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Information loss in a nutshell

Y, Apparent unitarity violation:
L ~2
Ry () < 1
U
//"',,«Qj“\\ —~ | This is paradoxical!

collapsing matter

bladk hole

Hawking radiation

S.W. Hawking (1976)

pi= VWil = pr = Tr (V)W) (Wal(Wr])

Gravitational S—matrix:

veSlv)y = [ Do Sl wiw o (pr
(We|S|V)) ol (PI)

does not seem to exist...

Goal: check the identities STS = S8T = 1 directly as formally
defined path integral.
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Evaporation as tunnelling

Tunneling of particles through dynamical black hole spacetime:

ArXiv: 9907001 [hep-th] Parikh, Wilczek (1999)

® Semiclassical amplitude:
R ; )
(Ue[S|W)) = Fo,]en**I(1 4 O(R)) , 5po[®s1=0.

® Scattering: find (analytic) solution ®¢ with asymptotics corresponding to boundary
problem W;, — W,,,. Real (non singular) solutions trivially exist at energy below black
hole formation.

® Analytic continuation: deform saddles to avoid singularities to describe V;, — W, for
energy above black hole formation. Trickiest part!
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e—regularization method
* Faddeev—Popov-like trick: insert into path integral (W;|S|W;) a unity

+o0 +ico
1_/ dT/ d‘g S(T=Tine[®])

Find deformed saddle points from complexified action,

S.[®] = S[P] + ieTine[®] — ic T,
and then the amplitude A = lim A..

e—+0

ArXiv: 0707.0433, Levkov, Panin, Sibiryakov (2007)
® Applied to shells models: "interaction time" T;,:[®] follows:
® diffeomorphism invariant
® positive—definite for real solutions
® diverges for eternal black holes (to ensure asymptotic flatness)
Limit e = 0 = Ps = |Asi|? = exp (—23m S;or) = exp (—Sgn), where Sgy = %Area -
black hole entropy.
ArXiv: 1503.07181, Bezrukov, Levkov, Sibiryakov (2015)
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Dynamical boundary model

CGHS model with boundary of spacetime ¢ = ¢,

Final remarks
o

S :/d2x —ge *?(R+4(V¢)*+4X?) +/d7e*2¢(2K+ 4/\)fm/d5.

Minimal BH mass M., = 2Xe 2% chosen so than coupling is weak.
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ArXiv: 2006.03606, MF, Levkov, Sibiryakov (2020)

Metric inside (T,r) and outside (t,r):
dr?

ds? = —dT? +dr*, ds = —f(r)dt® + Ok

M g
f(r)y=1- ﬁe*”" , O =—=Ar. e

Israel condition = (%)2 + Ver(r) =0,
where Veg(r) =1— (% + £672)‘r)2

i
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Calculation of total action S
Semiclassical scattering amplitude Ag = (V;|5|W;) ~ eiStor,

SE, = S(tr, t;) + So(t;,0_) + So(0, tr) — i In (W; W)

where S and Sy are interacting and free actions (from S= 00000), and V¢ ; = ePr.ix are
semiclassical wave functions of particle.
Smt
t; S(tf7ti) ty
L Y
~ 7 Ret
So(ti,0-) 0-] 04 So(04,ty)

For massless particle

M— M, M+iz\ M M.,
= M EMer e (1 Mo
Stot ) °g( M., >+ A ( 8 2)\> :

where +ic follows from specific T—functional.
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Point-particle scattering amplitude
Re Sior Sm Siot
5! 30
M
m Mcr 2Mcr

® Imaginary part of action Im Syop = (M — Mc;)0(M — M) contributes to suppression
exponent for transition probability Py = exp (—Sgy), where Sgy = 27”(/\/7 — M) is
corrected Bekenstein entropy.

® Apparent non—unitarity, but consistent with interpretation of point-like particle as
exclusive QFT state. Analogy: Klein paradox in QM. Second quantization of the boundary?
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Regular model
Consider a deformed CGHS action

Ssinh = —2/d2x —g sinh(2¢) (R +4(Vo)? + 4)\2)

M

VaCUUm SOlUtiOnS: d52 = —fdtz + dr2/f, f(r) = 1 — m

Non-extremal Extremal Horizonless M < My
! M > Mext M = Mey:
13 2 12 3 1
(a)
R/AM
0.5
N AN
-4 -3 -2 -1 1 2 3 4 M
(®) - ArXiv: 2507.17933, MF (2026)
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Transition amplitude

® Shock wave: t = ["dr'/f(r'), energy E = M; — M.
® Amplitude:

Ag = (W¢|S|v;) = Iim/D¢ 00t FiS(tr t)+iS(6. 0y [ W [ @]

® Total action
Stot = SSW + Sgr + SGH + Sfree — llog(\lljf-\ll,)
includes

® shock wave action S, =0
® pure gravitational term

S ~ /+oo dr ( Mg _ M; )
= fi(r)cosh®(2Ar)  fr(r) cosh?(2Ar)

