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INFLATIONARY MODELS WITH SCALAR FIELDS

Let us consider a single-field inflationary model with

1 ~ ~ ~
S= §/d4XVTg[MP1R — 8" 0,p0,p — 2VE(P)]-

In the spatially flat Friedmann-Lemafitre-Robertson-Walker metric with
ds? = — dt2 + aZ(tg) dx?,

the evolution equations are

IME, HE = © @2+v (1)
PLYE ™ 2 \dte E

e _ 1 (dp’ @)
dte - 2MI23L dte ’

d*@ d¢

H Ve =
th 243 E +VEg =0, (3)
= dVe(®)

where Vg g = i
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The slow-roll parameters in the Einstein frame are defined by

da\?
(E) 1 dHe 3(7@)
e = - - T _ , (4)
HE: dte dp 2 2V,
(T@) + E
1 del® 1 LHe
n(E) = £(6) _ - _ i (5)
2¢(E) Hg dte 2 He %’;’f

If e(F) < 1 and ()| < 1, then the slow-roll inflation takes place and
the evolution equations can be simplified:

3M32, HZ ~ Vg, (6)
dHe 1 (dg\? @
dte N 2MI23L dte ’

and do
3He— ~ —Vg.5. 8
E gt E.¢ (8)

Note that differentiating Eq. (6) and using Eq. (7), one gets Eq. (8).
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THE EINSTEIN AND JORDAN FRAMES

Let us generalize this analysis on the model with nonminimal coupling
Models with a nonminimally coupled scalar field can be obtained by the
conformal transformation

Buv = ngfy (9)
2
with 02 = 5.
We express the Einstein frame Hubble parameter Hg through Jordan
frame variables,

_din(ag) 1 dinQ\  Mp Uso
He = dir =Q H+ p = 750 H+ U ) (10)

where H is the Hubble parameter in the Jordan frame.
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SLOW-ROLL PARAMETERS

The slow-roll parameter

1 dH 1— 2
G E:51+C1( 1) C1C22
He dte 2+G (2+Q)
1
%61-1—5(1—%(41-#2@2—#251),
where
o 7& B din(H™1) B 7} dIn(H?) o €n-1 _ dlIn(en_1)
YW T aN T 2 dN " He,1  dN
o Fo_dn®) G din(e)
Y“HF T aN " HCpr dN

So, there are two sets of the slow-roll parameters.
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MODELS WITH NONMINIMAL COUPLING

The action of a generic model with a nonminimally coupled scalar field ¢,
1
5— / e {U(J)R ~ 58" 0u00,0 — V(o)

includes the coupling function U(c) > 0 and the potential V(o).
In the spatially flat Friedmann-Lemaitre-Robertson-Walker metric with

ds? = — dt? + a°(t) dx*,

the evolution equations are

1
6UH? = 5(';2 +V —6U,0H, (12)
4UH = — 6% 42U ,6H — 84U ;0% — 2 45, (13)
&+ 3HE + Vo — 6U,, (H+2H?) =0, (14)
where dots denote the time derivatives and A , = df\,(;) for any A.
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Equations (13) and (14) are not written in the dynamical system form!
There are 2 ways to transform Eqgs. (13) and (14) into a dynamical

system.
The first way gives the following dynamical system

o=y,
W :% { = 6U [2Ug0 + 107 +3 [2U2 — 4U] Hy — 4U [V, — 12U, H?] }

H :% { —[2Uoo + 1]0* +8U HY +2U, [V, — 12U, H?] },

where
E =1207 +2U.
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Another way to get a dynamical system is to introduce the function

Mp, U,o
Y=—|(H : . 15
(55 (49)
and rewrite Egs. (12)—(14) in the following form:
A
3M3,Y? = 5(72 + Vg, (16)
. AV2U
Y = — 72 17
M3, 7 (17)
. 2U . A, Veff
— _ Y& — O 22 e 1
g 34/ —MI%I Ay Ay (18)
where
_ MEV _ M (305
Vet (o) = a2 Alo) = 102 1+ U | (19)

M.A. Skugoreva, A.V. Toporensky and S.Yu. Vernov, Phys. Rev. D 90
(2014) 064044 [arXiv:1404.6226],

A.Yu. Kamenshchik, E.O. Pozdeeva, A. Tribolet, A. Tronconi, G. Venturi
and S.Yu. Vernov, Phys. Rev. D 110 (2024) 104011 [arXiv:2406.19762].

