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Motivation

Candidates for Grand Uni�cation Theories like Higher Spin theories often
predict large number of massless conformally invariant �elds.

It is also assumed that there is a mechanism, according to which they acquire
a large mass, so we don't see them in particle experiments.

However, these �elds can play the important role at large energies, e.g.
during the Cosmological In�ation.

What is imprint of the conformally invariant �elds on the in�ationary
observables like CMB spectrum?
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Weyl anomaly

Weyl-Invariant �elds

S[ϕ, g] 7→ S[ϕσ, gσ] = S[ϕ, g], (gσ)µν = e2σgµν , σ = σ(x)

Example: free massless non-minimally coupled scalar

S[ϕ, g] =
1

2

∫
dDx

√
g
[
(∇µϕ)

2 + ξRϕ2
]
, ξ = 1

4
D−2
D−1

Gravitational e�ective action

W [g] = − log

∫
Dϕ e−S[ϕ,g] = 1

2 logDet
[
−□+ ξR

]
,

exhibits Weyl anomaly

W [gσ] = W [g] + Γa[σ, g]

Anomalous term Γa is known explicitly

Γa[σ, g] =
1

16π2

∫
d4x

√
g
{[

αC2 + βE4
]
σ + 2βσ∆4σ

}
− 1

32π2

(
γ
6 + β

9

)∫
d4x

(√
gσ(Rσ)2 −√

gR2
)
,
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Anomaly driven in�ation � roadmap

Basic idea: exploit R2 terms in anomaly to mimic Starobinsky-like in�ation:
anomaly driven in�ation!

Practical implementation:

take σ = log a(t), then the total action reads

S = SEH[g
σ] + Γ[g] + Γa[σ, g], σ = log a(t)

expand Γ[g] = Γ[ḡ + h] about simple background ḡ
calculate two-point correlation function of perturbations h

Known realizations:

AdS/CFT context (Hawking, Hertog, Reall 2001)
Neglecting non-local part (Barvinsky, Kamenshchik 2006)

Choice of background ḡ:

RD (Barvinsky, Vilkovisky 1990)
S1 ×Rd (this talk)
R× Sd, S1 × Sd (preliminary result)
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Gravitational e�ective action � �at spacetime

How to calculate Γ[ḡ + h]?

Using heat kernel methods and zeta-regularization

Γ[g] =
1

2
lnDetF = −1

2
lim
s→0

∂

∂s

1

Γ(s)

∫ ∞

0

dτ τs−1 TrK(τ)

For scalar operator F = −□+ P (Barvinsky, Vilkovisky 1990)

TrK(τ) =
1

(4πτ)D/2

∫
dDx

√
g
[
1 + τ

(
1
6R− P

)
+

1

2
τ2
(
Rµνf1(−τ□)Rµν +Rf2(−τ□)R+ P f3(−τ□)R+ P f4(−τ□)P

)]
E�ective action φI(−□) = cI(−□)

D
2 −2(log(−□/µ2) + dI)

W [g] =

∫
dDx

√
g
[
Rµνφ1(−□)Rµν +Rφ2(−□)R

+ P φ3(−□)R+ P φ4(−□)P
]
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Calculation procedure

Expansion of operator F = −□+ P induces those of heat trace

F =
∑
n

Fn, Fn ∼ hn → K(τ) = e−τF =
∑
n

Kn(τ),

First few terms of expansion about �at metric

TrK0(τ) =
1

(4πτ)D/2

∫
dDx r(τ),

TrK1(τ) =
1

(4πτ)D/2

∫
dDx

(
Tµν(τ)hµν(x) + T (τ)P (x)

)
TrK2(τ) =

1

(4πτ)D/2

1

2

∫
dDx

(
hµν(x)Πµν,ρσ(τ, ∂)hρσ(x)

+ 2P (x)Πµν(τ, ∂)hµν(x) + P (x)Π(τ, ∂)P (x)
)

Here Π and T � SO(d)-invariant tensors, linear in basic form-factors

f(τ, ∂) =

∫ 1

0

dα eα(1−α)τ∂2
µ

√
4πτ

β

∑
n

e−τ(ωn+iα∂0)
2

, r(τ) ≡ f(τ, 0)
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Search for nice form

The answer is di�eomorphism-invariant, i.e. under

δhµν = ∂µξν + ∂νξµ + ξρ∂ρhµν + ∂µξ
ρhρν + ∂νξ

ρhµρ.

How to rewrite it in terms of it in terms of manifestly invariant quantities?

Stationary case (ω = 1
2 ln g00):

TrK(τ)
∣∣∣
stationary

=
1

(4πτ)D/2

∫
dDx

√
g

[
1

(g00)τ∂τ
r(τ)

+ τ
1

(g00)τ∂τ

(
1

6
R− P +

1

3
τ∂τ

R00

g00
+

1

3
τ∂τ (τ∂τ + 1)(∇ω)2

)
r(τ)

+
1

2
τ2
(
Rµν f̄1 Rµν +R f̄2 R+ P f̄3 R+ P f̄4 P

+R f̄5
(d)R+ P f̄6

(d)R+ (d)Rij f̄7
(d)Rij +

(d)R f̄8
(d)R

)]
Possible due to Killing vector ξ̄µ = δµ0
Leads to Tolman temperature TTolman(x) = T/

√
g00(x)

(g00)
−τ∂τ r(τ) = r(τ)

∣∣
T=TTolman

.
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�Generalized Killing vector�

No Killing vector ξ̄µ = δµ0 in the general case!

