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Motivation

@ Results of perturbative calculations often depend on factorization and
renormalization scales and scheme choices as in QCD as well as in QED
(and in EW)

@ Existing analytic results in QED provide a unique possibility to check
analytically and numerically those dependencies

@ QED Drell-Yan-like process eTe™ — ~v*, Z* — uT ™ is the best case for
the tests

@ Different prescriptions for the factorization scale choice can be compared

@ Several other issues can also be addressed: dependence on renormalization
scale, scheme choices, exponentiation, effect of scale variation by factor 2,
etc.

@ Optimization of the scale and scheme choices is required both in QCD and
QED/EW
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Drell-Yan process in QCD

Schematically

do(hahg =", Z* = putp~) = Z Dah,®@Dppy@d6(ab—~*, Z* — ™)
a,b=q.q.g

[1] V.A. Matveev, R.M. Muradyan, A.N. Tavkhelidze, Production of Muon Pairs in Strong Interactions. . . , JINR
Preprint P2-4578 '1969
[2] S.D. Drell, T.-M. Yan, Massive Lepton-Pair Production in Hadron-Hadron Collisions at High Energies, PRL '1970
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Drell-Yan-like process in QED: eTe™ annihilation

The factorization structure is exactly the same as in QCD:

dO et o— st 75yt l
YL ot p— 0 Z
ds’ s ( ) Dae ® Dpe+ ®Uab~>'y ZF—utp—

a,b=e* vy

Complete analytic results as function of the final state invariant mass are
known in O(a), O(a?), and in the leading and next-to-leading logarithmic
approximations in several higher orders (terms ~ m?2/s are neglected).
Note, that only initial state radiation is discussed here.

See [J. Ablinger, J. Blimlein, A. De Freitas and K. Schénwald, “Subleading
Logarithmic QED Initial State Corrections to eTe™ — v*Zy to O(a®L®),”
NPB 955 (2020) 115045] and [A.Arbuzov, U.V., PRD 2024]

5/26



Drell-Yan-like process in QED: ingredients

d0e+e*—>~/*,z*—>/ﬁu 1 (0)

Z Dae ® Dpe+ ® Uab—w 2= utp—

ds’ S
a,b=et v

o(0)(s') is the Born cross-section, &is the partonic one (normalized to
Born)
5 =06(1—2)+asV(2)+ 25 (2) + ...
D, are electron PDFs, they are solutions of DGLAP evolution egs.
o = agep(Lr)
5= (peJr + Pe- )27 s’ = (ppJr + Pu— )2 =2z
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QED DGLAP evolution equations

1R a 1), o, o
Dba Xy, =5 - 6ab5(1_x)+%dba (leuR/me)—i_

dt [d 2
+ Z / / beC y7 Ca <y'uf>
- 7f2

a, b, ¢ are massless partons (~ e*, )

1 is a factorization (energy) scale

1R is a renormalization (energy) scale

Dy, is a parton distribution function (PDF)

d,g;")are initial conditions

Ppec is a splitting function or kernel of the DGLAP equation

Analytic QED PDFs in the leading and next-to-leading log approximations are
known [A.Arbuzov, U.V., JPG '2023], see also [S.Frixione et al., JHEP'2020]
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QED splitting functions

The perturbative splitting functions are

— - 2
Pha(x, a(t)) = a(t) PO (x) + (“(t)> P (x) + O(a®)

27 2T
1+ x2
- [522
ee 1 —x N

They come from loop calculations, e.g., PL()?(X) comes from 2-loops
The splitting functions can be obtained by reduction of the ones known in
QCD to the abelian case of QED

a(t) is the QED running coupling constant in the MS scheme
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Drell-Yan-like process in QED: perturbative expansion

do-eﬁ»e—*) * * + 1
YL optp— 0
o 0OU() Y Dae- ® Doer @ Fapsyr 2+ pitu-

a,b=e* v
Large logs L = In(u2 /1%) come from running o and anomalous dimensions
g g HE/ R g

