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Plan

• Scalar-tensor and scalar-vector-tensor theories, properties and
perturbations

− 2nd order equations (Horndeski type)
− Degenerate theories (DHOST type)
− Fully degenerate theories (MMG)
• Applications
− early Universe cosmology
− compact objects and other solutions
− modern Universe cosmology



2nd order equations
Toy example:

L = K (π,X )2π X = gµνπ,µπ,ν

δL = Kπ2πδπ + KX2πδX + K2δπ =

= ...+ KX2πδ∂µπ∂
µπ + K∂µ∂

µδπ

= ...+ 2KX2π∂µπ∂
µδπ + ∂µ∂

µKδπ

= ...− 2KX∂
µ2π∂µπδπ + ∂µ(Kπ∂

µπ + 2KX∂
µ∂νπ∂

νπ)δπ

...− 2KX∂
µ∂ν∂

νπ∂µπδπ + 2KX∂µ∂
µ∂νπ∂

νπδπ

= ...only second derivatives
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Horndeski theory

• Most general scalar-tensor theory with 2nd order EoM

S =

∫
d4x
√
−g (L2 + L3 + L4 + L5) ,

L2 = F (π,X ),

L3 = K (π,X )2π,

L4 = −G4(π,X )R + 2G4X (π,X )
[
(2π)2 − π;µνπ

;µν
]
,

L5 = G5(π,X )Gµνπ;µν +
1
3
G5X

[
(2π)3 − 32ππ;µνπ

;µν + 2π;µνπ
;µρπ ν

;ρ

]
,

where π is the Galileon field, X = gµνπ,µπ,ν , π,µ = ∂µπ, π;µν = OνOµπ,
2π = gµνOνOµπ, G4X = ∂G4/∂X



Properties

• Theory of a very general form under several assumptions:
- general covariance
- locality
- S =

∫
d4x
√
−g L(gµν , φ,∇φ,∇∇φ)

(1 additional degree of freedom)
- 2nd order equations of motion.

• Have sufficiently much freedom to modify gravity and scalar
dynamics in different ways
Encodes wide class of modified gravity models



Examples

• Minimally coupled scalar (k-essence)

- F = F (φ,X ), K = 0, G4 =
M2

Pl
2 , G5 = 0

- Canonical case: G2 = X − V (φ)

• Brans–Dicke theory
- G4 = φ, F = −ωφX − V (φ), K = G5 = 0

- f (R) gravity equivalent to Brans–Dicke with ω = 0
S =

∫
d4x
√
−g [f ′(χ)(R − χ) + f (χ)]

- G4 = φ
2 , F = −V (φ), K = G5 = 0



Examples

• Kinetic Gravity Braiding

F = F (φ,X ), K = K (φ,X ), G4 =
M2

Pl
2 , G5 = 0

Qubic Galileon: F = X , K = X
Λ3 , G4 =

M2
Pl
2 , G5 = 0

• Coupling to Gauss-Bonnet term
ξ(φ)

(
R2 − 4RµνRµν + RµνλρR

µνλρ
)

F = 8ξφφφφX 2(3− lnX ) K = 4ξφφφX (7− 3 lnX )

G4 = 4ξφφX (2− lnX ) G5 = −4ξφ lnX



Degenerate theories
Toy example:
Kinetic matrix
L = A

2 φ̈
2 + B φ̈ġ + C

2 ġ2 + 1
2 φ̇

2 − 1
2φ

2 − 1
2g

2...

