G G
(2) + (z4) — — = —V(9)
9zz Graxy
(z3) — (z2) Gasas Gayay _ f()d®
91313 g:EQZEQ 2 9131391414
Jroxs 9zi2, 2 Yoo Yrsws Jraas
G G
(1) = (1 Tum oy Z0 o
gzlzl it
(24) — (23) Crias _ Crans
91414 gzgzg
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Main Formula(s) for G,,./g,,

D-2
ds® = goo(z) dt” + Z gii(2) dai + g.» d2°

i=1

= n=-—

Joo gsp 2 \/giD gzz dz Jao

/
G()I(Jl GZZ 1 \/ d
[ # 2] : + —= ( 90 ¢ 1, 9D >

Goo Gz 24/9D\ Y2z Az Guog--

(o, B# 2] : Goo _ Gos_ 1 (@dl gﬁa)

Euclidean — Lorentz goo(2) = — gu(z)

Goio Gy Gasa G, -
[o1,2, B1,2 # 2] ( — - 31[31) + < 22— ﬁﬁz) =

Jagaq 9181 Gazas 98282

!
_ 1 V9D d In 9B1819828>
29D\ 92z dz  gajay9asas
V. Zlobin
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Solution in Quadratures: Simplest Example

Joa goo 2 \/ 9D gzz dZ guu

!
Lorentz [a # 2] : Gaa + @ _ 1 (\/ —Jp d gtt )

’
Euclidean [« # 2] : Gaa _ Goo — 1 (VgD o 900 )

Joo git 2 v —9gD gzz dZ gaa

Model: D=6, ¢=de¢(z), F=qds® Adz*, H=Qdx>Adz® Adzx?

Gz T Gtt 1 Z) '
x1) — (¢ 0=—"2L 4 — = V4
(1) — () Gy gt 2v/—9D ( 717;[t 9~ (2 dz g1(2‘ >
\ J

=C

V. Zlobin Quadrature Solutions of EDM Models with 3-form Fields 10 / 22



Solution in Quadratures: Simplest Example

Joa goo 2 \/ 9D gzz dZ gun

!
Lorentz [a # 2] : Gaa + @ _ 1 (\/ —Jp d gtt )

’
Euclidean [« # 2] : Gaa _ Goo — 1 (VgD o 900 )

Joo git 2 v —9gD gzz dZ gaa

Model: D=6, ¢=de¢(z), F=qds® Adz*, H=Qdx>Adz® Adzx?

Garny  Gue 1 FORY
—(t 0= 2" 4 = = | | \/
(z1) — (2) Joros + gee 2v/—9p ( Gy (2 >

d
Y#£z,t z g1(z
L J

=C

= z z)=g1(z 1 ZL >
—BW = 9@ g”[c /zogas)s(a*c
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Solution in Quadratures: Four-Maxwell Example

D=5, ¢=9¢(2), Fuoy=Ai(z)dzAdt

Model: F(1> =q(1) dz? A d:EB, F(g) =q(2) dzt A dl’g, F(g) = q(3) dz! A da?

ds2 — %2(2) (g(z)dt2 + gl(z)dm% + gg(z)d:pg —+ g;a(z)dﬂ?% =+ g(Zz)>

of of 95 of g5 of 3B ([ g1 gb g5\  gb0%
—g|-E 2258 T (R BB B
g1 291 g2 202 g3 2¢3 B g1 g2 03 g2 03

_JoA? 2fwdh _
!

B2 %29293 I. Ya. Aref’eva, K. Rannu, and P. Slepov arXiv:2409.12131v1 [hep-th
. Gz Goyz G Goyz f a
Sign Table — Gmma | Gomum | G Goiny _ J0@)dt) | f0)(9) A7(2)
Gxoaso Gz gt Gy [EPED gwsws 29tt gz
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Solution in Quadratures: Four-Maxwell Example
D=5, ¢=9¢(2), Fuoy=Ai(z)dzAdt
Model: F(1> =q(1) dz? A d:EB, F(g) =q(2) dzt A dl’g, F(g) = q(3) dz! A da?

dz?
ds® = B%(2) | —g(2)dt> + g1 (2)dart + g2(2)da’ + ga(z)da’ + g())

{Mg o o o o 3%'(%%%)&9@}
g1 g2 @3 g2 g3

_ f(o)A:s2 _ 2f(1)’](21) .