S o 5y S () ) o ()

k=1
k>1>k—2

where ¢y are functions of z = s’/s and they contain

R e L

—Z V4

Short notation hy = (%)k L'ci(z) - 100%
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Drell-Yan-like process in QED: the general structure

dae*e*—w*,z*—m*u 1 (0)
ds’ s
a,b=e*
Schematically
cooa® (Born)
CllalLl CloalLO
C22a2L2 C21a2L1
C33()13L3 C32043L2

Z Dae ® Dpe+ ® Uab—w 2= ptp—

C200¢2 LO

C31 a3 Ll C3()Oz3 LO

where o = a(ug) and L = In(u2/u%) and coefficients cy in different
orders are functions of kinematical variables and Ny
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Factorization scale choices

The final result of calculation in all orders in o and L would not depend
on pr But a fixed-order result for an observable does depend on pf (and
ur ) Many different methods for choosing i were proposed:

e CSS — Conventional Scale Setting ( up= hard momentum transfer)
e FAC — Fastest Apparent Convergence [G. Grunberg; N. Krasnikov]
e PMS — Principle of Minimal Sensitivity [P.M. Stevenson]

e BLM — Brodsky-Lepage-Mackenzie (absorb 3y -dependent terms)

e PMC — Principle of Maximal Conformality [S.Brodsky et al ],
see also [A.Kataev, S.Mikhailov, PRD’2015]
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Factorization scale choice in ete™ — v*, Z* — u ™

We advocate the FAC-like prescription, i.e., hide the bulk of one-loop
corrections into the scale choice

de(s') a1+ 2 s 1 2 s
= ;{{ﬁlr (Inm—gfl) +0(1—-2) (2{(2)7 5)} = Hp =sor
daéi)(s') o 0 S (1) 1 ~(1)
T - ; <Pee(x) In mig + dee (X) + Eaee (X))

Remind QCD Drell-Yan processes where we usually take y2 = s’ = zs ~ Mz, i.e.,

the energy scale of the hard subprocess (CSS choice)

F.Berends at al. and J. Bliimlein et al. used u# = zs
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Numerical results for differential distribution: O(a?)

Try to reproduce NLO contributions by adjusting pf in LO
[U.V., A. Arbuzov, 2511.00437]

Integrated corrections of the order O(w), Vs = 240 GeV, % Integrated corrections of the order Ofc), Vs = 240 GeV, %

o L it N S A N R 7 0
AT Hi(Cin
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Numerical results for differential distribution: O(a?)

Try to reproduce NLO contributions by adjusting pg in LO

Integrated corrections of the order O(6?), Vs = 240 GeV, %

P ST
R e
ez 1) £
]

Oiforénee, FEZiHE (U 221

Integrated corrections of the order O(a?), Vs = 240 GeV, %

=
WEZ (4 In2)

Wz
Difference, %
e, FZZAHEI) =
il e
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Numerical results for total cross section at 240 GeV
Compare LO, NLO, and NNLO results as functions of uf

0(a?), 240 GeV, Zyin=0.1
60 T T . : .

55 - b

O(t), 240 GeV, Zyin=0.1 hoo 1‘2212 —
: . . : : | h2(tot)
hys (L +1n2)
hopthay (L+Inz) = =~

hi1+hio

h”(L+In‘zS | B

240 - 4

20

200

L L L

200 250 300
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50
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Corrections in % vs. factorization scale g for /s = 240 GeV,

450

Zmin = 0.1
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Numerical results for total cross section at /s = 3 TeV
Compare LO, NLO, and NNLO results as functions of uf

0(a?), 3 TeV, Zpin=0.1

o hgp ——
O(a), 3tev GeV, zpyin=0.1 hoo4 57
osl 21 ; ; : h2(tot) 1
20 - B hao (L +1In2)
hog+har (L+InZ) —-—-
19+
07+ 8l ] -
17 hi1+hio q
06 1 16 hyy (L+Ing) - J
15 1
I 14 4
0.5 | 13 q b
12 . . . . .
1000 2000 3000 4000 5000 600C
0.4 . . . . .
1000 2000 3000 4000 5000 6000