E.O. Pozdeeva, M.A. Skugoreva, A.V. Toporensky, S.Yu. Vernov, JCAP 09 (2024) 050; JCAP 05 (2025) 081 8/31



NEW SLOW-ROLL APPROXIMATION

The proposed slow-roll approximation is based on system (27)—(18).
Neglecting the proportional to 62 term in Eq. (27), we get
Ve M3,V

Y? ~ =
3M2,  3FZ

(20)

Differentiating this equation over time and using Eq. (17), we obtain and
a linear algebraic equation for x(o):

MPlVeff,a o _MPI(\/,UU_z‘/U,U) _ _(V,UU_2VU,0)
3YAV2U 3YV2U (U+3U%) 34 (1+%) (U+3U,%,)'

b -

We obtain the first-order differential equation that defines slow-roll
dynamic of o:

do  U(AVU, —2V,U)

-0 . 21
XTAN T UV, U U+ VLR, (21)
Vv 1.\? (UV+UULV,+ RV)
gy (tge) =t e
6UV (U +3U2)
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This approximation has been generalized to F(R) models in

S.V. Ketov, E.O. Pozdeeva and S.Yu. Vernov, JCAP 12 (2025) 040
[arXiv:2508.08927].

Let us consider a generic metric F(R) gravity model with the action

S = / d*xv/~gF(R), (23)

where F is a differentiable function of the Ricci scalar R.
The following action

S = /d4x\/—7g[FJ(R —0o)+F], (24)

with a scalar field o is equivalent to action (23).
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For F(R) models, we get

Mpy F rrR
y — H+ o , 25
(4 52 5)

3ME, F e M
= ——2, Veg = —2L (RFR— F) . (26)
4F% 4F%
These functions satisfy the equation
A .
3M3,Y? = ER2 + Vig. (27)

Y (t) is a monotonically decreasing function, because

: A\/2F g .
y= - Vo R g2 (28)
23,

Y (t) is the Hubble parameter in the Einstein frame Hg as a function of
the cosmic time in the Jordan frame t:

He = 41ntoe) Mo <H+ F’RRR> =v. (29)

dte V2F R 2F g
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The slow-roll and inflationary parameters in the Einstein
frame

The Hubble flow parameters in the Einstein frame are defined by

1 dHg
E
SE) — 7 dee (30)
and ,
d“Hg
1 del®) 1
() — £(E) _ = de (31)
2(E) Heg dte 2 He ‘g;’EE

The CMB observables are given by the amplitude of scalar perturbations
As, the scalar spectral index ng, the tensor-to-scalar ratio r, and their
running, as and ay, respectively.

In the leading approximation with respect to the SR parameters, we get

dIn(e(E) d ng
n5%1,25(5)+L :1745(E)+27](E)7 s~ — . ,
dNg dNg (32)
2H2 1dr
~ (E) N E N ——
PRI AN e Y g ang
the e-folds number Ng = —In(ag/ag,).
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To describe cosmic evolution during inflation, we use the e-folds number

N = —In(a/ae), where a. is a constant.

Using the relation
d d

S _HE
dt dN’
we find that Eq. (12) is equivalent to
(H2)I = 4H2 - B )
3
o (R-6H)Fr—F
6H2F re

where the primes denote the derivatives with respect to N.
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The slow-roll parameters in the Jordan frame are as follows,

~H 1dIn(H?) _ én1  din(eny)
DT T2 AN " Hews dN
(= Fr _FreR__din(FR) o Ger o dIn(Gro)
" HFr ~ HFg dN 7 " Hlu dN

Using system (33), we get the SR parameters as

R

g1 = 2 — W’ (34)

6H> - R)Fr+F R
R I L R (3)

6H2F g (12H2 — R)  3H

The slow-roll parameters are connected:
€1

G=1+2—+4+¢e1—(. (36)

G
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We can connect SR parameters in the Einstein and Jordan frames:

1 1
(O me 4 36— (G264 20) = 4G (G 4e) 334 O (D).
(37)
Similarly, we get
1 dIn((B)) dN
(B) —o(B) p 2 ) o 00 4 32 1) -
77 I3 + 2 dNE £ dNE + 351 —+ O (51) (38)
The relation dN 5
T 1 G +eé1 ( )
gives
N~ —ep—e1e2+ 32+ O (1) . (40)
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The inflationary parameters are related to the SR parameters in the

Jordan frame as

ro~ 16eF) ~ 4| (¢ — 4e1)| ~ 4862, (41)
ne ~ 1—4eB) £ 2pE) x 1 —2ep) — 662 — 2e16p & 1 — 265, (42)
d e(E)
as ~ — 2e¢3, ap & ~ — 125252. 43
s t dNE 1 ( )
where we have kept only the leading contributions.
The amplitude of scalar perturbations is given by
2 2 2
o He _H L H (44)
8m2M32c(E) ~ 48m2F ge?  w2rFR
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Equation (27) in the SR approximation is just the Friedmann equation,

3M3,Y? = Vg .

After differentiating this equation, we obtain

2F g (RF g — 2F)

!~ .
R~ Frr(2RFr—F)"
In addition, we get
2(RF g —2F)
G(R) = TORFR—F
and )
2RFr — F
HZ(R) ~ ( R )

Equation (34) also implies

g1 =2— —

6H2 (2RF g — F)?
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R _,_ 9FRR(RFg—F)
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(47)

(48)

(49)

17/31



Using Egs. (47) and (49), we find in the SR approximation that

A(R) = — 3G(R) + 2 G(R)

Then, by using Egs. (46), (47) and (49), we get

| dey  18FFr (FFReR — FR + FgF)

e(R)= ———— =
1N F g (4F%RS — 3F2FRR + F3)

6F r (| FF.RR — F2| R+ FrF)
@R}~ Frr(2FRR — F)°

)

We also have
e~Q(l-GG)~(

and

G162

1-G

~ (3.

€3~ (3 —
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Recent CMB observations due to Atacama Cosmology Telescope

T. Louis et al. [ACT], The Atacama Cosmology Telescope: DR6 Power
Spectra, Likelihoods and ACDM Parameters,” [arXiv:2503.14452].
combined with the Dark Energy Spectroscopic Instrument (DESI) data
A. G. Adame et al. [DESI], DESI 2024 VI: cosmological constraints from
the measurements of baryon acoustic oscillations, JCAP 02 (2025), 021
[arXiv:2404.03002]

gives values of inflationary parameters

ns = 0.9743 £ 0.0034, «s = 0.0062 4+ 0.0052 . (55)

These values are different from the Planck/BICEP data
ns = 0.9651 £ 0.0044, «s = —0.0069 + 0.0069 , (56)

The ACT/DESI data does not significantly change the upper bound on r
and the value of A,

A;=(21040.03) x107° and  r<0.028. (57)

Thus, the ACT/DESI data favours a higher scalar spectral index ns with
small positive running as.
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Let us consider a new model, with

MZ
Fs(R) = % <R+ 6—R2+ —R3+ SRV R5> . (58)
where c3, ¢4 and c¢s are the dimensionless coupling constants.

The values of ng, r, and «as are independent upon the value of m that is
fixed by the observed value of A;.

Table: The values of Ry, (in units of m?), N, and r for n, = 0.974 and
as = 0.0062.

c3 o Cs Rin | N r
3.874 x 107% | —2.583 x 107 ¢ | 6.084 x 1079 | 130 | 64.2 | 0.0030
3.412 x 1074 | —2.282 x 107° | 5.355 x 10~ | 130 | 56.1 | 0.0040
3.073 x 10* | —2.068 x 107© | 4.845 x 102 | 130 | 51.1 | 0.0050
2.805 x 107* | —1.903 x 107° | 4.459 x 10~9 | 130 | 47.6 | 0.0060
2.377 x 107* | —1.529 x 107% | 3.361 x 1072 | 140 | 49.0 | 0.0060

Using the SR approximation formulae, the values of ¢; can be chosen to
meet the ACT favored values of ns and as.
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MODELS WITH THE GAUSS-BONNET TERM

We consider models with the Gauss—Bonnet term, described by the
following action:

5= [ dx/7k |UR - 3¢ 0000 - Vi) - Je)5|. (59

M 1

where Uy = 6, G
the functions V(o) and {(o) are differentiable ones,
R is the Ricci scalar and

G = Ruvpo RM?7 — 4R, R* + R?

is the Gauss—Bonnet term.

