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Black hole thermodynamics

0-th law thermal equilibrium, T’ mechanical equilibrium, x

lstlaw  dE =TdS — pdv + udN  dM = gidA +QdJ + ®dQ
v

2-nd law 65 >0 0A >0
3-rd law A
(in Planck form) §—0asT 0 S:Z_>035T—>0.7N
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Black hole thermodynamics

0-th law thermal equilibrium, T’ mechanical equilibrium, x

lstlaw  dE =TdS — pdv + udN  dM = gidA +QdJ + ®dQ
v

2-nd law 65 >0 0A >0
3-rd law A
(in Planck form) §—0asT 0 S:Z_>035T—>0.7N

Schwarzschild BH — no 3-rd law
SchwAdS (global coordinates) — no 3-rd law
SchwPAdS (Poincare patch) — the 3-rd law

I
This is good for AdS/CFT applications

I
What for other models, that are interesting for holography?
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Application to holography

/
T= Lg—l — QGP temperature (Maldacena)
T Z=Zh
1 o
s=7 11 gii — muliplicity of process (Landau)
i=1
Z=ZzZhp
F= / sdT — background BH-BH phase transition
Zh
Ay =p—pz>+... — chemical potential, density
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Overview

@ Maximal models

© Particular models
e Model I: 5D, Gauss anisotropy + Lifshitz anisoptopy
e Model II: 5D, Lifshitz anisotropy + Lifshitz anisoptopy
e Model III: 6D, Lifshitz anisotropy + Lifshitz anisoptopy

© D-dimensional models with electric and magnetic ansatz

@ Conclusions
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Holographic model of anisotropic plasma
in magnetic field at nonzero chemical potential

I.Aref’eva, KR’18; TA, KR, P.Slepov’21

1
. / Fo g [R_ foi¢) r, - fliqs) r, - fBiw FBy - L owooo - W)]
L2 2-y o[ = 2-2 d=2
ds? = = b(2) [—g(z) dt? + da? + (;) dy? + e°B* (L) dy2 + g(zz)}

Ay = Ae(2)8),  A0)=p  Fay=a dy' Ndy?*  Fp) = g3 dz Ady'

b(z) = e2A(2) & quarks mass “Bottom-up approach”

Heavy quarks (c, b)

A(z) = — c2?/4 Andreev, Zakharov’06

A(z) = — 2% /4 + p(cp)2t IA, Hagilou, Rannu, Slepov’ 23
Light quarks (u, d, s)

A(2) = —aln(bz? + 1) Li, Yang, Yuan’17

A(z) = —aln ((b2% 4 1)(d2* + 1)) Zhu, Chen, Zhou, Zhang, Huang’25
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Model extension

f0)(9) fo (@) fov (@)
(QO)QI Fioy = Zﬁﬂm Z%%@—

S:/dD:v\/iR

h 1
- (;\/.)?Sﬁ) Hiyy = 50400"¢ = V(9)
s !

22

Scalar field ¢ = ¢(2), V(¢) = V(¢(2))
Electric ansatz ) = 9, A" —9,A"), A" = A,(2)0), p=0,D—1
Magnetic ansatz ~ Fiag) = gy eampr dz? A de®, M,p,k=1,3
Magnetic ansatz = F( ) = g dz™M Ada?!, M =13, j=4,D -2
Magnetic ansatz  Hny = Qn)enpr daP A de® ndael, Nop,k,l=1,D—2
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Model extension

f0)(©) fo () i (9)
R Pl = 2 Tgr Fl = 75T St

h 1
D=6 - M g D606 - V()
2723

= )< dt”Z% ¥ 2))

Scalar field ¢ = ¢(2), V(¢) =V (¢(2))
Electric ansatz F,Eg) =9,A — 8,,14&0), ALO) = At(z)éﬂ, w=0,5

Magnetic ansatz  Fiag) = gy eampr dz? A de®, M,p,k=1,3
Magnetic ansatz  §(a1) = g de™M Ndzt, M=1,3
Magnetic ansatz  Hny = Qnryenrprt dzf A de* Ndxt, Nopk,l=T14
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6D with 10 magnetic ansatz:
metric and dilaton equation

ds® = — goo(2)dt® + g11(2)da? + gao(2)dws + gss(2)da3 + gaa(z)dal + gs5(2)da?

