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Shrodinger group

We recall free Schrodinger equation in arbitrary space dimensions

.0 &
—1) = ——1). (1)
ot 2m
It is well known that this equation is invariant under space-time
transformations of Schrédinger group. In 2 space dimensions, it takes the

form
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Unbroken dilatation and conformal symmetry are present in a model with
potential term [¢|?" that satisfies relation?

nd =d+2, (2)

where d is the number of space dimensions.

M. O. deKok and J.W. van Holten, Nucl. Phys. B 803 (2008), arXiv: 0712.3686
[hep-th].
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(2 + 1)-dimensional theory

In case of d = 2 space dimensions, non-relativistic theory with Shrodinger
invariance is written as

- A
Lur = 09— 5= ViV + o (00)2. )

The corresponding equation of motion supports conformal Q-tube solutions
of the form? 1(t, r) = e**e h(r). This ansatz leads to the equation

" h/(r) n2 o A 3
h (r) + P ﬁh(r) = 2muh(r) — ﬁh (r). (4)
This equation allows for scaling
F=ry2mu, h=h _2r/r\1,u (5)
and can be rewritten into
h ) n2— T 1 T3/—
B0+ 1 T H) = B - 5 R (6)

2M.Volkov and E.Wohnert 2002; P.Brax and P. Valageas, 2025
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—— n=0 Conformal Q-tube
—— n=1 Conformal Q-tube
—— n=2 Conformal Q-tube

Puc.: Conformal Q-tubes with winding number n =0,1,2.

The integral characteristics of Q-tubes

[e's] 2
H= 27r/ ['W" A ||*| rdr = 0,
0

2m  8m?

o (7)

N = 27r/ ||?rdr = const.
0

We support this result by considering scale invariance of theory (3) and the

influence of unbroken conformal symmetry.
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Dilatations: e” = \/2mp, so that t' = 2mput and x” = \/2mpu - x'. The

complex field ¢’ = (2mu)_%z/1.

A
4m?

’ 2 ’

P (8)

2
. H=o. (9)

V2 =

(4

‘/\/i @2 ‘1/J<tx>

The latter is a result of an unbroken scale invariance and conformal
symmetry, the corresponding symmetry generators D and K

D = 2tH + é /z (w*w - Ww) d?x
K =t2H—tD — g/§2(¢*¢)d2x

are evolve as 3 dK D D
— = —t—, — =2H. (10)
dt dt dt
3M. O. deKok and J.W. van Holten, Nucl. Phys. B 803 (2008), arXiv: 0712.3686

[hep-th].
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Relativistic —\¢*

Consideration of the relativistic corrections leads to violation of conformal
symmetry. The corresponding relativistic model is

L=0"¢" 0, — m*¢*p + %(df‘gb)z (11)

The ansatz for Q-tubes is ¢ = e~ “te™ f(r), where w — m = p.
The non-relativistic regime of the solitons corresponds to [w — m| < m.
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E(Q) for solitons in relativistic theory

Let us consider the integral characteristics of solitons in the relativistic
theory. The U(1) Noether charge is

Q= / i[¢* 0o — pDo*] d>x = 27 / h 2wF?(r)rdr. (12)

0

The energy of soliton E is provided by the integral

/[30¢30¢+5¢3¢+m (M)}dzx:
L ) (13)
o /O [(wz £ TR+ (7)) - %f“(r)] rdr.

H=E—-mQ, Q=N at w = m (which is equivalent to u = 0).
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Results for E(Q)
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Puc.: Integral characteristics of Q-tubes with different values of the parameter n.
Calculations were performed by setting % =1.

Note that w = m we obtain E — mQ = H =0, as in the theory with
Shrddinger invariance, and @ = mN = const.
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Model with additional ¢° interaction

We can also add higher-order terms of ineraction to the theory, e. g.
consider the lagrangian

A
L= 0"6"0,0 — m’e'o + 2(8"0)° — 2(¢"9)’, (14)

where [m] = M, [\]| = M, [0] =1; X\,0 > 0.

