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1. Introduction:

Why Scalar–Tensor modifications of GR?

Our reference theory, Einstein’s gravity (GR)

▶ generally suffers singularities, if the Null Energy Condition
(NEC) holds (Penrose, Hawking theorems),

▶ ΛCDM (Cosmological Constant Problem, Weinberg (1989)),

▶ challenges ahead?
(DESI BAO data, e.g. A.G. Adame et al., DESI 2024 VI. JCAP 02 (2025))

...



1. A paradigm: Horndeski theory

Scalar modification of GR that

▶ keeps second order equations (No Ghosts),

▶ does not satisfy the NEC in general,

Unique answer: Horndeski theory (1974)

Extensively used for
▶ early and late time cosmology
▶ compact objects and other modified gravity solutions



1. Horndeski theory
▶ Take a real scalar field ϕ besides the metric field,

▶ On top of GR take 4 general Scalar Potentials Gi(ϕ,X),
i = 2, 3, 4, 5, where X = − 1

2∇µϕ∇µϕ,

▶ Most general combinations of R and (∇2ϕ)p with p ≤ 3 and Gi

coefficients, with second order equations of motion.

LH = L2 + L3 + L4 + L5, (1)
L2 = G2(ϕ,X),

L3 = −G3(ϕ,X)2ϕ,

L4 = G4(ϕ,X)R+G4X(ϕ,X)
[
(2ϕ)

2 − ϕ;µνϕ
;µν
]
,

L5 = G5(ϕ,X)Gµνϕ;µν − G5X

6

[
(2ϕ)

3 − 32ϕϕ;µνϕ
;µν + 2ϕ;µνϕ

;µρϕ ν
;ρ

]
,

Horndeski, 1974



1. Beyond Horndeski theory
Can Horndeski theory be generalized while avoiding Ostrogradsky’s
ghost? Yes! in a potentially key way (Gleyzes-Langlois-Piazza-Vernizzi, 2014)

LBH = LH + LF4 + LF5 , (2)

LF4 = F4(ϕ,X) ϵµνρσ ϵµ
′ν′ρ′

σ ϕ;νν′ ϕ;ρρ′ ϕ;µ ϕ;µ′ (3)

LF5 = F5(ϕ,X) ϵµνρσ ϵµ
′ν′ρ′σ′

ϕ;νν′ ϕ;ρρ′ ϕ;σσ′ ϕ;µ ϕ;µ′ (4)

F4 and F5 are related as:

F4 G5,X X = −3 F5 (G4 − 2 X G4,X +G5,ϕ X) , (5)

What do we gain? with the extra function F4

▶ Can avoid the No–Go theorems for stable, nonsingular
cosmological solutions in Horndeski theory

▶ Can satisfy the constraints on the speed of GW with nonminimal
couplings

▶ Relation Horndeski ↔ Beyond Horndeski theory? Yes...
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1. Why Scalar–Vector–Tensor theories?
▶ Early universe: Primordial magnetic fields

...
▶ Late universe: to satisfy the constraint on the speeds∣∣∣cg

c
− 1
∣∣∣ ≤ 10−16 , (6)

while preserving extra free functions.

For instance, adding an SVT to Horndeski theory

L = Horndeski Theory + L4A + L5A (7)

with Fµν = ∂µAν − ∂νAµ,

L4A = −1

4
G4(ϕ,X)F 2 − 1

2
G4,X Fµ

σFνσ ϕ
;µϕ;ν (8)

L5A = G5(ϕ)

(
1

8
FµνFµ

ρ(−4ϕ;νρ + gνρ2ϕ) +
1

2
Fµν∇σF

νσ ϕ;µ
)

S. Mironov, A. Shtennikova and M. V-V (2024), Phys.Lett.B 858, 139058 [arXiv:2405.02281]



1. The Speed of Perturbations in SVT theories

▶ Take the Perturbed metric

ds2 = (ηµν + δgµν)dxµdxν

with FLRW background

ηµνdxµdxν = −dt2 + a2 δijdxidxj

and metric perturbation,

δg = a2(η)
(
−2α dη2 + 2 (∂iB + Si) dη dxi

+ (−2ψ δij + 2 ∂i∂jE + ∂iFj + ∂jFi + 2hij) dxi dxj
)
(9)

▶ Ai(x) is the perturbation for the vector
▶ ϕ(x) = π(t) + δϕ(x)



1. The Speed of Perturbations in SVT theories

▶ Quadratic action for tensor modes,

STensor =
1

2

∫
dt d3x a3

(
Gτ ḣ

2
ij −

Fτ

a2
(∂khij)

2

)
, (10)

▶ Quadratic action for the vector modes,

SV ector =
1

4

∫
dt d3x a

(
GA Ȧ

2
i −

FA

a2
(∂kAi)

2

)
, (11)

The speed of the tensor and vector modes through the
cosmological background is,

c2g =
Fτ

Gτ
=

2G4+XG5,π

2G4−4XG4,X −XG5,π
=

FA

GA
= c2 ̸= 1 . (12)
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2. Higher derivative SVT theories