Corrections in % vs. factorization scale g for /s =3 TeV, zpj, = 0.1
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Factorization scale choice: preliminary conclusions

Sensitivity to factorization scale choice is relevant numerically even in QED
Higher-order calculations are required to reduce the uncertainty
The comparison of several concrete schemes shows:

e CSS — Conventional Scale Setting ( 1= hard momentum transfer) -
fails

FAC — Fastest Apparent Convergence - good

PMS — Principle of Minimal Sensitivity - reasonable

BLM — Brodsky-Lepage-Mackenzie - not applicable

PMC — Principle of Maximal Conformality - not applicable
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Factorization scale variation pg — pr/2, e x 2
Calculated (A) and estimated (&) by variation of factorization scale by
factor of 2 corrections of the orders O(a?) and O(a?)

Calculated and estimated uncertainties in %

0(a?) 0(a?)
LL NLL LL
ALT 3T AT SNLT ALT ST
Vs = M, 0.436 | 0.524 | 0.0062 | 0.0250 | 0.0250 | 0.0499
Zmin = 0.1
Vs = My, 0.436 | 0.5246 | 0.0063 5
Zmin = 0.5
Vs = Mg, 0.440 0.529 0.0063 5 7
Zmin = 0.9
s = 240 GeV, 2.468 5.569 0.5178 0.1479 0.5833 0.1015
Zmin = 0.1
s = 240 GeV, 0.1142 0.1057 0.0088 0.0061 0.0014 0.0002
Zmin = 0.5
s = 240 GeV, 0.073 0.0403 0.0019 0.0039 0.0216 0.0294
Zmin = 0.9
ALO hyy, 51O |h22 — h22(1/2)|2+ [h22 — h22(2)|
NLO NLO _ |h22 + h21 — (h22 + h21)(1/2)| | |h22 + h21 — (h22 + h21)(2)|
Ay = hag, & = 2 + 2

LO Lo _ |h33 — h33(1/2)| + |h3s — h33(2)|
A3 = h32, 63 = >
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Conclusions

e Current and future high-precision HEP experiments challenge theory.
New calculations of two-loop and higher-order corrections within QED
and full SM are required

@ There is progress in NLO and NNLO QED PDFs and fragmentation
functions

o QED provides explicit results and serves for various tests

e Optimization of factorization scale and scheme choices is important as
in QCD as well as in QED (and in EW)

@ There is no perfect choice, compromises are inevitable
Next steps:
@ NLO exponentiation in the proposed DIS-like scheme (in progress)
@ Implementation into ZFITTER (in progress)
@ Muon and (light) hadron contributions (in progress)

o BFKL effects in QED are large (should be interesting) Monte Carlo
applications (within SANC)
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Thank you for your attention!
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Contributions of different orders

dos
j:/e = ol |:Déé ® Dee ® 0ze + D’ye ® Dee ® Oey + Dee ® Deg @ ee +

+D'ye ® Dgs ® Osy + D’ye oY D’yé @ Oyy + D’ye ® Des ® Oey
+Dze @ Dsz ® 05z + Dge ® Dy @ 0y + Dge @ Des @ 0z

Tabnuua: Contributions of different orders

i ] é ol e
€ DeeDezoea DeeD'yéO'ew DeeDez0ee
0] (1 NLO (OzzL) NNLO (a4L2)
Y D’yeDééU'yé D’yeD'yéUy'y D’yeDeéU'ye
NLO (a?L NNLO (a4L2) NLO (a4L3)
@ DzeDss0zs Dze D505y DzeDesoze
NNLO (a*L2) | NLO (a*L3) | LO (a*L%)
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Factorization in NLO
In Berends(1987), Blumlein(2011) factorization scale was chosen
uF = sz.
Then the large log
L=In(s/m2)+Inz