The theory is U(1)-invariant. At the regime |¢|> < \/o the model
approximately coincides with (11). In this model, there is also the
conformal limit with an isolated point. However, the kinematic and linear
stability near this point depends on the parameter o.
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Results for E(Q)

plane wave
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Puc.: Integral characteristics of Q-tubes in theory with additional sextic term.
Calculations were performed by setting A\=m =1, n=0.
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Results for E(Q)
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Puc.: Integral characteristics of Q-tubes in theory with additional sextic term.
Calculations were performed by setting A\=m=1, n=1.
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Q-tubes in (2+1) Friedeberg-Lee-Sirlin theory

Let us consider the theory with the lagrangian

1
L=0,0"0"¢+ §8ux8“x - V(x,19l), (15)
where
21 2.2 e 2 2\2

and [v] = [h] = [»] = MY/2,
The equations of motion (15) are
8ﬂaud) + h2X2¢ = 07

17
90" x + 2h2|¢*x + 252(x* — v¥)x = 0. (17)
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Effective potential

In the limit my, = sv > my the kinetic term for the field x can be
neglected, and we obtain that y? = v? — 272|¢|2 or x = 0. In this case, we

can consider an effective theory of a massive self-interacting field ¢ with a
piece-wise potential

21412 b4 if < =V
Ver(jof2) = § TP~ 2lols ol <, (18)
5 If |¢| > R

As one can see, for small ¢ this theory coincides with the theory (11).
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Ansatz and equations

The ansatz for Q-tubes is

8(8,%) = e (1), (19)
x(t, X) = g(r).
Equations on these functions are
1 f 2
D= (P - W) =0,
roor
(20)
g g——2h2f2g 2:%(g2 — v?)g = 0.
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E(Q) for Q-tubes in FLS
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Puc.: Integral characteristics of Q-tubes with n =0, »¢/h =10
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E(Q) for Q-tubes in FLS
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Puc.: Integral characteristics of Q-tubes with n =0, s/h =1
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Conclusion

o We have found and examined Q-tube solutions in the scalar field
theories with the conformal symmetry restoration.

o In the relativistic —A¢* theory, the Q-tubes are kinematicaly unsable,
but the conformall symmetry restoration in the non-relativistic limit
leads to the enhanced stability of solitons.

o It the theory with additional ¢° self-interaction, the conformal
symmetry is restored at w = m. The kinematic stability of Q-tubes in
the vicinity of this point depends on the coupling constant of the
sextic term. These results are easily generalized on the complex scalar
theory with an arbitrary polynomial potential.

@ We have shown that in FLS theory, the conformal symmetry is also
restored at w = m. The kinematic stability of Q-tubes in the vicinity
of this point depends on the parameters of the theory.
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Appendix 1: Analytical approximation

It can be noted that equation of motion (6) allows for following integral

relation 2
/Ooo dfm - /OOO df@. (21)

r

A known asymptotic behavior of the Q-tube h(7) ~ 7" at 7 — 0 leads to
approximation

_,,( ) = F(7) ( nz) B %,—13(;)’ for n — oo, (22)

where R is the radius of the solution’s peak. Soliton solution of Eq.(22) has
an exact analytical form

h(F) = (1 + Rzz)sech (@(r - R)) , (23)

where R = v/2n in the limit of large n.

Yulia Galushkina (Institute for Nuclear R« 2026 21/28



1
N =~ 87;’” In (1 + ez‘/g")n — oo@n. (24)
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Puc.: The value of global U(1) charge N plotted versus winding number n at

A/m = 1. Cross markers indicate results of numerical integration, while analytical
estimations are represented by a dashed line.
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Appendix 2: The mechanical potential

w ~
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Puc.: The mechanical potential U() for different values of g.
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Appendix 3: Q-tube profiles in the theory with an additional
sextic term
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Puc.: Profiles of solitons for different values of om?/A?; n =0, w = 0.
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Appendix 4: E and Q for the theory with an additional sextic

term

The expression for U(1) Noether charge is
Q= 27r/ 2wF2(r)rdr. (27)
0
The energy of soliton is

o n? o
E= 27r/0 [(w2 +m? + r—2)f(r)2 +(f'(r)* - %f“(r) + §f6(r) rdr.
(28)
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Appendix 5: E and Q for FLS theory

The expression for U(1) Noether charge is
Q=27 /000 2wF2(r)rdr. (29)
The energy is written as
E= / [30¢*30¢ +0i¢"0i¢ + %30X*30X+

1 * 21 2.2 o 2 2\2 2
+§aiXaiX+h|¢|X+7(X—V)dX:

o 2 n? 2 / 2 1, 2 (30)
2 [+ D02 + (O 4 S

+ h2f(r)%g(r)?® + %2 (g(r)* - v2)2rdr.
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Appendix 6: E(Q) for Q-tubes in FLS, n=1
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Puc.: Integral characteristics of Q-tubes with n =1, »¢/h =10
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Appendix 6: E(Q) for Q-tubes in FLS, n=1

b)
T T T
---- plane wave
— FLS .
120 4 - . Z
-------- Effective potential L
110 -
>
0

90

80

80 90 100

vQ/h

110 120

Puc.: Integral characteristics of Q-tubes with n =1, s¢/h =1
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