Equations of motion
A
....
φ + B

...
g − φ̈− φ = 0

B
...
φ + C g̈ + g = 0

if AC − B2 = 0 system is equivalent to
φ̈+ B

C ġ + φ = 0(
1− B2

C2

)
g̈ − B

C φ̇+ 1
C g = 0

Main idea:
Hessian

det

(
∂2L/∂φ̈2 ∂2L/∂φ̈∂ġ
· · · ∂2L/∂ġ2

)
= 0

Primary constraint ⇒ no extra DOF



beyond Horndeski

S =

∫
d4x
√
−g (L2 + L3 + L4 + L5 + LBH) ,

L2 = F (π,X ),

L3 = K (π,X )2π,

L4 = −G4(π,X )R + 2G4X (π,X )
[
(2π)2 − π;µνπ

;µν
]
,

L5 = G5(π,X )Gµνπ;µν +
1
3
G5X

[
(2π)3 − 32ππ;µνπ

;µν + 2π;µνπ
;µρπ ν

;ρ

]
,

LBH = F4(π,X )εµνρσε
µ′ν′ρ′σπ,µπ,µ′π;νν′π;ρρ′+

+F5(π,X )εµνρσεµ
′ν′ρ′σ′

π,µπ,µ′π;νν′π;ρρ′π;σσ′

F4 G5XX = −3F5

[
G4 − 2XG4X +

1
2
G5πX

]
,

H→ BH gµν → gµν + Γ(π,X )∂µπ∂νπ.
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DHOST theory

S =

∫
d4x
√
−g (L2 + L3 + L4 + L5) ,

L2 = F (π,X ),

L3 = K (π,X )2π,

L4 = F2(π,X )R +
5∑

i=1

Ai (π,X ) L
(2)
i ,

L5 = F3(π,X )Gµνπ;µν +
10∑
j=1

Bj(π,X ) L
(3)
j ,



DHOST theory

LQuad =
5∑

i=1

Ai (π,X ) L
(2)
i ,

L
(2)
1 = (πµν)2 , L

(2)
2 = (2π)2 , L

(2)
3 = 2π (πµνπ

µπν) ,

L
(2)
4 = (πµρπ

µ)2 , L
(2)
5 = (πµνπ

µπν)2 ,

A2 = −A1 ,

A4 =
1

8(F2 − XA1)2
[
−16XA3

1 + 4(3F2 + 16XF2X )A
2
1

−(16X 2F2X − 12XF2)A3A1 − X 2F2A
2
3

−16F2X (3F2 + 4XF2X )A1 + 8F2(XF2X − F2)A3 + 48F2F
2
2X

]
,

A5 =
(4F2X − 2A1 + XA3)

(
−2A2

1 − 3XA1A3 + 4F2XA1 + 4F2A3
)

8(F2 − XA1)2
.
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DHOST theory

LCubic =
10∑
j=1

Bj(π,X ) L
(3)
j

L
(3)
1 = (2π)3 , L

(3)
2 = 2π(πµν)2 , L

(3)
3 = (πµν)3 ,

L
(3)
4 = (2π)2(πµνπ

µπν) , L
(3)
5 = 2π (πµνπ

µ)2 ,

L
(3)
6 = (πρσ)2 (πµνπ

µπν) , L
(3)
7 = πµνπνρπ

ρσπµπσ ,

L
(3)
8 = (πµνπµ)2(πρσπρπσ) , L

(3)
9 = 2π(πρσπρπσ)2 ,

L
(3)
10 = (πρσπρπσ)3

+ Relations between F3 and Bj
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DHOST theory

S =
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d4x
√
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Fully degenerate theories

• Additional constraint on the kinetic matrix ⇒ only two DOF
remains.
Scalar is a non-dynamical auxiliary field

• Minimally Modified Gravity theories:
• Type-I MMG
- Have an Einstein frame
- Without matter are equivalent to GR
- "Veiled gravity"

• Type-II MMG
= VCDM theory

- Does not have an Einstein frame
- "Cuscuton"



Perturbations above FLRW background: DHOST

S =

∫
dtd3xa3

[GT
8

(
ḣTik

)2
− FT

8a2

(
∂ih

T
kl

)2
+ GS ζ̇2 −FS

(Oζ)2

a2

]
The speeds of sound for tensor and scalar perturbations are, respectively,

c2
T =

FT
GT

, c2
S =

FS
GS

These coefficients are combinations of Lagrangian functions and have
non-trivial relations

GS =
ΣGT 2

Θ2 + 3GT , GS =
ΣGT 2

Θ2 + 3GT ,

FS =
1
a

dξ
dt
−FT , ⇒ FS =

1
a

dξ
dt
−FT ,

ξ =
aGT 2

Θ
. ξ =

a (GT +Dπ̇ + FT∆)GT
Θ

.