In the expression for one-loop cross section in Blumlein(2011), the variable y = z/x was
exchanged into x:

] ~2{[122] oo [182)

+6(1 —y) <2<2 - %)}

In the approachof Berends(1987), Blumlein(2011) this logarithm is integrated. In our
calculations In z is nt integrated in convolutions (the variable of integration is y):

58 (sx) = %{ [11t)j:|+ (Inz—Iny)+2(1+y%) {%L n

+5(1—y) <2g2 _ %)}
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eTe -annihilation

G 52 5 )

j=i—1

1-A
Oete- = Z (h,-jA-a(O)(l) + / dza(o)(z)hz-(z))
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Numerical estimations, %, for u% = s
Zmin is defined by experimental conditions

Vs = 160 GeV, Zpin = 0.5

5
0.81624 [0.26017 -1.28618] 0.20722 | 0.01521 |-0.00845 [ -0.00714 | 0.00530 [-0.00153]-0.00020
Pairs
0 [ 0 [0.13182[-0.05573[-0.02155[-0.03105 | 0.01278 [-0.00171 0.00046 [-0.00100
Full
0.81624 [0.26017 |-1.15435] 0.15149 [-0.00631 [-0.03949 | 0.00563 | 0.00359 [-0.00107]-0.00120

Vs = 240 GeV, Zpin = 0.5

~

3.45872]0.51562 | -1.05405 | 0.14324 [-0.00510 ] 0.02506 [-0.01176 ] 0.00273 [-0.00067 [-0.00018
Pairs

0 [ 0 [0.05956 [-0.02900]-0.00366 |-0.02628 | 0.01132 | -0.00057 [-0.00017 -0.00080
Full

3.45872]0.51562 | -0.99539 | 0.11424 [-0.00876 [-0.00122 [ -0.00044 | 0.00216 [-0.00084 [-0.00098
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Numerical estimations, %, for u% = s

Vs = 160 GeV, Zpin = 0.1

h11 [ hao [ hao [ haa | hao [ hszs | hsa | haa | has | hss

5
335.7096 |-12.6201 [17.1479] 0.6467 | -0.11553 [-1.8223] 0.5761 [-0.0348-0.0102 ] 0.0056
Pairs
0 [ 0 [86.3530 [-1.8438] -0.13215 [ 0.0043 [-0.0647 [-0.0606 0.0357 |-0.0922
Full
335.7996 | -12.6201 | 25.5019 | -1.1071 | - 0.24768]-1.8162] 0.5135 |-0.0953 | 0.0255 | -0.0870

/5 = 240 GeV, zmin = 0.1

h11 [ hio [ ha2 [ h2a | hao [ h3s | hs2 | haa | has | hss

~

324.1463 [-11.7621 [ 27.1298-0.9909 | -0.0809 [-0.6242] 0.6140 [-0.0664 [0.0149] 0.0012
Pairs

0 [0 [25.3337]-1.4772]-0.43752]-0.1401 | -0.0207 | -0.0269 | 0.0460 | -0.1792
Full

324.1463 [-11.7621 [52.4635 | -2.4680 | -0.51778 | -0.7643 | 0.5034 [-0.0932 [0.0609]-0.1780
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Factorization scale choice

Redistribution of the corrections:

coo® (Born)

crialill croall®
Cro a2 L2 Co1 a2 Ll 0 a2 LO
C33Oé3 L3 C32043 L2 C31Oé3 Ll C3ooz3 LO

Matching equality for O(a?):

a2 a2 a2
(2¢) Cent(57) Len+(5;) n

_ (%)2 (L+ ALY & + (%)2 (L+ AL)ey + (%)2 &0

cjj - coefficients for the initial ug choice, ¢; - for the new choice fif,
AL = In(fiz/p2) is the shift of the large logarithm value.

&y = o,

&1 = ¢ — 2ALcy,

620 = Co0 — ALCQl + (AL)2C22
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