▶ To date, the largest SVT theory (U(1) gauge invariant vector), of
order O

(
(∇∇ϕ)2

)
, with second order equations of motion can be

written as

LSVT = L0 + L1 + L2 , (13)

with F̃µν = 1
2ϵ

µνρσFρσ, gi and wi functions of ϕ and X

L0 = −1

4
g0 FµνF

µν + g2 F
µ
ρF

νρϕ;µϕ;ν (14)

L1 = w1 F̃
µ
ρF̃

νρ ϕ;µν + w2 F̃
µρF̃ νσ ϕ;ρ ϕ;σ ϕ;µν (15)

L2 = (w3 Rµρνσ + w3,X ϕ;µρϕ;νσ) F̃
µν F̃ ρσ . (16)

L. Heisenberg (2018)

Ali Gorji, Mukohyama, Petrov, Yamaguchi (2025)

S. Mironov, A. Shtennikova and M. V-V (2025)



2. Higher derivative SVT theories

▶ The pure SVT part of Kaluza-Klein reductions of 5D Horndeski
theory can be written in the latter basis.

▶ Larger sets of SVT theories also fit in the latter basis of SVT’s (S.

Mironov, A. Shtennikova and M. V-V (2025)), at least in 4D (Using
Dimensional dependent identities).

▶ However, it is unknown if L2 is the most general O
(
(∇∇ϕ)2

)
with low order EOMs in 4D.

▶ Is LSVT everything that there can be in U(1) gauge invariant
SVT’s? No!
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3. Conformal/ Disformal transformations of the metric

Horndeski (H) and Beyond Horndeski (BH) theory without extra
matter can be seen in many cases (not all) as the same gravity theory,
just two different geometries:

Conformal/ Disformal relation between two metrics, Jacob Bekenstein, 1993

ḡµν = C(ϕ) gµν +D(ϕ, X) ϕ;µϕ;ν . (17)

▶ C(ϕ) alters the measurement of lengths between the two
geometries, but preserves angles and light cones.

▶ It is standard to have two conformally related metrics in a single
gravity theory. Is this the most general relation? No:

▶ D(ϕ,X) ϕ;µϕ;ν alters angles and light cones Jacob Bekenstein, 1993



3. Horndeski ↔ Beyond Horndeski theory? One gravity
theory?

▶ H and BH related by a transformation of the metric Eqn. (17)
(e.g. with C = 1),

F4 =
1

2

−D,X

1 + 2 D,X X2
(G4 − 2 X G4,X +G5,ϕ X) (18)

F5 =
D,X G5,X X

3 (1 +D,X X2)
(19)

where the degeneracy condition is automatically satisfied

F4 G5,X X = −3 F5 (G4 − 2 X G4,X +G5,ϕ X) . (20)



3. Conformal/ Disformal transformations in ST theories

▶ Need some assumptions: ḡ non-degenerate (C − 2X D) ̸= 0 ...

det(ḡ) = C3 (C − 2X D) det(g) , (21)

Equivalence H↔BH breaks if:

▶ The relation between ḡ and g is not invertible (No-Go theorem)
Mironov, Rubakov, Volkova (2018)

▶ If the same matter Lagrangian is coupled to ḡ and g.

All in all, ST theories behave as follows under these transformations:

▶ BH is closed under C(ϕ)/ D(ϕ,X) transformations

▶ DHOST is closed under C(ϕ,X)/ D(ϕ,X) transformations
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3. Conformal/ Disformal transformations in SVT theories
As a tool, C/D transformations are useful to uncover new theories.
For instance, H → BH.

What happens in the LSV T theory? the theory is not closed under
C/D transformations.

LSVT
C/D−→LbSVT = LSVT + Ld 1 + Ld 2 (22)

where

Ld 1 = w0(ϕ,X) F̃αζF̃ζβϕ;αϕ
;γ(2 Xϕ;β;γ +

1

2
ϕ;βϕ;δγϕ

;δ) (23)

Ld 2 = w4(ϕ,X)(F̃αδF̃ γζ
;δ ϕ;αϕ

;βϕ;γϕ;ζβ

+ F̃αβF̃ γδϕ;δβ(Xϕ;γα + ϕ;αϕ;ζγϕ
;ζ))

+ w5(ϕ,X) F̃αβF̃ γδ
(
2X2ϕ;γαϕ;δβ

+ ϕ;αϕ;ζ(4Xϕ
;ζ
;γϕ;δβ + ϕ;γ(−ϕ;ζ;βϕ;νδ + ϕ;δβϕ;νζ)ϕ

;ν)
)
.

(24)



3. Conformal/ Disformal transformations in SVT theories
Where w0, w4 and w5 are related as follows

w0 = −w1 w4

w3
, w5 =

w4 (X w4+w3,X)
w3−2X2 w4

(25)

Alternatively, in terms of the C/D factors,

w4 = −w3 D,X

C , w5 =
D,X

(
X w3 D,X

C −w3,X

)
C+2 X2 D,X

. (26)

▶ Ld 1+Ld 2 lead to higher order EOMs, but they are free of ghosts.