Perturbations above FLRW background:
simplest MMG - generalized cuscuton

S =

∫
dtd3xa3

[GT
8

(
ḣTik

)2
− FT

8a2

(
∂ih

T
kl

)2
+ GS ζ̇2 −FS

(Oζ)2

a2

]
The speeds of sound for tensor and scalar perturbations are, respectively,

c2
T =

FT
GT

, c2
S =

FS
GS

These coefficients are combinations of Lagrangian functions and have
non-trivial relations

GS =
ΣGT 2

Θ2 + 3GT , GS = 0

FS =
1
a

dξ
dt
−FT , ⇒ FS =

1
a

dξ
dt
−FT ,

ξ =
aGT 2

Θ
. ξ =

aGT 2

Θ
.



Perturbations above spherically symmetric background

2 tensor modes 1 scalar mode
↙↘ ↙

1 odd mode 2 even modes

S
(2)
odd =

∫
dt dr

[
Aq̇2 − B(q′)2 + Cq̇(q′)− l(l+1)

J2 · Hq2 − V (r)q2
]

S
(2)
even =

∫
dtdr

[
Kij v̇

i v̇ j − Gijv i ′v j ′ + Qij v̇
iv j ′ + ...less derivative terms...

]
i , j = 1..2



Scalar-Vector-Tensor theories

• Scalar-tensor theory + Vector interactions
Basis for U(1) gauge vector-ST vertexes:
FαβF

αβ , FαβF
αβ(∇γ∇γπ ) , FαβFγδ(∇γ∇γπ )∇βπ∇γ∇απ∇δπ ,

Fα
ε∇νπ∇ν∇µπ∇αF εµ , Fδε∇νπ∇ν∇απ∇αFδε ,

FαβFγδ∇ν∇απ∇ν∇γπ∇βπ∇δπ , FαβF
α

δ∇βπ∇δπ , FαβF
α

δ∇δ∇βπ ,

FαβF
αβ∇ν∇µπ∇νπ∇µπ , FαβF

αβR , FαβF
αβ(∇γ∇γπ )2 ,

FαβF
α

δR∇βπ∇δπ , FαβF
αβ∇η∇µπ∇η∇µπ , FαβF

α
δ∇ν∇βπ∇νπ∇δπ ,

FαβF
α

δ(∇γ∇γπ )∇δ∇βπ , Fδε(∇γ∇γπ )∇αFδα∇επ ,

FαβF
α

δ∇ν∇βπ∇ν∇δπ , FαβFγδR
αγ∇βπ∇δπ , Fδε∇αFδα∇επ ,

Fδε∇αFαµ∇δπ∇ε∇µπ , FαβFγδ∇γ∇απ∇δ∇βπ , Fδε∇αFδη∇επ∇η∇απ ,

Fδε∇νπ∇ν∇επ∇αFδα , FαβF
α

δ(∇γ∇γπ )∇βπ∇δπ ,

FαβFγδ∇βπ∇γ∇απ∇δπ , FαβF
α

δR
βδ , FαβFγδR

αγβδ ,

FαβF
α

δ(∇γ∇γπ )2∇βπ∇δπ , FαβF
α

δ∇βπ∇δπ∇η∇µπ∇η∇µπ ,

2nd order equations constraints ⇒ 2nd order SVT
degeneracy conditions/disformal transformations ⇒ degenerate SVT
(talk on Wednesday by M.Valencia-Villegas)
full degeneracy, additional constraint ⇒ ???



Scalar-Vector-Tensor theories

• Scalar-tensor theory + Vector interactions
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Scalar-Vector-Tensor theories: another approach

KK reduction of Horndeski/DHOST/MMG theory

gmn =

(
gµ ν − φ2 Aµ Aν φ2 Aµ

φ2 Aν −φ2

)
• R5 −→ R4 × S1

• Generalized Galileons −→ Generalized Galileons
2nd derivatives in the action −→ 2nd derivatives in the action
no higher derivatives in EOMs −→ no higher derivatives in EOMs

degenerate theory −→ degenerate theory
• Metric + scalar −→ Metric + vector + scalar + scalar

