Inhomogeneous phases in QCD phase diagram
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QCD Phase Diagram
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Two main phase transitions

» confinement-deconfinement

» chiral symmetry breaking phase—chriral symmetric phase




QCD Dhase Diagram

QCD at T and u
(QCD at extreme conditions)
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QCD Dhase Diagram and Methods 7

Methods of dealing with QCD

» Perturbative QCD

» First principle calculation
— lattice QCD

» Effective models

» DSE, FRG




Nambu-Jona-Lasinio (NJL) type model
P———

Lagrangian of GN model

G
2N,

L =iy +

Wy)? = (1, 9N,

Discrete chiral symmetry: ¢ — 59, zZv,/J — —Qﬁw

Auxiliary Lagrangian
-~ N,
L= w{*ypi(?p — o —iy’m| — 4—502

Generating functional

7= / DYDYDo e wwEWab.0)




Chiral symmetry breaking in NJL model

o(z) =0+ do(x), o(z) = (o) + do(x)

In the leading order of 1/N, expansion or in mean field

one can omit the fluctuations do(x)

Z= /D@Dz/; ea:p{/dxf(lﬁ,wﬁ)}

Chiral symmetry breaking

() #0, (o) ~ (i) #0

(@) #£0 — L=19[1i0, - (0)]v




Order parameter

Order parameter
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Inhomogeneous phase

Order parameter 0 5, & (T)
0 =0(T,p)
T,
0 =0(Z) oc=0(Z|T,p)




Dual chiral density wave in quark matter

—

Chiral Density Wave (CDW) or Chiral spiral ansatz

(o) = M cos(bx) (m) = M sin(bx)
100

XN Order Parameters at 7=0
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E. Nakano, T. Tatsumi, Phys.Rev.D 71 (2005) 114006 arXiv:hep-ph/0411350
D. Nickel, Phys.Rev.D 80 (2009) 074025 arXiw:0906.5295 [hep-ph]

Inhomogeneous phases in the Nambu-Jona-Lasino and quark-meson model



Two dimensional inhomogeneous phases

M(x,y) /M
M(x,y) /M
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FIG. 1. Mass functions M (z,y) with two-dimensional modulations in coordinate space. Left: “egg-carton”
modulation on a square lattice, Eq. (I2). Right: hexagonal modulation, Eq. (I3).
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FIG. 2. Amplitude M and wave number Q at T' = 0 as functions of the chemical potential x after minimiza-
tion of the thermodynamic potential for given shapes of the mass function. Left: “egg-carton” modulation

on a square lattice, Eq. . Right: hexagonal ansatz, Eq. (13).

Phys.Rev.D 86 (2012) 074018



Inhomogeneous islands and continents
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S. Carignano, M. Buballa, Acta Phys.Polon.Supp. 5 (2012) 641-658,
arXiw:1111.4400 [hep-ph]

Inhomogeneous islands and continents in the Nambu—Jona-Lasinio model
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i 1+1 :—dim GN model

Lagrangian of (1+1)-dim GN model
o G
L =0(v"10, + 1) + 5 (09)*

Homogeneous condensate

(o) = M = const

T/NM

0614
A
Massless
B phase
044
Massive v
B /
03+ N =
NS
I > N
/ / N
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|
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i 1+1 :—dim GN model

For example cosine ansatz

(o) = M cos(bx) o(x) = Msn(Mz|v)
T/NM
0‘:_ Massless
05T phase

044 14
Massive B
03+ phase
0.2 \4 |
0.1+
b VWA
; ; ; . , , A

1 1 1 t t t t
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 p/NM

(u, T')-phase diagram of GN model with possibility of
inhomogeneos case

O. Schnetz, M. Thies, K. Urlichs 2004, Annals Phys. 314 (2004) 425-447
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Phase diagram for Ny
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Large N limit and finite NV
—

As a rule one employs large N limit to suppress
bosonic fluctuations

they can easily destroy the condensation and
inhomogeneous phases

It is extremely hard to get full picture with
bosonic fluctuations (at finite N without mean
field approximation)

It is possible and was done on lattice in
(14-1)-dim GN model




Phase diagram for Ny = 2

064 ® © © @@= ___ Jarge-N; boundary
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Hfoo

the phase diagram from Ci,;, for Ny = 2

Unexpected feature is that the temperature range with negative
Cinin grows with increasing p, which is qualitatively different
from the situation at large Ny




=1+1 :—dim NJL model (chiral GN model)

Lagrangian of (1+1)-dim NJL model

L =910, + 1°)v + —{(W) + (Yiy°y)?

