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Nonrenormalizability of Quantum Gravity

Quadratic divergences in Quantum Gravity are like those in 4-Fermi
theory where the idea of peritization by Feinberg-Pais (1963) was to
choose the 4-Fermi coupling to compensate them. It never
worked in d = 4 because of additional logarithmic divergences

Emergent action of bosonic string involves higher derivatives of the
metric tensor —= nonrenormalizable self-interaction but IS com-
pensated by the coupling with no logarithmic divergences thanks
to conformal invariance of (regularized) theory which can be exactly
solved about the mean-field ground state using the methods of CFT

Important new results (NOT seen within perturbative regularization):

e Lilliputian continuum limit of regularized bosonic string in d > 2 is
STRINGY (bypassing existing no-go theorem)

e Nambu-Goto and Polyakov strings are told apart by the higher-
derivative terms

e Exact solution of Nambu-Goto string in d = 4 is consistent
(in contrast to Polyakov string) and supposedly described by the
(4,3) minimal model



2. Mean-field ground state
of bosonic string



Nambu-Goto and Polyakov strings

Nambu-Goto string (imaginary Lagrange multiplier A%?) independent
metric tensor g, Alvarez (1981)
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World-sheet coordinates wi,w» € wy, X wg rectangle.

Ground state A% = X,/gg? classically X = 1 == Polyakov string
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Equivalence: classically Polyakov (1981), one loop Fradkin-Tseytlin (1982).

Closed bosonic string winding once around dimension
of circumference 3, propagating (Euclidean) time L with topology of
cylinder or torus (bagel). No tachyon if 3 is

Gaussian path integral over X4 by splitting X# = X£ + X =
Emergent (or effective) action
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Covariant Pauli-Villars regularization

Schwinger proper-time regularization of the trace
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Diaz, Troost, van Nieuwenhuizen, Van Proeyen (1989)
Covariant Pauli-Villars regulator Y (preserves conformal invariance)
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Two anticommuting Grassmann Y and Y of mass squared M2 and
one Z of mass squared 2M?2 with normal statistics

Advantages over the proper-time regularization:
Feynman's diagrams apply for Pauli-Villars regularization
Gel'fand-Yaglom technigue to compare with DeWitt-Seeley expansion



Mean-field ground state
Ambjgrn, Y.M. (2017)
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with boundary terms omitted for L > 5.
The minimum is reached at (quantum ground state)
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Mean-field ground state (cont.)

The approximation describes a mean field (variational like Peierls (1930s))
that accounts for an infinite set of bubble diagrams of pertubation
theory about the classical vacuum.

Then A% and p, do not fluctuate which becomes exact at large d

It is like O(IN) sigma-model at large N where the Lagrange multiplier
does not fluctuate (summing the bubble graphs) and the large-N
vacuum is very close to the physical vacuum even for N = 3.
Symmetry restoration O(N — 1) — O(N) is NOT seen perturbatively.
Renormalizability in d=3 is NO'T seen perturbatively

The square root is well-defined for d > 2 if

Ko > Ky« = (d— 14+ \/d2—2d> A2 7220 2gN2

Perturbation theory is recovered by expanding in 1/Kg ~ h. Then A
ranges between 1 (classical) and ( ) value
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3. Two scaling regimes:
Gulliver’s vs. Lilliputian



Particle-like scaling limit (Gulliver’s)

The ground state energy (Alvarez-Arvis)

w(d — 2)
3KoA

does not scale because Kqg > Kx ~ A2 for X to be real (> ).

Eo(B) = KOX\/BQ -

Only one (lowest) state can scale if
2 7T(d — 2) — 1 ( 2 )
s —— A = — [d —\Vde — 2d
& 3K T V
from above for not to have a tachyon.

Scaling regime does not exist for excited states and thus is
similar to lattice regularizations of a string, where only the lowest
mass scales to finite, excitations scale to infinity (no-go theorem)
Durhuus, Frohlich, Jonsson (1984), Ambjgrn, Durhuus (1987)



Particle-like scaling limit (Gulliver’s)

The exited state energy (Alvarez-Arvis)

w(d — 2) 8N
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does not scale because Kqg > Kx ~ A2 for X to be real (> ).

Only one (lowest) state can scale if
2 7T(d — 2) — 1 ( 2 )
s —— A = — [d —\Vde — 2d
& 3K T V
from above for not to have a tachyon.

