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e In the Einstein—Gauss—Bonnet (EGB) gravity models, the slow-roll
approximation has been extended ! by taking into account the first-order slow-roll
parameter §; = —2 H? ¢’ /Uy, which is proportional to the first derivative of the
Gauss-Bonnet coupling function £ with respect to the e-folding number. The
tested models were formulated in terms of field.

e We apply the extended slow-roll approximations to the attractor model 2
formulated in terms of e-folding numbers.

e We compare the standard slow-roll approximation with the extended slow-roll
approximations taking into account correction of the first order and the exact
expression for potential.
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EGB gravity

The Einstein-Gauss-Bonnet gravity described by the following action:
1 1
5= [ xR [UR - e 0,000~ Vo) - 360 . ()

where Uy > 0 is a constant, the functions V/(¢) and (o) are differentiable ones,
R is the Ricci scalar, G = Ry, 00 R*P7 — 4R, R* + R? is the Gauss—Bonnet
term.

We apply the slow-roll parameters 3 during our consideration:
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The Friedmann equation can be presented in terms of slow-roll parameters
12U0gH? (1 — 61) =2 +2V = H22 + 2V p = ¢
4UgH (1 — 61) = — 4% + 2UpH?61 (62 + &1 — 1).
From the Second Friedmann equation we got
X2 =2Up [2e1 — 61 4 61 (62 — €1)] -

where x = —Hv
Substituting this expression to the first Friedmann equation and neglecting
multiplications of slow-roll parameters one can get
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Here one can suppose that this is the best approximation extended up to first
order of slow-roll parameters.
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However we remember that the spectral index ns and the tensor-to-scalar ratio r
are connected with the slow-roll parameters as follows:
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Here we know that the r is a very small number in inflationary scenarios. So, we
suppose that the difference 2e; — d; is a second order of smallest and get the

supposition
%4
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Such approximation is equivalent to neglecting 42 in the First Friedmann equation.
Using relation 15 ~ (1 + 1) the (10) can be approximated once again such as
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in the supposition 0; < 1.
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e Inflationary models with monomial potential V = WV, ¢", £ =
N are positive constants, n = 2, 4.

o Vi ~ 6Up(1 + d1)H? (in the start), excellent inflationary parameters in the start

6Up H?

o Vo~ 25y (exit from the inflation), excellent inflationary parameters in the

start

e V, = 6UyH? big values of the field excellent inflationary parameters in the start

e numerical



Fig. 1. The inflationary model with V() = Vpo*. Slow-roll parameters as functions of N at the
end of inflation found by numerical integration of equations of motion without any approximation are
presented in the left panel. Values of the function &(N) in units of M cbtained numerically or using
slow-roll approximations are presented in the right panel. The black line is the result of the mumerical
integration of syst

1 (2.4). The blue eurve is obtained in the standard approximation using B, (3
red — in the approximation 1 using Eq. (4.10), g in the approximation II by Eq. (1.21). The
initial values ¢(0) = gy are given in Table 1.
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Fig. 2. The slow-roll parameters £,(¢) (left panel) and 4,(¢) (right panel) for the model with
V(6) = Vyé?. The black line is the result of the numerical integration of the system (2.4), blue curves
are obtained in the standard red curves in the dmation I, and green curves in
the approsimation II. The stars denote the end of the inflation (when £1 = 1). Values of & are given
in units of My,




Table. Numerical and approximate values of parameters, characterizing the inflation-
ary dynamic in the model with the quartic potential.

Parameter | Numerical Standard Approximation I | Approximation II
results approximation

o/ Mp 1.4019 4.9705 1.4898 1.3974
107 A4 (60) 2.096 1172 2.599 2.017
ns(¢o) 0.965 0.953 0.965 0.965

(¢o) 0.0044 0.0120 0.0045 0.0045

Pena/Mp 0.2017 0.8899 0.3048 0.3037
31(Pend) 0.885 1.80 4.23 0.577
N(@end) 60.6 60.6 60.6 60.6




Formulation in terms of e-folding number derivatives

e The Friedmann equations in terms of e-folding number derivatives:

12H? (Up +2¢' H?) = H*® + 2V, (12)

2(H2)/ (UO _’_25/ H2) — H2¢ _4H2 <H2§//+ ((/‘/22)/ n H2> §/> , (13)

r_ d _ 2 _ do¢
where " = &, & = x°, x = 4§

Field equation in the spatially flat Friedmann Universe
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In the slow-roll regime (¢ < 3H¢ or equivalently ¢¢' = o + @cb < 3H2 )
the equation (14) can be reduced to

3H?d = V/ +12(H*)?¢ (1 — ) (15)

leading to
Vip +12 (H?)2¢' (1 —¢)

P, = 16
12 e (16)
for the extended slow-roll approximations and
v/ 12 H2 2 ¢t
‘Ds/ _ sl + ( ) g (17)
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for the standard slow-roll approximation (% < H? or ¢; < 1).