[U(1) gauge]
• Metric −→ Metric + vector + scalar
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Scalar-Vector-Tensor theories: another approach

KK reduction of Horndeski/DHOST/MMG theory

gmn =

(
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Degenerate SVT: Perturbations above FLRW background

S =

∫
dtd3xa3

[GT
8

(
ḣTik

)2
− FT

8a2

(
∂ih

T
kl

)2
+

+GS ζ̇2 −FS
(Oζ)2

a2 + GV Ȧ2
i −FV

(∂jAi )
2

a2

]

The speeds of sound for tensor, scalar and vector perturbations are,
respectively,

c2
T =

FT
GT

, c2
S =

FS
GS

, c2 = c2
V =

FV
GV



Perturbations above spherically symmetric background

2 tensor modes 2 vector modes 1 scalar
↙↘ ↙↘ ⇓

odd even odd even even
↘ ↙

Odd sector of the theory (graviton+photon)



Applications of ST and SVT theories

Motivation to study them, solutions

- early Universe cosmology

- compact objects and other solutions

- modern Universe cosmology



Early Universe (pre-Big Bang)

± Horndeski

+ beyond Horndeski and DHOST

+ MMG

- SVT



Early Universe

• Different "successful" models of the early Universe:
− different new models of Inflations
− bouncing cosmologies
− genesis models
− various combinations

• By "successful" we mean not only stable (healthy), but also
satisfying experimental data

− amplitude and tilt of the scalar spectum
− amplitude of tensor spectrum (r -ratio)
− anisotropies and non-gaussianities
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Early Universe: first challenge

Null Energy Condition
Tµνk

µkν ≥ 0
⇐⇒ Null Convergence Condition

Rµνk
µkν ≥ 0

Friedmann equations
Ḣ = −4πG (p + ρ) ≤ 0

Penrose theorem
no singularity ⇒ NEC-violation

Cosmological bounce and genesis solutions require NEC-violation

As well as wormhole-like solutions
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NEC-violation

• NEC was considered robust for a long time

• indeed, violation of NEC leads to pathologies in the theory

S =

∫
dtd3xa3

[GT
8

(
ḣTik

)2
− FT

8a2

(
∂ih

T
kl

)2
+ GS ζ̇2 −FS

(Oζ)2

a2

]
stability requirement: GS ,GT > 0 , FS ,FT > 0 .
(sub)luminality requirement: FT ≤ GT , FS ≤ GS

• Horndeski theory
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NEC-violation

• NEC was considered robust for a long time
• indeed, violation of NEC leads to pathologies in the theory unless

one considers higher derivatives in the action

S =

∫
dtd3xa3

[GT
8

(
ḣTik

)2
− FT

8a2

(
∂ih

T
kl

)2
+ GS ζ̇2 −FS

(Oζ)2

a2

]
stability requirement: GS ,GT > 0 , FS ,FT > 0 .
(sub)luminality requirement: FT ≤ GT , FS ≤ GS

• Horndeski theory and beyond



Early Universe: second challenge

• Another issue that arises in Horndeski cosmology is apparent no-go
theorem

If one tries to construct globally stable globally non-singular solution

• This issue was also resolved in many different ways
− geodesically incompliteness
− strong gravity in the past
− θ = 0
− different geometry or formalism (torsion, Palatini)
− consider beyond Horndeski or DHOST theory
− consider cuscuton or generalized cuscuton

(talk on Wednesday by V.Volkova)



Early Universe: second challenge
• Another issue that arises in Horndeski cosmology is apparent no-go

theorem
If one tries to construct globally stable globally non-singular solution

GS =
ΣGT 2

Θ2 + 3GT ,

FS =
1
a

dξ
dt
−FT ,

ξ =
aGT 2

Θ
.

• This issue was also resolved in many different ways
− geodesically incompliteness
− strong gravity in the past
− θ = 0
− different geometry or formalism (torsion, Palatini)
− consider beyond Horndeski or DHOST theory
− consider cuscuton or generalized cuscuton

(talk on Wednesday by V.Volkova)



Early Universe: second challenge
• Another issue that arises in Horndeski cosmology is apparent no-go

theorem
If one tries to construct globally stable globally non-singular solution

GS =
ΣGT 2

Θ2 + 3GT ,

FS =
1
a

dξ
dt
−FT ,

ξ =
aGT 2

Θ
.