Chiral spiral ansatz
(o) = M cos(bx) (m) = M sin(bx)

T/NM
06 Massless phase
A




Inhomogeneous phases in Chiral Gross-Neveu Model
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FIG. 9: Infinite-volume extrapolation: phase diagrams for fixed lattice spacing and Ns = 63,127 and 255.
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N =2 result



Inhomogeneous phases in (2+1)-dimensions

No papers on inhomogeneous phases in

(2+1)-dim models such as GN model

A plethora of studies of inhomogeneous phases

in (141) and (3+1) dimensional models
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phase boundary, o = o(x)
phase boundary, c = const.
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First results in (241)-dim GN Model
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M. Winstel, J. Stoll, M. Wagner, J.Phys.Conf.Ser. 1667 (2020) 1, 012044,

arXiv:1909.00064 [hep-lat]

Lattice investigation of an inhomogeneous phase of the 2+ 1-dimensional

Gross-Neveu model in the limit of infinitely many flavors
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Inhomogeneous phases in (2+1)-dim GN Model

e Call for a critical revision of the role of the regularization.

e For instance, inhomogeneous phases have also been found in
the (3+1)-dim NJL model. Unlike in (2+1) dimensions,
(34+1)-dim NJL model is non-renormalizable and therefore the
studied with finite regulators.

e Given that inhomogeneous phases exist in the renormalized
(141)-dim GN and NJL models, while in the (2+1)-dim GN
model they are only present at finite regulator values, one might
suspect that the observed inhomogeneous phases at (3+1)
dimensions could be regularization artifacts.

4




NJL model with chiral imbalance in (2+1) dimensions 5

Pn = —Pua, (68Y]
mn

Y = Yathn,
Yn = ¥5Pn,  Pu = —Pus
. +1, 0
with Vs =ins =1L =
0 -1,
+1, 0 +ilp
'74:T1®12:< >/ ’Ys:—’l'z®12:( ) (13)
+1, 0 —ily 0

Both 74 and 5 anticommute with 7o, v and 7, thus fulfilling the necessary properties

Qlu o1 = QW[p, 0] — Qlu, pas, o] = QW [, pas, 0] = 7y + yop + Y4505 + 7

- ( Q@[ + pas, 0] 0 )
0 Q@[ — pas, 0]

0/L

12 12

L. Pannullo, M. Wagner, and M. Winstel, Symmetry 14, 265 (2022), arXiw:2112.11183 [hep-lat]
Inhomogeneous Phases in the Chirally Imbalanced (2+41)-Dimensional Gross- Neveu Model and

Their Absence in the Continuum Limit



NJL model with chiral imbalance in (2+1) dimensionse

—

e For (2+41)-dimensional GN model chiral imbalance ju45, it was
shown that an isospin chemical potential . is equivalent
to the chiral chemical potential 5

e Thus, all results can be interpreted in the context of chiral
imbalance or of isospin imbalance. In particular the p-pr-T
phase diagram was identical to the u-u45-7 phase
diagram

e (145 seems to disfavor inhomogeneous modulations

e The inhomogeneous phase shrank for decreasing lattice
spacing and was expected to disappear in the continuum
limit

Symmetry 14, 265 (2022)




NJL model with various terms in (241) dimensions 7
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s
04

L. Pannullo, M. Winstel, Phys.Rev.D 108 (2023) 3, 036011,
arXiv:2305.09444 [hep-ph]

Absence of inhomogeneous chiral phases in (2+1)-dimensional
four-fermion and Yukawa models

L
/Mo =0
/Mo =1
I
L
)Mo =005
/Mo =10
e |
Mo

» no instability towards an inhom phase.

» no so-called moat regime




Ansatz Method for

inhomogeneous phases




Homogeneous condensate and effective action

Effective action satisfies

apgl| S — s g
Bl T eW=@= T

Effective potential ) )
F[¢c] - —fdl’ ‘/eff[¢c]u ‘/eff[¢] — _%F[¢]

find the minimum of effective potential or TDP with

respect to condensate gb

For quark-antiquark condensate

(@)~ (o) =5 =M Vialo) =~ T3]




Ansatz method
—

(¢) = ¢(x) = F(,a)

Chiral spiral ansatz
(o) = M cos(bx) (m) = M sin(bx)
where M and b parameters
Effective potential
Vet = Vet (M, b)

So one should find the minimum with
respect to parameters M and b




Ansatz method
—

Even if one gets exact Vg,

for example, in 1/N, approximation or
mean field

Minimum of effective potential

‘/eff(Ma b)

does not necessarily gives
true ground state




Stability analysis for

inhomogeneous phases




Stability analysis of inhomogeneous phase
o(x) = & + 0o (x),

where 0 is ground state assuming only homogeneous
condensates

Expanding effective action with respect to do
1% _
s = Ny Gyo? - (@)

s = ;(5o [ asot - 1e(q40) )
S = (;; / &z (60(x))” + %’I‘r(@‘léaQ_léa))