iy O N (s T
¢+22H:( 1)%ws

Gup

ai 9fx B Oim Q3% 0Hn 1 oV(e)
~g Y M —+——] =0
%5 ; 2 9¢ };,IC Gii Z 29MM944 o¢ ; 2 0¢ ]1;[\, 9jj 0¢

K.M=13, N=T14, pv=05 i=13, j=14 ki=1,5
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6D with 10 magnetic ansatz: Eisntein equations

> (M- ) s o n

933 9” kel 9kk 9u

/2
+ 955 Zficq;c H +>° i ZHNQN 11 *+¢*+2V(¢) =0

i£K Gii M IGMMG44 JEN 55 955

2(1—5#5) (29uu Zuu>+ Z (—1)%50 (— 1)65,,%7#9”7'/_,’_

uAj Gupe Kb n<v#j Gup Guv

2
+ 955 (Z( D)%% (=1)"% fiegg T *+Z( 1)%Mi ( 1)%&4—

K ix 9ii IMMGaa

12
+Z(—1)1+5N1‘zﬁwcziV ML+ Erove) =0 =11

AN Gii 955
goozngrH 1-6, )gkkgll
937 k<l Ikk 9u
fAtd3 1 2
+ 955 Zf;cq;c]_[ +y M +ZHNQNH ———+2V(¢) | =0
sk 9 o IMMYa4 i i3 955
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6D solution

dz?
d52=%2<z)< 9(2) dt* + g1(2) daf + g2(2) d3 + g3(2) dal + ga(z >dx4+>

(2)
/\/QQZZ .1 d

Aiz) = p (1 - ) vgt \/QT / ZE?@) dé
o) = et2) |0 / e@”
w2 | e ) 5 ol j H;é 0,00
! (I(Z))Q/z: 6@ /5 ) o (<Z>)< ] i=123
Talk by V. Zlobin &; = i ﬁ g limg(x) =1
AL
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Particular models
ModelI D=5 Fy = qzdxt Adx?, Fy = q dz? Ada®

L? z -3 2/ z -3 dz?
d 2 [ dt2 d 2 1+ (= d 2 cpz ol d 2 el
s 22 ( g(z)dt” + dzy I 3 e I 3 + o)
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Particular models

ModelI D=5 Fy =qgsdat Ada?, Fy = qida? Adad

L? z -3 2/ z -3 dz?
d 2 _ _ dt2 d 2 d 2 cpz d 2
s = < g(z)dt” + dxi + N x5 + e N 3 + e

ModelII D=5 i F=gqgdz'ANdz3, F3=qsda!Ada?
ii F=qde®ANda3, F3=gsda! Ada?
b(z) =e" iii Fy =qde?Ada®, Fy=qds! Ada?

ds? = L—2 b(z) | —g(2)dt? + dz? + (E)zi%dxz + (3)27%&02 + dz?
=2 g 1 I 2 I T3
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Particular models

ModelI D=5 Fy =qgsdat Ada?, Fy = qida? Adad

L? z -3 2/ z -3 dz?
d 2 _ _ dt2 d 2 d 2 cpz d 2
s = ( g(z)dt” + dxi + N x5 + e N 3 + e

ModelII D=5 i F=gqgdz'ANdz3, F3=qsda!Ada?
ii F=qde®ANda3, F3=gsda! Ada?
b(z) =e" iii Fy =qde?Ada®, Fy=qds! Ada?

ds? = L—2 b(z) | —g(2)dt? + dz? + (3)27%@02 + (3)27%&02 + dz?
=2 g 1 I 2 I T3

Model III D=6 b(z) =1, §F3 = q3dz® Adz?, Hy = Qq dx? A dx® A dx?
2 2 2
2 2= 2= 2= dz?
ds? = = b(z) (— g(2)dt? + dz? + (z) dz3 + <2> dz? + (2) dz? + ﬁ
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Model I solution

Zn,— 2B e? 142 d 1
g(z) = ecB? J:"e 55 ¢ . 5, 1+->0
e et v
1 e F th,lfg
1+3 i
1/ L Y epe} A (2 —2Be2 o142
S(Z}L) = — | — e B2} , T(Zh) = fO € 2 g df
Zh 1 1
1+—-],c5=0
2wz, v