• This issue was also resolved in many different ways

− geodesically incompliteness
− strong gravity in the past
− θ = 0
− different geometry or formalism (torsion, Palatini)
− consider beyond Horndeski or DHOST theory
− consider cuscuton or generalized cuscuton

(talk on Wednesday by V.Volkova)



Early Universe: second challenge
• Another issue that arises in Horndeski cosmology is apparent no-go

theorem
If one tries to construct globally stable globally non-singular solution

GS =
ΣGT 2

Θ2 + 3GT ,

FS =
1
a

dξ
dt
−FT ,

ξ =
aGT 2

Θ
.

• This issue was also resolved in many different ways
− geodesically incompliteness
− strong gravity in the past
− θ = 0

− different geometry or formalism (torsion, Palatini)
− consider beyond Horndeski or DHOST theory
− consider cuscuton or generalized cuscuton

(talk on Wednesday by V.Volkova)



Early Universe: second challenge
• Another issue that arises in Horndeski cosmology is apparent no-go

theorem
If one tries to construct globally stable globally non-singular solution

GS =
ΣGT 2

Θ2 + 3GT , GS =
ΣGT 2

Θ2 + 3GT ,

FS =
1
a

dξ
dt
−FT , ⇒ FS =

1
a

dξ
dt
−FT ,

ξ =
aGT 2

Θ
. ξ =

aT GT
Θ

.

• This issue was also resolved in many different ways
− geodesically incompliteness
− strong gravity in the past
− θ = 0
− different geometry or formalism (torsion, Palatini)

− consider beyond Horndeski or DHOST theory
− consider cuscuton or generalized cuscuton

(talk on Wednesday by V.Volkova)



Early Universe: second challenge
• Another issue that arises in Horndeski cosmology is apparent no-go

theorem
If one tries to construct globally stable globally non-singular solution

GS =
ΣGT 2

Θ2 + 3GT , GS =
ΣGT 2

Θ2 + 3GT ,

FS =
1
a

dξ
dt
−FT , ⇒ FS =

1
a

dξ
dt
−FT ,

ξ =
aGT 2

Θ
. ξ =

a (GT +Dπ̇ + FT∆)GT
Θ

.

• This issue was also resolved in many different ways
− geodesically incompliteness
− strong gravity in the past
− θ = 0
− different geometry or formalism (torsion, Palatini)
− consider beyond Horndeski or DHOST theory

− consider cuscuton or generalized cuscuton
(talk on Wednesday by V.Volkova)



Early Universe: second challenge
• Another issue that arises in Horndeski cosmology is apparent no-go

theorem
If one tries to construct globally stable globally non-singular solution

GS =
ΣGT 2

Θ2 + 3GT , GS = 0

FS =
1
a

dξ
dt
−FT , ⇒ FS =

1
a

dξ
dt
−FT ,

ξ =
aGT 2

Θ
. ξ =

aGT 2

Θ
.

• This issue was also resolved in many different ways
− geodesically incompliteness
− strong gravity in the past
− θ = 0
− different geometry or formalism (torsion, Palatini)
− consider beyond Horndeski or DHOST theory
− consider cuscuton or generalized cuscuton

(talk on Wednesday by V.Volkova)



Compact objects and other solutions

+ Horndeski

+ beyond Horndeski and DHOST

+ MMG

± SVT

- No-go for wormhole solutions in Horndeski theory
- "almost" resolved in beyond Hondeski
- Many different "successful" black hole solutions (with or without
hair)
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Modern Universe cosmology

+ Horndeski

+ beyond Horndeski and DHOST

+ MMG

++ SVT



Modern Universe cosmology

• Dark matter
- "mimetic"dark matter
- heavy vector or scalar dark matter
- or even light scalar dark matter

• Dark energy
- quintessence and other models
- phantom crossing ⇐ NEC
- selftuning models

• Modifications to hot stage



• Usually the scalar-tensor part works as background theory
- isotropy
- simplicity