B2 %29293 I. Ya. Aref’eva, K. Rannu, and P. Slepov arXiv:2409.12131v1 [hep-th]

Sign Table — Ceezz | Guems | Gu  Goimy fay (@) afyy L 0 (@) A7)

Gxoaso Gz Get Gy [EPED 9%313 29tt gz
7
1 1 , 2 A/2
st 1 . (g) _ f(1>‘1<1)+f<o> A
g1 2 B2s (5] %49293 2934
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Solution in Quadratures: Four-Maxwell Example

! I -
11 g fodhy  foA?
EOM fi - =z -
OM for g(z) 5 B2s (5@5 (®> ) %49293—1— o1
Step 1: No RHS @(g)' l 0 = g2 6()C/z £ o
ep 1: No 56 (= = z) = &(z —_—
P ® g ', 5@
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Solution in Quadratures: Four-Maxwell Example

1 1 ! ! 2 A/2
EOM for g(2) 3> 7% (5@ (;) ) _ gi)gq;gl; i f(20£)B4t
Step 1: No RHS (56 (Q(}S)/> =0 = g(2)=6() |:Cl /z %4—02
d (s(2) fo)(¢(2)) |,
St 2: 0=— 7141 7140: 7A =0
E(;el\r/)l for A.(z) dz< B2(z) (2) +(0) =, Ai(zn)
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Solution in Quadratures: Four-Maxwell Example

I I -
11 g fodhy  foA?
EOM f - — = =
OM for g(z) 5 B2s (5@5 (®> ) Bigags + o1
Step 1: No RHS 505(9)/ ,—0 = g(z) = 6(2) C/z ®__ ¢
H - = - 1 TN s SN 2
® =0 5(8) 8(8)
d
Step 2: = <5(z UG )> , Ap(0) = p, Ag(zn) =0
EOM for A(z)

:/ f(o) je = A(z) = (1 B II((;:))

Step 3: With RHS

_e) oK [Tk [ st Fa@m)
1 =66) [0 e 24 [ e [, 30 e

*(I(Mh)) / ©® /€ s(m?j}g@(n)) d”}
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Solution in Quadratures for Arbitrary Model

D is arbitrary, ¢(z) is always present
Arbitrary Model:  only one electric F{o) is possible
any magnetic Fi ) and H) are possible

D-1 G D—1 T
Case I: EOM with no RHS > ky —2% =[G = Tp] = > ky £ =0, k, €R
=0 up H=0 Gup
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Solution in Quadratures for Arbitrary Model

D is arbitrary, ¢(z) is always present
Arbitrary Model:  only one electric F{o) is possible
any magnetic Fi ) and H) are possible

D-1 G D—1 T
Case I: EOM with no RHS > ky —2% =[G = Tp] = > ky £ =0, k, €R
=0 up H=0 Gup

D—1 T v D—1 12 D—2
Zkuw—?<2k#>+4¢ <kDIZkM>+
=0 1=0 g 1=0

up zz

72 D—2 ¢ =
+f<0>WAt(Z)<ko+kz -3 k‘u) +f(M)(¢)q(M)<ki+kj - > ’“*‘)

4900 9=z = 49ii 9j; Lm0 i

hoy (¢) QF =
B Y N Y ¥

4 gmm gnn Gpp u=0, u#m,n,p
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Solution in Quadratures for Arbitrary Model

D is arbitrary, ¢(z) is always present
only one electric Fq) is possible
any magnetic Fi ) and H) are possible

Arbitrary Model:

Gup

D—1
Case I: EOM with no RHS Y k,
w=0 Gup

D—1 T
(Guv =Ty} = > by = =0, Kk, €R

H=0 Gup

D—1 D—1 2 D-2
T, 14
Zkuﬂ:¥ = >k +4¢ kpo1— > ku |+
h=0 Gup 1=0 9zz =0
A2 D—2 2 D—1
n foy(¢) AL (2) ko 4+ k. — Z ke |+ Foy (@) aia bi b by — Z o
4900 922 =1 49ii 9j; n=0, pti,j
h 2 D—1
M K + ki + kp — Z k.
9mm Inn Jpp n=0, uFm,n,p
4 D2
&(z) : kp_1=k. =0, > ku=0

[#(2) +] Floy = Aj(2) dt Adz:
[6(2) +] Fomy = am da’ A da?
[0(2) +] Hay = Quvy da™ Ada™ Ada? -

V. Zlobin

Quadrature Solutions of EDM Models with 3-form Fields

h=0
ko +kp_-1=0—>ko=kp_1=k.=0

ki+k; =0

km +kn +kp =0
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Solution in Quadratures for Arbitrary Model

D—2 4
Gaa  Gpp 1 V9o d g
$(2): kp1=k.=0, S k=0 | [a,BEz]: —ox_ TP 22 222
=0 oo 9sp 2\/9D gzz dz Joo
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Solution in Quadratures for Arbitrary Model