® Gibbons—Hawking term Sgy = (M; — M¢) /A
® free evolution action Sgee = [ pdr — [ Edt
® wave functions W ; = exp(iEr, ;)

Sfree - llog(\IJ,T\Il,) = (MI - Mf)(tf —rF—ti+ ri) + iMdeelay
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Transition amplitude
® The answer: A = lim, o 10 exp(io(M; + ic) — ip(Mr + ic’)),

M 2M / M2 Mo + M
M) = — _ ext 1 = Wiext T VT
(p( ) \ 3 ngt arctan Mow — M

e Transition probability: ‘Pﬁ = |./4,c,-|2 ~ exp(—ASgn) ‘

e Statistical ensemble of interior situated shock waves:

(M) = M; — Tp(M;)
for large M;.
Numerically: if M; becomes comparable with M,
(Mf) < Mext

black hole decays completely.
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ArXiv: 2507.17933, MF (2026)
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Coherent states formalism
Choose basis |a): 4¢|a) = ak|a) Vk, where 3 is free field annihilation operator,

o ddk 4 —iw ikx aT jlwkt—ikx
)((t,x)_/(27r)d/2 o (ake etbiloc 4 gt glwnt k) . wk=Vk24+m?.

Crucially, the wave functional is exponent of gaussian integral,

og(la) = [ @k~ G () + VI (e~ G arai)

d . . . .
where x(t, k) = [ é’rﬁe”“}((t,x) is spatial Fourier transform.
Original application: multiparticle scattering A>—many-

Rubakov, Son, Tinyakov et al. (~ 1990)

Matrix elements to calculate:

(b &18]a) = (b|88T|a) = (bla) | = el <"k biar .

Bachtp
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In—in formalism for unitarity test
Rewrite coherent states matrix element as path integral:

(b|S15]a) = N/DanXbDXf (blxs) (xs|STIxe) (xr|SIxa) (xala)

O(t")=0"

where propagators (¢”|S|d’) = Jo o(t/)=0" Do e5[® Integrating out gaussian integrals we get

(b|5t5|a) =| NV / Dy Dx_ eerberl=iSerhe-T | p| 3)

with action Sgp = — [ d¥x (3xOx + V(X)).
Boundary value problem:
wix+ (i, k) + ix4 (ti, k) = V2wke ™ a_, t;— —o0,

WkX—(t,{a k) - ix—(ti/’ k) = meiwkt'{b; ) t,{ — —00,
X+(tf7k):X—(tl/‘7k) ) X-‘r(tka):)'(—(tf?k)? tr, t;—)—FOO
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Quartic scalar field
Extract self-interaction coupling A in front of the action,

S
Sgp = % , ak, b = ak, b/VA
~ 1
Ssp:—i/d“x (xOx+x*), = Ox¥+(xiP=o0.

Note the BVP solution x¢(t,x) = x°(t, x) because of final condition at t; — +oco0. We
linearize fluctuations of the field around classical solution,

X+ =x7+0x+ ., x- =xT+6x-,
to satisfy vacuum (Feynman) boundary condition,
wk5X++i5'X+:0,t,-—> —00 ,
wkdx_ —idx_ =0,tj = —o0,

OX+ = 0X+ , 5X+=5X_, tr — +00.
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Sadlle point calculation
From free scalar theory

<b|§T§|a> :N/D($X+’D5X7 ef%f dx 8x+06x+—3 [ dxx—0dx—

we define the normalization factor:

2 PO
N = 7171- -1 = <0‘5T5|0>_1 )
det G "det G

where Ge(p) = #J'H.e (Gg(p)) is Feynman (anti-Feynman) propagator.

For quartic scalar field theory
i &C 1 1 1 —1 .
~oplxal = 5 Tr log[Gr - G “[xall = 5 Tr log[Gr - G¢ "[xall = 2min + O(A) ,

where SSp = =1 [ dt [ d®x(xaOxe + (xa)*/2), n € Z. )
Contour C is closed and given no singularities of x one has S5, = 0.
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Perturbation series

Trace of log can be expanded into

Triog[Gr G el = -3 EX (G

n=1

(G 2)_/d4ki/d4x 2,(x)
FX) = | 2nYo k2 + ie Xel\X)
-1

B d*p d*k
(pri/)z = / (2r)? [Xz]c/(P)[Xz]c/(_P)/ (2m)* (k2 +ie)((k + p)2 + ie)

Tr logl..] = ~3i(Ge(0)-G¢(0)) [ d*xx3(x)+5 [ dhxa*yi(lGe(x—y)+ Grl(x—y PIA(»)

First term is zero, the second is non trivial.
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“Quantization”

Second term:

g/ (ZW;’4X3/(Q)X3/(—CI)/(ZWI))4(G,c(p)GF(p+q)+ Ge(p)G(p + q))

1 d*q 2 *
= *Z/chl(q)Xc/(*Q) (Ms,l—/oop(q) - s,l—loop(q)) .
We find

1 d*q ,

iz )
XSBCP[Xc/] 2 / chl(q)xil(_q) : %liflooP(q) +...=2min, nez.