• Why Vectors then?
- vector particles
- (electro) magnetic fields
- modified photon



Modern Universe challenges

• There is are additional phenomenological restrictions, when we study
modern Universe (models of dark energy and dark matter)

GW 170817

- Speed of gravitational waves is very close to the speed of light
cT ≈ c

| cTc − 1| < 10−15

- Gravitational waves do not decay, since we did measure the far away
signal

L ⊃ ζζhij vertex is suppressed

- (SVT) Electromagnetic waves do not decay too
L ⊃ ζζAi vertex is suppressed
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Horndeski cosmology Speed of graviton

S =

∫
d4x
√
−g (L2 + L3 + L4 + L5) ,

L2 = F (π,X ),

L3 = K (π,X )2π,

L4 = G4(π,X )R + G4X (π,X )
[
(2π)2 − π;µνπ

;µν
]
,

L5 = G5(π,X )Gµνπ;µν −
1
6
G5X

[
(2π)3 − 32ππ;µνπ

;µν + 2π;µνπ
;µρπ ν

;ρ

]
,

ST =

∫
dη d3x a4

[
1

2 a2

(
Gτ
(
ḣij
)2
−Fτ (∂k hij)

2
)]

GT = 2 [G4 − 2XG4,X − X (Hπ̇G5X − G5φ)]

FT = 2 [G4 − X (π̈G5X + G5φ)]
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Viable ST models after GW 170817

- General relativity
- quintessence/k-essence
- Brans-Dicke/f(R)
- Kinetic Gravity Braiding
- Derivative Conformal
- Disformal Tuning
- quartic Galileons
- Fab Four
- quadratic DHOST
- quintic Galileons
- cubic DHOST
- f (φ) Gauss-Bonnet

Subclass of Fab Four allows self tuning with simultaneous Vainshtein
screening of Dark Energy



Viable SVT models after GW 170817

- General relativity
- quintessence/k-essence
- Brans-Dicke/f(R)
- Kinetic Gravity Braiding
- Derivative Conformal
- Disformal Tuning
- quartic Galileons
- Fab Four
- quadratic DHOST
- quintic Galileons
- cubic DHOST
- f (φ) Gauss-Bonnet

Subclass of Fab Four allows self tuning with simultaneous Vainshtein
screening of Dark Energy



Viable models after GW 170817

- General relativity
- quintessence/k-essence
- Brans-Dicke/f(R)
- Kinetic Gravity Braiding
- Derivative Conformal
- Disformal Tuning
- quartic Galileons
- Fab Four
- quadratic DHOST
- quintic Galileons
- cubic DHOST
- f (φ) Gauss-Bonnet

Subclass of Fab Four allows self tuning with simultaneous Vainshtein
screening of Dark Energy



No decay for gravitational waves

Lssh = a3
[ c1
a2 hijζ,iζ,j +

c2
a2 ḣijζ,iζ,j + c3ḣijζ,iψ,j +

c4
a2 ∂

2hijζ,iψ,j

+
c5
a4 ∂

2hijζ,iζ,j + c6∂
2hijψ,iψ,j +

c7
a2 ḣij ζ̇,iζ,j + c8ḣij ζ̇,iψ,j

]
,

where ∂2hij ≡ hij,kk , ψ ≡ ∂−2ζ̇ and the coefficients read

c1 = FS , c5 =
GT
4Θ̃2

(GT +D + FT∆1)2,

c2 = −GT
2Θ̃

(GT +D + FT∆1), c6 =
G2
S

4GT
,

c3 =
3
2
GS , c7 =

GT (Γ− 3GT∆1)

2Θ̃2
(GT +D + FT∆1),

c4 = −GS
2Θ̃

(GT +D + FT∆1), c8 = −GS(Γ− 3GT∆1)

2Θ̃
.

No decay constraint solved in SVT trivial gravity in ST



Conclusion and outlook
I Hot models:

I Minimally modified gravities
I Scalar-Vector-Tensor theories

I To do:

I No decay for electromagnetic waves
I Modifications for hot stage in standard cosmology
I Explicit Vainshtein calculation
I MMG SVT?
I · · · · ·
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