/v cpz?
f1 (¢(Z)) =—-2 <§> 6[/27% (1 — i) [g/(z) z — (2 + g— CBZQ> g(Z)]

2/v
fs(o(2)) =2 (f) %’g [g’(?«*) z— (i - ch2> 9(2)1

2c% (Z4+31/222+2222u)
cpv v
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Model I results

3-rd law
1+
—o. s = L(FET) LT 014250 14 50
cp = : 5()—1 @ — as *>, +;>, +;>
1
cp <0: s(T)—)OasT—>0,1+;>O

cg>0: s(zp) = +oocasT(z,) >0, 2, — +00
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Model I results

3-rd law
1+
—o. s = L(FET) LT 014250 14 50
cp = : 5()—1 @ — as 4), +;>, +;>
1
cp <0: s(T)—)OasT—>0,1+;>O

cg>0: s(zp) = +oocasT(zp) >0, 25, >+
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Model I results

3-rd law
1+
—0: s =2 () Lows T 0 14250, 1450
CB—.S()*Z@ — U as %,+;>,+;>
1
cg<0: s(T)—0asT—0,1+—->0
v
o> 05 a(an) 450 85 T(or) 0, 34 450

NEC
cg=0,v>1
cg <0, v2>1, z, < 2"

f1(9) >0, f3(¢) >0, ¢*>0 :>{

max 2-3v—vV?2—4v—14
zZ =
4 2cpv
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Model I results

3-rd law
1+
CB—.S()*Z@ — U as %,+;>’+;>
1
cg<0: s(T)—0asT—0,1+—->0
v
cg >0: s(zn) = +ooasT(zp) =0, 2, = +00
NEC
cg=0,v>1
cp <0, v>1, z, < zor

f1(9) >0, f3(¢) >0, ¢*>0 :>{

max 2-3v—vV?2—4v—14
zZ =
4 2cpv
U
max j

cg<0: zp <z T > Tin = T(2,""")
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Model I results

3-rd law
1+
CB—.S()*Z@ — U as %,+;>’+;>
1
cg<0: s(T)—0asT—0,1+—->0
v
cg >0: s(zn) = +ooasT(zp) =0, 2, = +00
NEC
cg=0,v>1
cp <0, v>1, z, < zor

f1(9) >0, f3(¢) >0, ¢*>0 :>{

maw_\/2—3u— 92 — 4y — 4

z
4 2cpv
I
cp <0: Zh < Z;rlnaac = T 2> Thnin = T(Z;Lnaz)
cg =0 v>1
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Model II solution

. Zp 11
b(2) = e, ga(2) = Ca 2 / b(€) e TR, a =1, i, i,
z
2 2 2 _ 2 2_2
ag=4—-— - —, oj=———, Qjjj=—— —
2 v v v2on
1 1 1—|—1/V1 1
saiv,i(T) = o— - 70 Saiv, (1) = ——— %
1 1 (2rLT “1
=0, Sconw.i(T) = Z(’TI’LT)3, sconv, ii(T) = 7 <1+ Vl)
3
<0, 0<n<l, X= e
8T
4—n
L3en—1 __ 3 3
Sconvyi(T) — ET X T-n exp (7 % X’"«/(lfn)) |:]_ +0 (T’rﬂ(l—n))]

142 242/v3-m

L vi e n—1 _142/vq 3le n
e () = B L Sy (L3 1) [1y o (/)]

3 2 % 1 1 (1—-n)/n
C>07 Sconv 1(T):7M7+O (hlf)
’ 16r (%) T T

2+2/u
LMo n(3e/2)

1 1 (1—n)/n
seonv. (1) = =7 r(22m) T to (ln?)
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c<0:
c>0:

K.A. Rannu

Model II results
3-rd law

1
5(11’,/1),i(T), 8(17;7,711(T) ~ f —00 asT — 0

2
Sconv,i(T) — Oa Sconv,ii(T) — Oa 1+—>0
V1

Sconv(T) — 0, 0 <n< 1, b(z) = ecz"
Sconw,ifii(2n) = +00,  Teony,isii(2n) = 0 as 2z, — +00
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Model II results
3-rd law