58 = 18 [ alsstaPr (@),




Stability analysis of inhomogeneous phase

If there is instability
If Tin = min, T (q) <0

then homogeneous ground state with
condensate 0 is unstable with respect to
fluctuations

But 7 is true ground state, i. e. minimun,
among homogeneous configurations

So true ground state should be only
inhomogeneous




Stability analysis and its limitations

o If T, = min,T?)(g) <0

There is instability hence the true ground state is
inhomogeneous phase

The homogeneous state is a saddle point, not a minimum. The system will
definitely roll away from it. Since the instability is at ¢ # 0, the true ground state

must involve spatial modulation. This is a sufficient condition.

e But if T, = min, T®(q) >0

N

The homogeneous state U

could still be not the true '
ground state /

The effective potential could

look like this in field space: =
Pl L A0




Stability analysis of inhomogeneous phase

In general we know nothing about true
ground state, inhomogeneous phase and its
configuration

Only know that true ground state is
inhomogeneous phase, that is all




Stability analysis and

Moat Regime




Stability analysis and moat regime 11

Assume that T’ (2)(q) depends on ¢%. Then the expansion of
I'?(q) around ¢ = 0 is given by

¢ r)(g)

@ () =17®@

q=0
Instability to inhomogeneous phase if

I'yin = ming F(Q)(q) <0
One as a rule define

_ d’T@(g)

Z
dg?

q=0

And if Z < 0 then this regime is called moat regime




Moat Regime in QCD Phase Diagram: F(Q)(q)

Moat regime

r(e)

I High potential

I Low potential

12




Moat Regime is considered as
an

Indication or a Precursor

of Inhomogeneous phase




Stability analysis and moat regime

—
" ‘f%’%

~R
Z (9 |

4
d2T?)
Z = d2(‘J) >0, Typin >0 Z <0, Topin <0
q 4=0
e No inhomogeneous phase e Inhomogeneous phase

e no moat regime e moat regime

14




Stability analysis and moat regime 15

7 «N(

)

79

D
2/’ ((0\ 2/'(0>'
o .
nor 21(:
d’r@
7 = dz(q> <0, Tpin >0 Z>0, Tpin <0
N
e No inhomogeneous phase e Inhomogeneous phase

e moat regime e no moat regime




Testing Stability Analysis in (1+1)- dim GN model 16
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7T

w
A. Koenigstein, L. Pannullo, S. Rechenberger, M. Steil, M. Winstel, J.Phys.A 55
(2022) 87, 375402, arXiv:2112.07024 [hep-ph]

Detecting inhomogeneous chiral condensation from the bosonic two-point function

in the (1+1)-dimensional Gross-Neveu model in the mean-field approzimation



Inhomogeneous phase in FRG 17

e Standard crossover
uB / T <4

e moat regime appears at
/J,B/T ~ 4

e Instability at finite
momentum for up/T > 4.5
inhomogeneous phase

e onset chemical potential
up of the instability region
on the crossover line shows a
mild regulator dependence:
up ~ 540 — 620 MeV,
consistent with systematic
error estimate of 10%

Fon [MeV]
200 450
180 400
160 350
E 140 Crossover line 300
=, 7 moat
& 120 o moat s 250
B (nhomogeneous instabi
== fRG: Fu et al. ‘
100F ... DSE: Gao et al. 200
—-— DSE: Gunkel et
80 m# Lattice: WB - 150
Lattice: HotQCD
: 100

4(‘)0 G(‘)O
i [MeV]

L
0 200

Moat regimes: pions - hatched grey, sigma - hatched red. The
region with signatures of inhomogeneous condensation is shown
with a heatmap whose colour indicate value of k,y which is the
lowest value of the RG-scale that can be reached before the

instability terminates the flow.




Regularization and fits

—
(341)-dim NJL model is effective model

It is non-renormalizable

it is valid up to some energy scale

And one cannot reduce the regulator,
the regulator and the fit is the part of the
model

(G, /\) from experimental data such as M, fr,...