The obtained evolution equations allows to get expression for ® = x? using (13)

2 UO (H2)/ + 6H2 (Hz)/fl + 4(H2)2 (5// + 5/)

q>exac1r = (H2) (18)

and for the potential V substituting (18) to (12)
Vesser = = (3E H2 + Uo) (H?) +2 (8¢ — ") (H?) +6Up(H).  (19)

L4 q>2 = cDexact-



Model in terms of e-folding numbers

e We start our reconstruction using the following form of the Hubble parameter

Hz—(Hé)exp( g(NiN)) 550(()). (20)

where Cg, Ny, Hg, &o are model constants.
e The model was proposed # to reconstruct inflationary parameters of

cosmological attractors models ® and the first of all R 4 R? inflationary scenario °
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We substitute these expressions for H? and ¢ into the formulas for the first
slow-roll parameters:

3 Cs 38 Hg Cs
= - (S == .
To get exit from inflation at N = N, (e; = 1) we put Cg = M.



The inflationary parameters: the tensor-to-scalar ratio, the spectral index of scalar
perturbation and the amplitude of scalar perturbation:
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We derive the expressions for the potential of the exponential model under
consideration using approximations and the exact formula:

Ve = 6UgHZ exp [ — 2No* (25)
sl — (VL) p N+ NO )
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4 H2 £y No?
Vo = Vy 17% , (27)
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We substitute the potentials to corresponding expressions for ® = (¢’)? and get:
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The field ¢ can be expressed analytically for the exponential model. To avoid
complications during subsequent numerical calculations, it is better to integrate
vV @Pexact after selecting the model parameters.

The expression ®; is very long and does not lead to an analytical expression for
p1(N).

In the standard slow-roll approximation, the expression for the field's dependence
on the e-folding number during inflation has a simple form

b1 =2 No /Uy — 2 Qo & In (N + No) + co, (32)

where ¢ is constant, which should be chosen in order to compare the behavior of
¢ and ¢4 in numerical analysis.



Using the values of the model parameters, we obtain:

1.75 (N + 1.5469) (N + 0.73880)

(N +1)*
— . _9
, 0~5arctan<0.37796(N 1.7202 - 10 )) (34)
Sq
1.3229 S,
.109) - 227 wa
+ 1.3229In((N +1.1429 + S,) - 10°) (e (35)

where S, = /(N + 1.5468) - (N + 0.73886), co is a constant of integration. The
choice of integration constant ¢j is not unique. Near N =~ —0.738 the field
becomes complex and we choose ¢y ~ 25.431 to get ¢|n~—0.738 = 0.

We calculate the integration constant included to the slow-roll approximation of
the field css = ¢ — (2 No/Uo —2 Qo &o In (N + Np)) at the point N = N, and get:
Css = 1.75. The choice of the integration constant allows us fix the same values of
fields at the beginning of inflation. We solve the differential equation % =V
numerically assuming ¢(N = Np) = 7.145 for all types of approximations and the
exact solution.



Early we introduce the effective potential for EGB gravity 7. The effective
potential Ve for it's equivalent presentation can play the role of potential for
studying stability 8. Here, we consider an equivalent presentation of the effective
potential Veff:

Veir = =V, where Ve =—U3/V +¢£/3. (36)

Here we should note, that the considering set of the model parameters is mostly
toy and used to clear present the behavior of effective potential Vs which is
analog to potential in the General Relativity models.

7E. O. Pozdeeva, M. Sami, A. V. Toporensky and S. Y. Vernov, Phys. Rev. D (2019)
[arXiv:1905.05085 [gr-qc]].
8S. Vernov and E. Pozdeeva, Universe (2021) [arXiv:2104.11111 [gr-qc]].
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Fig. 1: The behavior of Ve 7y during inflation for slow-roll approximations (the gray line
corresponds to the standard slow-roll approximation, the blue line — to the approximation
&) the green line — to the approximation D) and the exact considerations (orange line)
at the following values of the parameters: Ny = 1, N, = 57.787, & = 1.6788 - 101°/%2,
Qo = 1.8861 - 107272, Uy = M3,/2, Mp, = 1.
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Fig. 3: The graphical behavior of effective potential Ve = —VE}} during inflation for slow-
roll approximations (the gray line corresponds to the standard slow-roll approximation, the
blue line — to the approximation 7) the green line — to the approximation (I@ ) and the
exact considerations (orange line) at the following values of the parameters: ¢y = 1.7556,
No =1, Ny = 57.787, & = 1.6569 - 101%/72, Qo ~ 1.8861 - 1071272, Uy = M2,/2, Mp; = 1.
The left picture corresponds to evolution during inflation, the middle picture - to evolution
after inflation, the right picture is the join evolution.
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Fig. 0: The behavior €(¢) (the gray line corresponds to the standard slow-roll approxi-
mation, the blue line - to the approximation @D; the green line — to the approximation
(]ﬂ) and the exact behavior coincides with green line) at the following values of the param-
eters: ¢y = 1.7556, Ny = 1, N, = 57.787, & = 1.6569 - 101%/7%, @y =~ 1.8861 - 10712x2,
Up = M32,/2, Mp; = 1. The left picture corresponds to the interval N = 0..N, , the central

picture corresponds to the interval N = 0..7 and the right picture corresponds to the interval
N=-0.73.0.




Conclusion

e We proposed two extended slow-roll approximations in EGB gravity.

e We compared the standard slow-roll approximation and extended ones with
exact analysis.

e The comparisons were carried out on models in terms of fields and e-folding
numbers.

e Using the standard slow-roll approximation it is easy to reproduce the field
dependence on e-folding numbers. However the low accuracy can leads to
overestimation of A and a shortened duration of inflation.

e In EGB gravity it is better to do additional test using extended approximations.

This study was conducted with in the scientific program of the National Center for
Physics and Mathematics, section5 'Particle Physics and Cosmology’.