Scaling regime does not exist for excited states and thus is
similar to lattice regularizations of a string, where only the lowest
mass scales to finite, excitations scale to infinity (no-go theorem)
Durhuus, Frohlich, Jonsson (1984), Ambjgrn, Durhuus (1987)



Lilliputian string-like scaling limit

Let us “renormalize” the units of length

A A
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to obtain finite effective action
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The renormalized string tension Kpg scales to finite
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reproducing the Alvarez-Arvis spectrum of continuum string

The average area is also finite
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= minimal area for large B and diverges if 61% —nw(d—2)/3Kpg




T he Lilliputian world

Like for the zeta-function regularization except for nonlinearities, but

A — s VEgr
A

lengthg = Y lengthp

lengthp

in target space which is of order of the cutoff (= Lilliputian)

Nevertheless, the cutoff (in parameter space) Aw = 1/(A{/g)| fixes
maximal number of modes in the mode expansion to be

N'max /\(‘/ﬁwﬁ
Classically  {¥/gwg = reproducing Brink-Nielsen (1973) but

Ygwg x b = /Ko P
P x=—x VEg

e Continuum because infinitely smaller distances can be probed
(classical music can be played on the Lilliputian strings)

iIs much larger

e Gulliver's tools are too coarse to resolve the Lilliputian world
(this is why lattice string regularizations of 1980’'s never reproduce
canonical quantization)
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4. Instability of classical ground state



Semiclassical energy
Brink, Nielsen (1973)

Semiclassical (or one-loop) correction due to zero-point fluctuations
(d —2) w(d —2)L
65

Sy = [KO — /\2] LB —

To make it finite, the renormalized string tension is introduced

(d— 2)/\2

2
which is kept finite as A — oco. Then it is assumed it works order by
order of the perturbative expansion about the classical ground state,
so Kpr can be made finite by fine tuning Ky

Kr= Ko —

We see however from the mean-field formula

_ d—2)
S = Ko g2 ™=
mf 0 \//3 3K

that S¢ cannot be finite with changing Kg (except for 8 =~ Bmin)-
Thus the one-loop correction simply lowers for d > 2 the energy of
the classical ground state which may indicate its instability




Effective potential

To check stability of the ground state, add the source term

K .
Ssrc = 7O/d2w ]abpab
defining the field

2 9
) = ———10g Z.
Pab(J) Koo 09
Minimizing for constant j% = j§% we find Ambjgrn, Y.M. (2017)
for “effective potential’ given by the [Legendre transformation
r(7) = — 09 Z — i(7)p .
(p) KoLB g i(p)p
In the mean-field approximation
A2 2dN2 TN /
(p) = 1 — | o — o(p— 1 i 12 %14 16 18 20
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Classical vacuum p =1 is unstable and globally stable minimum is

p(0) = pm t. if Ko > K« (same value as before)



5. Fluctuations about mean field



Generalized conformal anomaly

Path-integrating out X/

1
Slgars A = Ko [ (V3= 53gas) + Sx1gaps X1
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Higher orders in Schwinger’'s proper-time ultraviolet cutoff = dropped.
B =1 for the Nambu-Goto string but kept arbitrary for generality.

The action is derived from the DeWitt-Seeley expansion of

O = —(\fg)—laa/\abab = —h%9,8, + A%,

(|7 = .=+ 5 (RO + B4, ) + 0(r)

4T
Alternatively Coleman—VVemberg s effective action with Pauli-Villars
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wavy lines correspond to fluctuations §\%° or dg,;, about ground state



Conformal gauge and flat background

Emergent action becomes local in conformal gauge

9ab = Yab e’
where g, is background (or fiducial) metric tensor.
Usual ghosts and their usual contribution to effective action

Euclidean CFT: conformal coordinates z and z in flat background
922 =037 =0, g, =9z, = 1/2 (8 = 1 for the Nambu-Goto string)

Slp, A% = Ko/e*”(l—kzz)ﬁ-ﬂf{:%e(p@—\/ﬁ)

+(d — 26)p80¢ + d[2(1 4+ B)AZdp + AV dp + AV D]}

V = 0 — 0y is covariant derivative in conformal gauge so it describes
a theory with interaction (no such interaction if only \*? = \%3_;)

Polyakov's book: A% has mass ~ 1/a and is localized and decouples.
Thus only ¢ fluctuates (stable fluctuations for d < 26) == Liouville.
Private life at distances ~ a is macroscopically observable yY.Mm. (2021)