Let us construct its generalization ξµ perturbatively in hµν

ξµ[h] = ξµ0 + ξµ1 + ξµ2 + . . . , ξµk ∼ hk,

Parameterization

ξµ0 = δµ0 , ξµ1 = Ξµ
νρ(∂)hνρ, ξµ2 =

1

2
Ξµ

νρ,σκ(∂
x, ∂y)hνρ(x)hσκ(y)

∣∣
y=x

.

Restrictions on coe�cient functions

Stationary limit: ξµ[h(x)] = δµ0
Transformation law: δζξ

µ[h] = ζρ∂ρξ
µ[h]− ∂ρζ

µ ξρ[h]

This imply (at linear order)

kρ Ξµ
ρσ(k) =

1

2
k0 δ

µ
σ , Πµ

ρσ(k)
∣∣
k0=0

= 0
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Covariant form in general case

Generalized Killing vectors allows to covariantize stationary answer

g00 7→ gξξ ≡ ξ2µ, R00 7→ Rξξ, . . .

Strategy

(fails) (works)
1 Covariantize stationary answer using ξµ,

add Killing structures

2 Re-expand result in hµν

3 Compare to non-convariant answer and solve for ξµ (coe�cients Ξ)

Additional structures(
∇(µξν)

)2
,

(
∇µξ

µ
)2

ξµ ∇ξξ
ν∇(µξν),

ξµ ∇νξ2 ∇(µξν), ξµξν∇(µξν) ∇ρξ
ρ,

(
ξµξν∇(µξν)

)2
.
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Answer

Covariant answer for general (non-stationary) perturbations (fI = fI(τ,∇µ))

TrK(τ) =
1

(4πτ)D/2

∫
dDx

√
g

[
1

(gξξ)τ∂τ
r(τ)

+ τ
1

(gξξ)τ∂τ

(
1

6
R− P +

1

3

[
Rξξ

gξξ
+
(
∇(µξν)

)2
+ . . .

]
τ∂τ

+
1

3

[
(∇µω)

2−2ξµ ∇νξ2 ∇(µξν) + . . .
]
τ∂τ (τ∂τ + 1)

)
r(τ)

+
1

2
τ2
(
Rµν f1 Rµν +Rf2 R+ P f3 R+ P f4 P

+Rf5
(d)R+ P f6

(d)R+ (d)Rij f7
(d)Rij +

(d)Rf8
(d)R

)]
.

�Tolman temperature� in non-stationary geometries

TTolman(x) = T/
√
gξξ(x)
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E�ective action

Splitting of the form-factors into vacuum and thermal parts

f(τ,∇) = fv(−τ□) + fβ(τ,∇)

Thermal part of e�ective action is �nite, hence

Wβ [g] =

∫ ∞

0

dτ

τ
TrKβ(τ)

E�ective action have the same form as heat trace upon substitution

τpfβ(τ,∇) 7→ φp
β(∇) =

∫ ∞

0

dτ

τ

1

τD/2
τpfβ(τ,∇)
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Thermal form factors

Thermal form factors are linear combinations of (kµ = (ωm,k) ↔ i∇µ)

φp
β(k) = ∂q

z2 Ω Φq(z), z = βk
2 = β

2

√
−□, q =

D

2
− p

where �stationary� form factor reads

Φq(z) = (−)q
(2π)2q+1

(2q)!

1

2iz

(
ζ ′(−2q,− iz

2π )− ζ ′(−2q, iz
2π )

)
− π2

2(2q)!
z2q−1 +

q∑
l=0

2

(2l + 1)!
ζ(2q − 2l)

(
log( z

2π ) +H2q −H2l+1

)
z2l

Account higher Matrsubara harmonics ωm induces inclusion of operator

ΩΦ(k) =
i

2

ωm

|k|

[
Φ(iωm + |k|)− Φ(−iωm + |k|)

]
+
1

2

[
Φ(iωm + |k|) + Φ(−iωm + |k|)

]
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Generalization to closed manifolds

More interesting case: compact spatial sections S1 ×Rd 7→ S1 × Sd

Main di�culty: one must use tensor hyperspherical harmonics
(Higuchi 1987) instead of Fourier ones

eiωmt+ikx 7→ eiωmt Y
(a)
λµ,i1...is

(θ), ∇i1Y
(a)
λµ,i1...is

= 0

No explicit expressions for coupling coe�cients for general d and spin s

C =

∫
Sd

dΩ(θ)Y
(a)
λµ,i1...is1

(θ)Y
(b)
λµ,j1...js2

(θ)Y
(c)
λµ,k1...ks3

(θ)

Spin-0 case is known in literature (Junker 1993), we achieve the result for
heat kernel in terms of form-factor

f =

∫ 1

0

dα
1

β

∑
n

∑
λ′,λ′′

Tλλ′λ′′e−τ(α(Λ′′+ω2
n)+(1−α)(Λ′+(ωn−ωm)2)), C ∼ T 2

Invariant form is written in terms of non-linear completion of Bardeen
invariants Φ, Ψ
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Discussion

Bottom line

Finite-temperature e�ective action for non-minimally coupled scalar �eld in
non-stationary metric perturbations is constructed.

This extends vacuum (Barvinsky, Vilkovisy 1990) and stationary results
(Gusev, Zelnikov 2000; Elías, Mazzitelli, Trombetta, 2017; Valle,
Vazquez-Mozo 2025)

Extension of Tolman temperature to non-stationary geometry is suggested

What is next?

Euclid 7→ Schwinger-Keldysh: analytic continuation using methods of
(Barvinsky, NK, 2024).

Higher spin and fermion �elds & general backgrounds.
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Thank you for your attention!

Nikita Kolganov May 20, 2026 15 / 15