The perturbation theory for such types of models has been developed in
C. Cartier, J.c. Hwang, E.J. Copeland, Phys. Rev. D 64 (2001) 103504
J. c. Hwang and H. Noh, Phys. Rev. D 71 (2005) 063536

The standard approach to analyze an inflationary model with a
nonminimally coupled scalar field involves the construction of the
corresponding model in the Einstein frame. This method cannot be
applied to models with the Gauss—Bonnet term.
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EQUATIONS IN THE FLRW METRIC

In the spatially flat FLRW metric, one gets the evolution equations

12H? (Up — 26 00bH) = ¢° 42V, (60)
4 (Up = 26 00H) = 4H2 (£000? + €010 — HE o10) — v2, (61)
b+ 3HY = -V, - 12H%, (H + H2) . (62)
Using the relation % = HJLN and introducing x = % we get
do _
dN X
dx 1

) {3 [3 - 45,00H2] 5,0’H4X2

2 2
+ BB+ 264V, — 6Ug) H2x — ‘(jx} x_dH
0

dN ~ H2(B —2¢,H?y

- 2H2 dN”
dH? H?

V2
— = | (4o H? — 1) X* — 166 o H?X — 458 . X |,
dN ~2(B—2¢,H?Y) ( ) U2

where B = 12¢2 H* + Uy and X = & (126 ,H* + V).
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SLOW-ROLL PARAMETERS

We consider the slow-roll parameters:

H dIn(H) dinle;| .
g1 = — m = — dN s EH—I = dN s 1 2 l, (63)

2 2 dlIn |§,| .
e p— H = — H2 i - 2 1 4
51 Uog,a 1/} Uog,U X5 6+1 dN ) ! (6 )

The spectral index ns and the tensor-to-scalar ratio r are connected with
the slow-roll parameters as follows?,

25152 - 5162 d In(r) d H2
s =1-2e———————— = =1-2e1— =1+—In{—|,
g R E— oy M\ Ger ) (69
r = 8|2€1 — 51‘ (66)
The scalar perturbations amplitude
H2
As= ——.
S 7T2U() r (67)

1Z.K. Guo and D.J. Schwarz, Phys. Rev. D 81 (2010), 1235205[arXiv:1001:1897]
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THE STANDARD APPROXIMATION

The standard approximate equations have been proposed in

Z.K. Guo, D.J. Schwarz, Phys. Rev. D 81 (2010), 123520

This way assumes that all inflationary parameters are negligibly small and
can be removed from equations. In this slow-roll approximation, the
leading order equations have the following form:

, Vv
H == m,
_ "i _ §oHo (68)
4Up U
Ve +12¢,H
J —_ T.
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THE STANDARD APPROXIMATION

The standard approximate equations have been proposed in

Z.K. Guo, D.J. Schwarz, Phys. Rev. D 81 (2010), 123520

This way assumes that all inflationary parameters are negligibly small and
can be removed from equations. In this slow-roll approximation, the
leading order equations have the following form:

, Vv
H? ~ U
_ 02 &t (68)
4U, Up
s Voo 12¢ , H*

3H

It has been shown by numerical calculations in

C. van de Bruck and C. Longden, Phys. Rev. D 93 (2016) 063519
that the model with the potential V = Voo and £ = &/ V, where V
and & are positive constants, has no exit from inflation, whereas the
standard slow-roll approximation shows that this exit does exist.

So, it is important to improve this slow-roll approximation. 000
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MODELS WITH MONOMIAL POTENTIALS

We propose models with the potential

V = Vyo", (69)
where n=2orn=4, and
Uz
p— 7
S=vVia (70)

where C and A are positive constants.

Such a modification eliminate a singular behavior at ¢ = 0 and allowing
the Universe to exit the inflationary epoch when ¢ becomes sufficiently
small.