Equivalence with four-derivative Liouville action

Path integral over 6\%° has a saddle point justified by small a2 at

1 —1

Thus we arrive at four-derivative Liouville action (conformal gauge)

1 o oA X .
Sle] = Tomi2 / \@[g“baasaabso +ee PAp (Aso — Gg 8a908b90>]
0

with G = —1/3 for the Nambu-Goto string
6 1 2d\3

) G=— ) —
26 — d 1+ (14 8)2/2° = 3G(d—-26)"
which was exactly solved previously Y.M. (2023)

2 A2

bg =

Classically higher-derivative terms vanish for smooth sR < 1.
Quantumly quartic derivative provides UV cutoff but also interaction
with coupling ¢ = uncertainties ¢ x c~1 which revive — :
Yet higher terms which are primary scalars like R™ do not change —
universality. (g 9,00, is not primary and does change)

Smallness of ¢ is compensated by change of the metric (shift of )



Improved Energy-Momentum Tensor

Callan-Coleman-Jackiw (1970)
Symmetric minimal energy-momentum tensor (by applying 5/5§ab)
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(same as Belinfante EMT) is conserved but not traceless

accounts for nonminimal interaction
with background gravity coming from /gR = /g (R — Agp)
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is conserved and traceless (1) thanks to diffeomorphism invariance



‘“‘Massive’”’ Conformal Field Theories

EMT is traceless in spite of £ is dimensionful.
Analogously massive Pauli-Villars regulators also contribute to EMT

s(reg) — / V3 [§700aY 8 + M2Y? + c(AY)? — Geg®0aY 8 A
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Nevertheless total EMT T, + Tégeg) is traceless thanks to
classical equation of motion for . This is a general property because

¢ §gab %

Pauli-Villars regulators do not break conformal symmetry despite they
are massive (in contrast to QFT without diffeomorphism invariance)

for 9ab — gab e¥




6. CFT ala KPZ-DDK



Review of KPZ-DDK
Knizhnik-Polyakov-Zamolodchikov (1988), David (1988), Distler-Kawai (1989)

Liouville action in fiducial (or background) metric g,

1 ~/1._ . ~
St = - / \/; (Egabaasf?ab%? + ngo) + p? / \/;eso

renormalized parameters b2 and ¢ called “intelligent” one ( ) loop

b2 =b5+0O0Y), ¢=14+003), b= 266_ y
Energy-momentum pseudotensor
Ti) = —4—22 (020020 — 2002 0) VIR = /3 (4R — Ay)
Background independence: NS {:}
conformal weight dle¥) = ¢ —p2 =1

2
total central charge d— 26 + 6Z—2 +1=0

25 _d [1_4d .
— b=, Y el — 140
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KPZ-DDK for the four-derivative Liouville action

One-loop operator products Ts,(z) e?(®) and Ty.(z)T%.(0)

Wwﬁw&ﬁ

a)

{}m&w%w

h [¢)] h)
it O
i) J k)
Conformal weight of e¥(0): 1 =4 —p2.

In central charge of ¢ nonlocal term revives: c(¥) = 6q + 14 6Gq



Salieri:

“I checked the harmony with algebra.
Then finally proficient in the science,
I risked the rare delights of creativity.”

A. Pushkin, Mozart and Salieri



One-loop propagator

o 28

a) b) c) d)
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One-loop renormalization of b2 where T (e M?) ~ /M = tadpole d)
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One-loop renormalization of 7%,

One-loop renormalization of Tz(zl) %WA

a) b) c) d)

3

(1 + ek2)

q 1 1 2
4 _ - _= 2——T——G G/dk
b2 62 + 2

or squaring and multiplying by b2

2 2

q q > 1 1

(L) xbp2=_"_Z G4+

b2 <b2> b3 6 +O00)

This precisely confirms the above shift of the central charge by 6G

obtained by conformal field theory technique of DDK

+ GT-I-O(b )

Tremendous cancellation due to diffeomorphism invariance making
“intelligent” one ( ) loop to be exact: (like Duistermaat-Heckman?)

2
1=q—b7 bQ+ +1+6Gg=0




8. Method of singular products
as pragmatic mixture
of CFT and QFT



Generator of conformal transformation

Generator of conformal transformation for nonquadratic e-m tensor

~ ;0 ) W.S. E
55 = /Dl (5 @ + 5890@) — /C’ -£(2)T%2(2)

]_27T|

where D1 includes singularities of £(z) and C7 bounds D;.