D—2 ’
Goo Gpg 1 Vgp d g
¢(z): kp-1=k.=0, Zk“:O [, BF#2]: —— ——= VID Dy 988
=0 Jaa 988  24/9D\ 92z 42 Jaa

Step 1: simplify
D-1

D-2
G G e G

kpo1=k:=0 = Yk ““Eko—oo—i-z:kiizlz’-i-kzégZ:(]
zz

=0 Iup goo izo gz,
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Solution in Quadratures for Arbitrary Model

D—-2 ’
Goo  Gpp 1 Vgp d g
¢(z): kp_1=k.=0, k,=0 | [a, B# 2] : _ — 4, 988
=0 oo 9pB 2\/97D gzz dz Joo

Step 1: simplify
D—1 D—2
G G Gz, G
kpo1=k:=0 = > ky -t =kg—2 4 > kST 4k 2 =0
u=0 Gup goo i—0 9z ;z; 9zz
Step 2: observe

D-2 G G
Doku=0, ky€Z = Y |kul= Y |kl = D |kul = k| ==

n=0 k>0 k, <0 ku>0 H k, <0 vy

r. 7

the same number of G,p/gpp

Ga @ G G(]/A)(){x Ga, 3
[o1.2, P12 # 2] : < 101 51/ﬁ1> +< 202 /32~“2> _

Jajay 95181 Jagaz 9282

I
1 <\/9D d Iy 9B1819825: )

B 2'\/gD 9zz dz Gaia19asas
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V. Zlobin

Solution in Quadratures for Arbitrary Model

D—2 ’
Gaa  Gpp 1 VIp d ‘
¢(z): kp-1=k.=0, k, =0 | [, B# 2] : oo BB v9b 2\, 968
= oo 983 29D\ gzz dz  Gaa

Step 1: simplify
D-1 D-2
Gup

G G, G
kpo1=k:=0 = Y ky =ko — 0+ > kg, 2 =0
=0 up goo . 9z ;z; gzz

1=0
Step 2: observe
D—2

e
Shu=0, ku€Z = S lkul= > k| = Zlkul Zlkl -

pn=0

k>0 ky, <0 ky>0 e ky, <0
7
the same number of Gpp/gpp
D— [Feu |
G 1 V d
Step 3: apply formula Z ku mE — Ip 4 In Hk <0 9vv m =0
— 9up 2\/9D gzz dz Hk >09‘ wl
i

— !
Step 4: further simplify (q 5p — ln ( H >>
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Solution in Quadratures for Arbitrary Model
EOM with no RHS: D2:1k G = = <95D1n< ko H 9p )>/0

up

G
@ ko =0, or Tt s absent:
gtt

D—2 '
15*—order: gs iln H ko =0 = (2) = ¢
: L Ddz 9p g
p=1
1
ien I
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Solution in Quadratures for Arbitrary Model

D—1 !
G
EOM with no RHS: Zk T —g = <gspln<"°Hg ))

up

G
@ ko =0, or Tt s absent:
gtt

D—-2 4
15*—order: gs iln H ko =0 = (2) =
: 9gsp dz 9p g
p=1

c

dzlnlz[lg 2)

G
@ ko #0, or Tt g present:

gtt
B d E /ko '
2"%—order: ko-|gsp = In (g J;[l 95" ) =0
T —kp/ko e L [F dg ¥
B(z) = H g 7z = g(z) =6(2) {Cl /Z“ SiD(f)@(f) + 62}

p=1

Remark: 29— order EOM without the RHS is impossible when F{q) is present
F(O) :A;(z) dtANdz: ko=kp_1=k,=0
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Solution in Quadratures for Arbitrary Model

D-1 G D—1 T
Case IT: EOM with the RHS >k, —* =[G =Tw] = > _ ku =%, ky€R
u—=0 Gup Gup

=0

=

Step 1: force ¢(z) to not contribute

D—1 D—1 2 D—2

T, |4
E kuﬂ:ﬁ _E K, +¢ qu-E ky |+ -
=0 Gun 2 =0 dg =0

zz

D—-2
o(2) : kp_1 =0, > k=0
pn=0
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Solution in Quadratures for Arbitrary Model

D-1
Case IT: EOM with the RHS "k, Gun _ (G =T = ky Luw k., €R
u—=0 Gup Gup

=0

=

Step 1: force ¢(z) to not contribute

D-1 D—-1 2 D—2

T, |4
E kuﬂ:ﬁ _E ko | + ¢ k,)71_§ ky |+ -
=0 Gun 2 =0 dg =0

zz

D-2
o(2) : kp_1 =0, > k=0
pn=0
Step 2: apply the formula

kO 22 d d g D—2 D—2 K, /k
_2L2‘bsde(5D®Z> =2 kw06 =]]e )

s Gup =1
Step 3: solve without the RHS

9(2) = 6(2) [Cl / % " CQ}
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Solution in Quadratures for Arbitrary Model