1
Sdiv,i(T), Saiw, (1) ~ T oo as T—0
2
c=0: Sconv,i(T) — Oa Sconv,ii(T) — Oa 1 +— > 0
V1

c<0: Seomn(T) =0, 0<n <1, b(z)=e="
c>0: Sconv,i/ii(zh) — + 00, Tconv,i/ii(zh,) —0 as Zp — 00
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Model II results
3-rd law

1
Sdi,’l},i(T)a tg(li’z;,ii(T) ~ f —o00 asT — 0
2
c=0: Sconv,i(T) — 0, Sconv,ii(T) — 0, 1+—>0
1551
c<0: Seonn(T)—=0,0<n<1, b(z)= e?"

c>0: Sconv,i/ii(zh) — + 00, Tconv,i/ii(zh,) —0 aszp — +o0

NEC
i v =1y =1 i v =10 =1
c=0:4. . c<O: ¢, . 1
i, ili rW=1n>1 i, iili 1 =1n2>1
1
3(1 4 ) + V3, /T \
2
c>0: vy =1y >1, z; <min(z, 29) = Vi >0

3ecn
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Model II results
3-rd law

1
5(11’,/1),i(T), Sd,[yl,’ii(T) ~ f —00 asT — 0
2
c=0: Sconv,i(T) — 0, Sconv,ii(T) — 0, 1+—>0
1551
c<0: Seonn(T)—=0,0<n<1, b(z)= e?"

c>0: Sconv,i/ii(zh) — + 00, Tconv,i/ii(zh,) —0 asz, = +o0

NEC
i V1 = I :]_ i l/:]/:].
c=0:4. . c<O: ¢, . 1
i, ili rW=1n>1 i, iili 1 =1n2>1
_ T \1l/n
3(1+n)i\/§ 8 8u1+l?;(21+n) vy
c>0: vy =1y >1, z; <min(z, 29) = L >0
3cn
3
i Vv =1vp =1 i r=1rrn=1 0<n<l
c=0:¢. . 7 c<O: QT T
i, ili vy =1m>1 i, ili o =wm>1, O=<n<Ll
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Model III solution

O e
9(z) = Cl/ IR
z

dg
b2(¢)
.
b(z)=1: g(z):l—(i) ! , 2+i+3>0
Zh V1 123
2 4
¢(Z):¢Oi10g(z)\/y%(1/11)+V§(ll21)
2 ! 1,2 2, 4 F(9 — 90)
h =— _(1-—— 24 — 4+ = 24 =
H?) Lm%( ul)(ﬂﬁuz)e"p[(w vz)ﬁ(m—mé(w—l)]
l/l 1/2
2 11 1.2 4 F(é — ¢0)
. — - = 294 - 4+ = =
fa(9) L2q§ (Vl V2)( V1+”2)exp[l’2 \/22(1/1—1)-1-42(1/2—1)}
l/l )/2
% _ 1 4 4 6 1 2 3 )
w:—ﬁ(+;+g+¥+g 2
Ler )\
142 T
Ty=4m e [ ————
8( ) 1 2 <2+I/11+y22>

K.A. Rannu
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Model III results

3-rd law

142 1 2 1 2
S(T) ~ Tt 50, 14—+ >0, 24—+ — >0
%41 19 1551 v
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Model III results

3-rd law
1.2 1 2 1 2
S(T) ~ T 545 50, 14—+ = >0,24—+—>0
%41 19 1551 v
NEC
hi(¢) QF

vi,vp 20 = v, >1

sgn(h1(¢)) = sgn (1 - 1/11> =0, +1,

sgn(f3(9)) = sen (1 _ 1) 1,0 +1

1551 1)
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Model III results

1 2
14—+ —>0 NEC = 3-rd law

vy 2
Third law in the (v4, v») plane NEC in the (v4, v») plane
: \
10 '.—' 10
-* \
Vi = -1 EE s \

(1.1)

e
oo ~——
A '
Vo = 1 S
NV = 1
.
N
“
-5 i
2vi+vp+3=0]
LY
- HE
o HPR
10 = -10 ',\‘“
= ;, \
-10 -5 0 5 10 -10 -5 0 5 10
V4 V4
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Results