One should relate (fr, Mp) to (G, A)




Inhomogeneous phase in (3+1)-dim NJL model
—

PV B Hybride, T=L"'=0 e Critical endpoint
Il sC —— 1st order hom. phase boundary 0 Lifshitz point
Bl SLAC, T=L"1'=0 +++= 2nd order hom. phase boundary Instability region

X
400 -

.o
L e g o . it s

200 250 300 350
Mo/MeV
L. Pannullo, M. Wagner, M. Winstel, Phys.Rev.D 110 (2024) 7, 076006,
arXiw:2406.11312 [hep-ph]

T
400 450

Regularization effects in the Nambu-Jona-Lasinio model: Strong scheme

dependence of inhomogeneous phases and persistence of the moat regime




Inhomogeneous phase: No medium regularization

B PV —— 1st order hom. phase boundary O Lifshitz point
Bl sC + 2nd order hom. phase boundary [ Instability region
I SC with NMR e Critical endpoint
600 -
% x
=
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< 400 4
P @
200 - ; T T
1.00
0.75
<
~
¥ 050 /
0.25 Jommmn. A LR
T T T T T
200 250 300 350 400 450
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Phys.Rev.D 110 (2024) 7, 076006

3




Moat Regime in (3+1)-dim NJL model

—— HBP boundary
T 21 Moatregime, Z <0

0 100 200 300 400 500
p/MeV

Homogeneous phase boundaries and the moat regime for both the PV and the SC
schemes.

Phys.Rev.D 110 (2024) 7, 076006




e (1+1)-dim — inhomogeneous phases

e (2+1)-dim — no inhom phases if no regulator

e (3+1)-dim — inhom phases

(d41)-dimensional NJL type model




GN model in 1 < d < 3 dimensions

—

=2
Uest (7, ,d) = ;—)\ In Det (a + Yo + O') =

ﬁ
Y
55 [ B 0w - E)E - lu))

GN model in d dimensions

_ N, [@+)r (=4 [ 5ile? | |5|tt!
Uenlo, . d) = 05 8/ T2 tasr)?t
@(ﬂz)_de 1 d.d+2. B [t
S o B (532 5) - [2)

L. Pannullo, Phys.Rev.D 108 (2023) 3, 036022
arXiv:2306.16290 [hep-ph]
Inhomogeneous condensation in the Gross-Neveu model in noninteger spatial

dimensions 1 < d < 3




GN model in 1 < d < 3 dimensions

—

2.5
HBP SP
2.0 1
s ] Moat regime
15
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(u, d)-phase diagram of GN model with possibility of

inhomogeneous case

L. Pannullo, Phys.Rev.D 108 (2023) 3, 036022

arXiv:2306.16290 [hep-ph]
A. Koenigstein, L. Pannullo, Phys.Rev.D 109 (2024) 5, 056015

arXiv:2312.04904 [hep-ph]




GN model in 1 < d < 3 dimensions

—

S[v,y] = / d’r/dd

GN model in d dimensions

/dT/dd

NJL model (or chiral GN model) in d dimensions

(@ + 0P — 5= (Wﬁ) l

vé’ﬂou)w— T { (Yy)? (ilﬁ%w)g}]

But ambiguities with 75, {7, 75} make stability analysis

of NJL model in d dimensions less clear

Phys.Rev.D 108 (2023) 3, 036022 arXiw:2306.16290 [hep-ph]




12+1 :—dimensional NJL model

(241)-dimensional NJL model with Lagrangian

[, G, _ .
L =a[%i0, + 1°|a + 5 | (@) + (@),
Chiral density wave (CDW) or chiral spiral
(o(t, 7)) = M cos(2bxy), (m(t,7)) = M sin(2bz1)

where M and b are time- and 7- independent
quantities.




=2+1 :—dim NJL model with compactified dimension 2

(2+41)-dimensional NJL model

L=g [vpiap + /wo} q+ % [(@q)2 + (@quﬂ

with one compactified spacial dimension

of circumference L

e at small L closer to (14+1) dimensions

e at L — oo it is (2+1) dimensional model




TDP with compactified spacial dimensions 3
—
(241)-dimensional NJL model with Lagrangian

. Gr, _ .
L=q [vplap + /WO} a+t 5 [(qq)2 + (qw5q)2}
Chiral density wave (CDW) or chiral spiral

(o(t, 7)) = M cos(2bx1), (m(t,r)) = M sin(2bxy)

M and b are time and 7- independent quantities.

Final renormalized expression for the TDP
2

M ~
oys(M,b) = ZnLAV;)hyS(M, b)+ Vi (M, b)+W, (M, D)




Inhomogeneous phase: g < 0

There are several inhomogeneous phases
in phase diagram

675
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Inhomogeneous phase: g < 0 at fixed L

— Lw=050 2] — Lw=o0s0

M and b as a function of p at L = 0.5

There are inhomogeneous phases
in wide interval of




Inhomogeneous phase: g > 0

30

e At small enough L there is chiral symmetry
breaking

e But first inhomogeneous chiral symmetry
breaking

e Inhomogeneous phase even at rather small p

288
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216

180

144
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