D-1 G D—1 T
Case II: EOM with the RHS Yk, —** =[G =Tw] = Yk 2=, ku€R
u—=0 Gup Gup

=0

=

Step 1: force ¢(z) to not contribute

D-1 D—-1 2 D—2

T, |4
E kuﬂ:ﬁ _E ko | + ¢ k,)71_§ ky |+ -
=0 Gun 2 =0 dg =0

zz

D—-2
o(2) : kp_1 =0, > k=0
pn=0

Step 2: apply the formula

ke 2 d dg D-2 b2 I
—— 5 |5p®—= | = k, ~EE B(2) = Srelto
212 bsp dz ( b® @) Z " (2) ;)E[ 9p (2)

Step 3: solve without the RHS

s =e) [0 [ e ol
Step 4: vary the parameters C1, Cs N
24 fo)(9)A? fon( @ty P (9)Q%n

On the RHS: X )
L4 4p2 4Gii9;; 49ppgrkgu
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Quadratures: Result

All models, regardless of D and the collection of 2- and 3-form fields,
are solved by quadratures, meaning

@ g(z) is expressed in terms of integrals of the other metric functions and
some of the coupling functions (after solving for A;(z)):

g(z) = Function(b(z), 8:(2), fp(o(z)), h,(qﬁ(z))), i=1, D—2,

where the procedure yields an explicit expression for Function(---);

@ all the other functions — ¢(z), V(é(2)), fq(¢(2)), hs(¢(z)) — are then
found as functions of z (¢ # p, s £ ).

Remark: ¢(z) ==+ / \/Zgzz (Gzz + %> dz
gzz gtt
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Null Energy Condition

_G‘“‘_%Z()

T[l.l/ g”EV Z 07 Vf”fﬂ = O - V,u . Rl‘u; — R8 =
Gup goo

Talk by K. Rannu

Model I D=5, ¢=¢(z), Fuy=qq) da? A da?, Fig) = q3) dat A da?

2_2 2_2
ds* = L—2 —g(2)dt? + da? + 2) + B R + d—ZQ
22 ! L 2 L 37 g(2)
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Lifshitz 4+ Gauss anisotropies
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Lifshitz 4+ Gauss anisotropies
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Null Energy Condition
& Third Law of Thermodynamics

zn < 21" (v,ep) forcg <0 = T > Thin = T(21""7)

T(zr) and s(T) for various cg, [T] = [z1] ™ = [e¢B]"/? = GeV
Red points — Tinin. Dashed lines — regimes, forbidden by NEC
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Third Law in Planck form S —0 as T —0
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Construction of Solutions

Model II D=5, ¢=q¢(z), Fo =qods' Ada®, Fg)=qg)da' Ada?
L? 2\2w 2\2 % dz?
ds* = = —g(2)dt® +dat + | — dos + | — dal + ——
$ 52 b(2) ( g(2)dt” + dxy + I To + T 3 + o)
Lifshitz + Lifshitz anisotropies
For arbitrary b(z):
Zn
o(z) = 02 hh [Tugte i
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Construction of Solutions

Foy = qydz" Adx®,  Fg) = qg)da’ A da?

Model II D=5, ¢=o(z),
L? 2\ 2\ dz?
2 _ L7 _ 2 2 Z 2 Z 2 027

ds* = e b(z) ( g(2)dt” + dx7 + (L) dx; + (L> dxz + g(z))

Lifshitz + Lifshitz anisotropies

For arbitrary b(z):
E7s
o) = A g te

For b(z) =e®", n>0, ceR:

I # 1 1
1fﬁ, where I(z):/ &3 exp (305") &, —+—=2
I(zp) 0 2 vy, s
9(2) = n 3 11
828 % exp (—cf”) dg, — 4 —=-2
2 T )

z

2h 3
Remark: / &% exp (— 3 cf"‘) dé -+ o0 asz—+0
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Conlusions

o Class of models considered leads to a pattern in 7},,/g,,
o Obtained formula for diagonal metric g, (2)

o Procedure developed to solve for ¢g(z) in quadratures

» demonstrated using two examples, including four-Maxwell
» extended to arbitrary D and Fg), Finy, Hon

e Observations made can be applied to ease NEC consideration

e Procedure helps systematically derive all solutions while
symbolic solvers may fail
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Thank you for your attention!
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