Equivalence of two forms is proved by integrating the total derivative

_ 6S 6S

dp )%

and using the (quantum) equation of motion
05 w.s. 0
Sp by

Actually, the form of Sg in the middle is primary.
It takes into account a tremendous cancellation of the diagrams, while
there are subtleties associated with singular products



Method of singular products: some resuls
Y.M. (2023)

e T he proof of “intelligent” one loop:

Exact conformal weight

See? = dle)¢! e? + €he” d(&) = ¢ — b2
conformal weight of e =1 — d(€) =1

Exact central charge c(#) of ©

(¢) 2
W) = 59" 1 14664

(eTo=(w)) =~ 5

total central charge =0 =— d-—26-+ (¥) =0

e AImost the proof of Universality for Polyakov string — the results
do not depend on higher-order terms in the effective action
(shown for four- and six-derivative actions)



Heuristic understanding of universality

For general action (F(z) = (1 4+ z)/8nb3 for four-derivative)

1

1 ~ ~
ggen :__/ GoAF(—ce %$A)p, F(0) = —
el = =5 [ VaeAF(-ce?R)p.  F(0) =g os

propagator: k2F(eck?) and triple vertex: ek*F'(ck?).

One-loop renormalization e = e*¥ (wavy lines represent )
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independently on the choice of F' like anomalies in QFT

ePp = e¥bhp




9. Relation to minimal models



Exact solution for four-derivative action

Solution to two modified DDK equations

dy —d d_ —d
R /
24 T\ 2z

d+ 13-6G +12V/1+G
g = 1+ b2
where d = 26 — 6/b3 to comply with the Liouville action.

KPZ barriers are shifted to d+ which depend on G € [-1,0].
For G = —1/3 (the Nambu-Goto string) = d_ = 15—-4v6 ~5.2 > 4

The string susceptibility equals

25 —d—-—6G 4+ /(d—di)(d —d_
ot = (h— 1) 5 +2= (h— 1) {; (d—do)

It is real for d < d_ with d_ > 1 increasing from 1 at G = 0 to
19 at G = —1 for O > G > —1 required for stability as it follows
from the identity (modulo boundary terms)

/ e ¥ {(859@)2 — G@go&o@&o} = / e ¥ [(1 + Q) (89¢p)? — GV IV Iy

+ 2




BPZ null-vectors and Kac’s spectrum

Like in usual Liouville theory the operators a la Dotsenko-Fateev (1984)

1—n 1—m
2 T 2b2

are the BPZ null-vectors for integer n and m obeying
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T heir conformal weights
Ay =a+ (a—a?)b?

coincide with Kac's spectrum
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Minimal models from four-derivative action

To describe we choose like in usual Liouville theory
2
_ )2 (1 _d— 69" )q
c= 25+ 6<p 2) — G = P4
pq 6(q + p)

with coprime q > p

If G = 0O this would imply

32
J=1_ 6(p q)
pq
for central charge of matter but now d is a free parameter obeying
32
1 6P =D 19 6P — o0>a> -1

pq q
Contrary to the usual Liouville theory now Kac’'s ¢ # c¥) =26 —d

Remarkably, G = —1/3 is associated ind =4 withp=3, g=p+1=4
unitary minimal model like critical Ising model on a random lattice



Conclusion (for Quantum Strings)

e “Massive” CFTs exist and solved by (almost) usual CFT technique
except for nonlocality in improved EMT

e Nambu-Goto and Polyakov strings are told apart by higher-derivative
terms which revive quantumly like anomalies in QFT

e Emergence of the four-derivative Liouville action alludes to (4,3)
minimal model like critical Ising model on a random lattice



Conclusion (for Quantum Gravity)

e Quadratic divergences of regularized bosonic string are manageable
(nonperturbatively). No logarithmic divergences emerge thanks to
conformal invariance in massive case

e Lilliputian scaling is caused by singular behavior of metric tensor
at the critical point

e More opportunities than in usual QFT thanks to diffeomorphism
invariance

e Generalized conformal anomaly may suggest an extension of
Riegert-Fradkin-Tseytlin action

e Large-d limit of string is vector (like O(NN)-sigma model) while
large-d limit of gravity is matrix (like QCD) Strominger (1981)