ModelI D =5 Lifshitz + Gauss
NEC ¢p<0,v>1: ¢p<0, zp <2, Toin =T(2*%) >0
¢ = 0 horizon unbounded
3-rd law + NEC cg=0,v>1

Model II D =5 2 Lifshitz

NEC ivi=wv=1, iiilivy=1w, 25/ 1 =1v2>1, ¢>0
i vy=1re=1 ¢<0,0<n<l1

iiii, r=1rn>1 <0, 0<n<l1

3-rd law + NEC {

Model IIT D =6 2 Lifshitz

1 2
NEC = 3rdlaw: b=1, 14—+ —>0
121 1]

b#£1, 777

= i = =
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D-dimensional models: electric + magnetic ansatz

Electric and 2-form magnetic ansatz

S:/d% TD< f<o (@) P, f(1>(¢>) Ry - 20,0000 - V(¢)>

( )dt2+de + 22~ 7Zdyj z)

2- and 3-forms magnetic ansatz

ds® = L2b( )

1 1 1
S = /decv—gD <R— §8H¢8“¢ - Zf(2)(¢)F(22) - Zf(H)(¢)H2 - V(¢)>

L2b(2) d ecnz® 3 dz?
ds* = == | —g(2)dt® + ) daf + ——— > dyi +

# i=1 (z/L)v "= 9(2)
Scalar field ¢ = ¢(2), V(¢) = V(4(2))
Electric ansatz F‘Eg) = GHAS,O) — BVAELO), AELO) = At(z)(527 p=0,D—1
Magnetic ansatz = F(1) = qdy1 Ady2, Fo)y = qdy2 Adys, H = qu dy1 ANdy2 A\ dys

arXiv:2604.08441 [hep-th]
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D-dimensional models: electric + magnetic ansatz

Electric and 2-form magnetic ansatz

o /d N <Rf<o (9) ", - f(1>(¢>) PRy - 2 000 - V(¢)>
L2b(2)

= ( (2)dt? + de + 22~ 7Zdyj z)

2- and 3-forms magnetic ansatz

ds® =

1 1 1
S = /decv—gD <R— §8H¢8“¢ - Zf(2)(¢)F(22) - Zf(H)(¢)H2 - V(¢)>

L2b(2) d ecnz® 3 dz?
ds* = == | —g(2)dt® + ) daf + ——— > dyi +

# i=1 (z/L)» "= 9(2)
Scalar field ¢ = ¢(2), V(¢) = V(4(2)) Analytic solutions
Electric ansatz F‘Eg) = GHAS,O) — BVAELO), AELO) = At(z)(527 p=0,D—1
Magnetic ansatz  F(1) = gdy1 A dy2, F(Q) = qdy2 Ndys, H = qi dy1 N dya N dys

arXiv:2604.08441 [hep-th]
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3-rd law conditions

Electric and 2-form magnetic ansatz

b(z) =1

4-D-2
Fipy=0: s(T)_1<3+D3> V,D>5,y>1,4—D—g<O
4 47T v
F(QO)#O: s—0asT — 0, fozek(¢_¢°):z“,fi<—1
b(z):e_cz2, D=5: ¢=0
2- and 3-forms magnetic ansatz
b(z) = e’

5—-D—32
1 Y2
s(zn) = 7 <L> e (en—eD=2) o —c(D-2),v>1, D>5

2+4
z 3
b(z)=1: g(z)zl—l—CzH'i—() (1+CZ;11+V)’C=05 V=0
z
" arXiv:2604.08441 [hep-th]
K.A. Rannu
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Conclusions

o Analytic solution can be obtained in quadratures

o In 5D with Gauss 3-rd law fulfills for v > 1, cg =0

o Magnetic anisotropy in Gauss form cg > 0 spoils the 3-rd law
e Anisotropy spoils NEC for 2 Lifshitz

e In 5D with Gauss cg < 0 and for 2 Lisfitz ¢ < 0, n > 1
spoil the 3-rd law for NEC fulfillment

e 6D with 2 Lishitz allows 3-rd law and NEC for v < 1, vy # 1s,
but for b =1

In 5D Gaussian warp-factor and anisotropy affect the 3-rd law

D > 5 models can solve these problems
for some warp-factors and anisotropies
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Thank you
for your attention
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