For massless quartic field (Sm Mi_jo0p(k) = 9/4m, A = 1) we obtain a weird “quantization”
rule:

i = 9 ~ .
ngP[Xcl] - ESBP[XCI] +...=2min, nex,

which is necessary for QFT unitarity around classical scattering solution. Let us check this out!
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Solution in massless quartic scalar theory (Euclid: ds? = d72 + dx?):

V8p

Fourier:

)

x(7, k) = @ e—sien(Re (v/7—p2k)\/7—pk

falls off in the limit 7 — +o0.
Linearization: vacuum coherent state limit is p — 0.

Classical action
" +oo +o0o r2 87T2
Sgp = 647Tp4/ dt/ dr ——m——— = ———i
N

_%gBP[XCI] :27Tin7 = n=3

Unitarity test: passed.
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°

Final remarks

® \We presented a semiclassical method to calculate scattering amplitudes in gravity with
examples:

® Model with regular core and shock wave tunneling from the black hole.
® Model with dynamical boundary and massive particle consistent with thermodynamics.

® The test for unitarity of the model in terms of the path integral is proposed:

® We derive a "quantization” condition for classical action in quartic scalar theory.

Thank you!
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e-regularization for dilaton gravity

We choose explicitly

T = [ /=g 50~ 0,07

where f(¢(r)) has support on r > rg

The metric has form ds? = —e”(Ndt2 + (D dr? and ¢ = —\r, complexified field egiations, e.g.

O (1—eC)+20(1—e ) + %f(f)\r)e*”" (1- e*C)2

have solution

—1
an M, ieM [0

We see that inserting iT;, is equivalent to imaginary shift M — M + je.

Final remarks
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How to deform time contour C

eff( )
) )

B(r)=FV— eff(r)
M < M.,
Smr
Th
(]
t c
———————
) S ——
To Rer
Smt
ti by

M > M.,

Smr

Th
,,,,,,,, 3e c.
To Rer
[mit
T/2A| 1

tz 71'/2)\ >
Ret

Sm(te — t;) = 27rResf( =%

r=rp)

Backup
0e0000



Motivation =—regularization Test site I: dilaton gravity
000000 [e]e]

[e] (o]

Unitarity test

Test site |l: quartic scalar
00000

Calculation S;o: in boundary model

Gravitational part
® CGHS action

Scans = 2 / dZX\/—g Oe—2¢
® Gibbons-Hawking action

SeH = 2n/da e (K — Kp)

® Kp=2\ k=1latr— 4o
® Kn=0,k=—-1latt— +0
Field equations of motion =

Backup
00e000
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ty = const
/7
/
j=3 /
S ,
Il 4
< /
/
/ 3
X -~
= Il
\\ o
< \
\
Il \
o N
\
\ t; = const

Ser =2k § do e 20K
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Calculation S;o: in boundary model
® Boundary ¢ = ¢p

R
7
flat [S
S, =2e72% / dr K A
r
$=do g
Il . )
(nT7 nn) — (—Sh’L/J(T), —Ch¢(7)) < . Schwarzshild
“Ja
dr K =1y — 1 flat | |
/ 1p+ w AN flat | Schwarzschild
P=do To s rs

K =26(t — 10) (arsh —Vegt(r0) — arshy/— eff(fo)/f(rO))

2
® Cauchy surfaces t = t¢; Onge .7 Py
~. t=t
—2¢ P / ’// "
Stf = -2 dUe K s Stf = St. >~ — P = M2 - mQQ/
S
NG

2N
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Calculation S;o: in boundary model

dr

v/ = Vert(r)

m? [1 Mm? po} m?(r; + re — 21)

Sm=""In|>
"= 12 T e T 2p p

j+ ]

] n

® Point particle action S, = —m

e Contributions from in- and out- states
V¢ i = exp(Fipre)
® Free point particle action Sp, o
So(ti,0-) = p(r——r;) — Mt; , So(04, tr) = p(ry—r) + Mts

M(r; + re — 2n
( pf 0) |

tr —t; =

Backup
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Calculation S;o: in boundary model

Nasty crocodile

M — M, M+ ie
LN PR H(l o),
4M,

1 Mm? Me, cr M
Py (I M ) 2 (Po )+m
A 2 8M.p 2p A AMc(po + M) —
Mln <4M3—3m2/\/l+(4/\/l2—m )po  m*(4M? + m? ))
A (p+ M)? AMer(p+ M)*) )

where pg = /(M + m2/4M,)2 — m?.

+

Part which survives in the limit m — 0.
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