The initial value of the scalar field ¢q is positive and ¢ tends to zero
during inflation.
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THE EFFECTIVE POTENTIAL

To analyze the stability of de Sitter solutions in model (59) the effective
potential has been proposed?:

Us
V(o)

+5€(0). (71)

Calculating the derivative of the effective potential (71),

U3n (V3 (3—C)a®" +6A Voo +3A?)
3Voo™t (Voo + A)?

Veff,a = ) (72)

we find that Vg , > 0 forany o > 0 at C < 3.

It is a sufficient condition that a de Sitter solution does not exist at any
o>0.

This condition allows us to get an inflationary model without any
fine-tuning of the initial data.

2E.Q. Pozdeeva, M. Sami, A.V. Toporensky and S.Yu. Vernov, Phys. Rev. D 100
(2019) 083527.
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QUADRATIC EQUATION IN H?

Equation (60) is equivalent to
62U2
12Up (1—61) H* —2VH? — L2
oo ag,

We consider the positive H? at 6; < 1:

v V€ +3 U303 (1 - )

H? = + 73
12Uy (1—01) 12Uy (1= 01) [€,0] (73)
NEW APPROXIMATION | We expand this expression for H?:
%4 %4
H* ~ —— + ——0; + O(8%). 74
S+ g g+ o) (74)
NEW APPROXIMATION 11
The second way to get d1(0) is the following.
We neglect the term proportional to 62 and get a nonzero solution:
%4
H = —— . 75
6Uo(1 —d1) (7%)
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FOURTH-ORDER POTENTIAL

We propose the model with the fourth-order potential V = Vy¢*.
For parameters

Vo =34x10"" C=2856, A=5.95x10"3Mp.

numeric calculations show that the inflation scenario does not contradict
the current observation data.

The inflationary parameters are constrained by the combined analysis of
Planck, BICEP/Keck and other observations as follows®:

As =(2.1040.03) x 10°,  ny = 0.9654 +0.0040,  r < 0.028.

3G. Galloni, N. Bartolo, S. Matarrese, M. Migliaccio, A. Ricciardone and N.
Vittorio, JCAP 04 (2023) 062 [arXiv:2208.00188].
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We fix the number of e-folding to be equal N = 60.6 and get
unappropriated results for the standard approximations.
New approximations work essentially better (see Table).

Table: Numerical and approximate values of parameters, characterizing
the inflationary dynamic in the model with the quartic potential.

Parameter | Numeric | Standard | Approx | | Approx Il
result Approx
oo/ Mpy 1.4019 4.9705 1.4898 1.3974
10°A (o) 2.096 117.2 2.599 2.017
ns(do) 0.965 0.953 0.965 0.965
r(¢o) 0.0044 0.0120 0.0045 0.0045
Gend/ Mp1 0.2000 0.8899 0.3048 0.3037
91(Pend) 0.885 1.80 4.23 0.577
N(¢end) 60.6 60.6 60.6 60.6
e1(dend) = 1. (76)
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Figure: 4. The inflationary model with V(¢) = Voé*. Values of the function
@(N) in units of Mpi. The black line is the result of the numerical integration.
The blue curve is obtained in the standard approximation, red — in the
approximation | , green — in the approximation Il. The initial values ¢(0) = ¢o
are given in Table 2.
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CONCLUSIONS

@ We propose new slow-roll approximations for modified gravity
inflationary models, namely, for models with nonminimal coupling,
F(R) models, and models with the Gauss—Bonnet term. We find
more accurate . expressions for the standard slow-roll parameters as
functions of the scalar field. New slow-roll approximations are based
on the use of the function H(o, d1) rather than H(o).

@ We proposed and studied a new inflation model that agrees with the
ACT constraints to the CMB observables for some values of the
model parameters.

@ We construct new inflationary models with quadratic and quartic
monomial potentials, V = V0", and the function £ = \fﬁ

Numerical analysis of these models indicates that the proposed
inflationary scenarios are consistent with observation data. The
standard approximation is not accurate enough to get correct values
of inflationary parameters and correct number of e-folding during
inflation. On the contrary, the inflationary parameters calculated
using the proposed approximations are within the allowed ranges.
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Section 5, Particle Physics and Cosmology.
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