▶ The equivalence LSV T ↔ LbSV T is broken if the same matter
Lagrangian for χ is coupled to ḡ and g. The degeneracy is not
spoiled, as long as they do not alter the off–diagonal terms in the
kinetic matrix,

∂2L
∂ġ ∂χ̇ ,

∂2L
∂ϕ̇ ∂χ̇

, ∂2L
∂Ȧ ∂χ̇

, (27)



3. Conformal/ Disformal transformations in SVT theories

▶ The speed of the vector modes about the cosmological
background acquires new terms after the C/D transformation

c2A =
FA

GA
(28)

FA = g0 + 4 H2 w3 + 4 Ḣ w3 − 2 π̈ (w1 + 2 X2 w0)

+H (4 π̇ π̈ w3,X − 2 π̇ (w1 − 2 w2 X)) (29)
GA = g0 + 4 g2 X − 4 H π̇ w1

+ 4 H2 (w3 + 2 X (w3,X +X (w4 + 2 w5 X))) (30)

▶ Recall that the light cones are modified by the Disformal
transformation.

▶ Nevertheless c2g = c2A remains impossible if G5,X ̸= 0.



Conclusions

▶ We showed that the most general higher derivative SVT theory is
not closed under conformal/ disformal transformations of the
metric

▶ We obtained a new, degenerate (Beyond) SVT theory, that is
related to the initial SVT in a similar way as Beyond Horndeski
relates to Horndeski theory.

▶ We showed that c2g = c2A remains impossible if G5,X ̸= 0.



Thanks for your attention!



Support slides:



Basic Blocks for C/D transformations:

det(ḡ) = C3 (C − 2X D) det(g) , (31)

ḡµν =
gµν

C
− D

C (C − 2 D X)
ϕ;µϕ;ν . (32)

ϕ̄;νµ = ϕ;νµ −∆ρ
µν ϕ;ρ (33)

Γ̄ρ
µν = Γρ

µν +∆ρ
µν , (34)

(35)R̄ρ
σµν =Rρ

σµν +∇µ∆
ρ
νσ−∇ν∆

ρ
µσ +∆ρ

µλ∆
λ
νσ−∆ρ

νλ∆
λ
µσ ,



Basic Blocks for C/D transformations:

∆α
βγ =

1

2 C (C − 2 D X)

(
D
(
−ϕ;βϕ;γ(2Xϕ;α;δϕ

;δ

+ϕ;αϕ;ζϕ;ζ ;ηϕ
;η)D,X −2(δαγXϕ;β +(δαβX+ϕ;αϕ;β)ϕ;γ)C,ϕ

)
+ C

(
2D ϕ;αϕ;β ;γ

+ (−ϕ;αϕ;γϕ;β ;δ + ϕ;β(ϕ;γϕ
;α

;δ − ϕ;αϕ;γ ;δ))ϕ
;δD,X

+ (−gβγϕ;α + δαγϕ;β + δαβϕ;γ)C,ϕ + ϕ;αϕ;βϕ;γD,ϕ

))
.

(36)

F̄µν = Fµν , F̄µν = ḡµαḡνβ FµνFαβ ,
¯̃Fµν = F̃µν

C
3
2
√
C−2 D X

.

(37)



Basic Blocks for C/D transformations:
With X̄ = X

j and j = C − 2 D X,

g0(ϕ,X) =
1

C5/2 j 3/2

(
C2 ḡ0 j

2 + 4C w̄2X
2C,ϕ

+ 4C w̄1X
2(DC,ϕ − C D,ϕ)

+ 4w̄3X

(
C,ϕ

(
(−C +DX)C,ϕ +C XD,ϕ

)
+C j C,ϕϕ

))
,

(38)

g2(ϕ,X) =
1

2 C5/2 j 5/2

(
2C3 ḡ2 j + C2D ḡ0 j

2 − 2C w̄2X j C,ϕ

+2C Xw̄3,X̄(C,ϕ)
2
+2C w̄1 j

(
−(C +DX)C,ϕ +C XD,ϕ

)
+w̄3 j

(
C,ϕ

(
(3C −2DX)C,ϕ−2C XD,ϕ

)
−2C j C,ϕϕ

))
,

(39)



Basic Blocks for C/D transformations:

(40)w1(ϕ,X) =
1

C1/2 j 5/2

(
C w̄1 j − w̄3 j C,ϕ − 2Xw̄3,X̄C,ϕ

)
,

w2(ϕ,X) =
1

C3/2 j 5/2

(
C D w̄1 j +C w̄2 j + w̄3 j (−2DC,ϕ+C D,ϕ)

+ w̄3,X̄

(
(−2C +DX)C,ϕ + 2X(C −DX)D,ϕ

))
,

(41)

(42)w3(ϕ,X) =
w̄3

C1/2 j 1/2
.


