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Threshold multiparticle amplitudes

In 3 + 1 dimensions consider theory
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Definition
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Appear in
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Growth of amplitudes at large n

Amplitudes at tree level (Brown, 1992)

A 2
n! contractions Atllff — o
" 8

Loop corrections (Argyres, 1993)
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An 2 1 is non-perturbative even at A < 1!
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https://arxiv.org/abs/hep-ph/9209203
https://arxiv.org/abs/hep-ph/9303321

Double scaling semiclassical limit

Leading n contributions in all loops sum into an exponent
(Libanov et al., 1994)

, 27
Al = Alree . o5 ()% (1+...), B= 64\/71: [iw —In(7+ 4\/5)} .

Ay = A exp (Fff“") + Fo(An) + AF1(Wn) + .. ) :
An - fixed, A < 1 — semiclassical limit

Perturbative result is restored in double limit
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https://arxiv.org/abs/hep-ph/9407381

Expression for A;_,,

Atree 72 +i00 b 27 d anrg A
Al—m _ 1—=n i lim %/ djeJT / iquO J
V2 gootoo A Jiso 0o 2mi Aj=o

o Scalar field is redefined ¢(x) = \~'/2¢(x);

@ Action is rewritten in terms of ¢ and classical source is added

St = 2" [ e [@,0(0)7 /2 - #@)/2 - $@) /4] + 27115000

@ A; is a sum of vacuum diagrams in presence of j on a classical
background ¢5(1);

@ Integrals in j and 7 are taken via saddle-point approximation.

After field rescale A — 0 become semiclassical limit
and A\ now counts loops.
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Integral in 7

Atree 72 +100 ido 271 dr AnTo ./4
A, =220 lim % dje > 0675 J

V2 dootoo A Jioo Jo  2m Aj=o

Introduce coherent state

|€) = exp (4773/25&;:6) |0).

Amplitude from generating function

n!

(n|é(0)[0) = o W (€16(0)[0).

After redefinition & = (8/\)Y/2e0
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Integral in 5

iy = Py / e / T e A,
n — ~ J
\/5 $o—r—+00 A . 0
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Insert identity

1= /+OO dod(¢o — $(0)) = /%o deo /ﬂC>C 4 _ ozl

—e
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Now we can remove ¢(0) from path integral for (£]¢(0)[0)

Al—m =

t 17 41700 I 271
Atree (400 gd g0 i sy / ™ dr Xm0 A;
o 2mi Ao

— : dje X
\/i —00 4\ J —i00

Exponent of j$(0) is absorbed in Aj.
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Classical background

Path integral representation

5 B _ _ _ zS[&] d}out
Al%n = N/D¢D¢inp¢out <£’¢out><¢in|0>e A o
Integration of g?)in, out imposes BC-s (wy, = k2 + 1)
Imt
Pt — —00,T) = b= ekt — Wick rotation / KO .
d;(t N +oo,:f) — 23/20—7()+if + a]ﬁ]; e—iwkt ® . . i Ret
®

Shift ¢(x) = ¢5(t) + $(x) and adiabatic switch-off A — X - g(t) = Ae~ 2
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Evaluation of A;

Aj; is sum of vacuum diagrams, thus

A] = eW[Av Js TU] .

We use BPHZ in initial theory

~ ~ ~4 m
1= 55 [ {310+ a0 + 90"
+6Z50(x) (0 + 1)p(x) — Zyom>d*(z) + ‘SZA g1 (z )}

Then add term ij¢(0), shift ¢(z) = dp(t) + G(x)
and G(z,2') — Gp(x,z')

R D N

—iA1hp(0) =AW (x) 6N [dirgp(t)-g(t)  —6iAT! [dizg(t)
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Evaluation of A;

Loop expansion

W_1lj, . ,
Wi J, TO]:l,[\JTO]+WO[J, 0] + A Walj, 7o) + ..
Expansion in j
W_ilj,m] = ® + &— + 0@
Wolj, o] = Q—@ + x—® + 0(?)
+o00 B . 5 2
Walj, o = 3ij [ dtg()dm()Gu(0,1,0) [(12 - By

~(0a) (1~ P20 - L) a0 2m).
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Renormalization prescriptions

400 {(5777/2] 1

3

Wo[j, 7'0] = 31]/_
~(0a) (1~ P20 - P2 a0 2m).

0t 9(1)$ ()G (0,1, 0) [(Iz _ oy

One-loop amplitude depend on integrals

4m?

Iy o Q Iy 4m?

On-shell renormalization: [0Z4]; = 0, = 315.
Coupling renormalization: IFFEG = I4 [5ZA] .
After renormalization we can set g(t) — 1.

Renormalized amplitudes 19.05.2026 11 /19



Saddle-point approximation

%2 +i i & 2mi nT I T
Alsn = Aﬁffn _lim @ - djeﬂ% / Z d—we%m‘f'wo[j, o]+
V2 dootoo A Jiso 0o 2mi
Saddle-point equations Solutions
0;W_1 + ¢o = 0; 70[do, An] = (5()2 + O(An);
Oy W_1 + An = 0. jlo, An] = —%w)(my.

e Limit ¢y — oo is 79 — 0;

@ Expansion in j is expansion in An.

Saddle-point approximation 19.05.2026 12/



Limit from Exact Landau method

tree 12 p4ico -z 2mi ;
A AT, li [ 5 i% dro Anmo+Woalisrol \yprrs 21y
1on = _lim lie ——e By
\/§ Po—++00 A J o 0 2mi

If one considers Quantum Mechanics (amplitudes in 0 + 1 dimensions)

QFTto QM /|- rg®) e
Al w22 (n£(0)10) Adiabatice C© <"‘$’()>‘A-g(0):x

Highlighted matrix element is evaluated via Exact Landau method

(n|2|0) = —4mi lim 24y, 1(2)o(x) + exp. small.

T—r+00

Limit can be proved in QM and successfully used as a conjecture in QFT.
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Exact Landau method: main idea

Wavefunction decomposition

@ Consider 1d Schrodinger equation

d%y
il
dz?

+ (2AE, — z2 — z*/2)1p, = 0;

@ There are four linearly independent solutions

¢n($) = Cawn,a(x) A Cﬁ¢n,ﬁ(£)a (6% 7& ﬁ

Re(z)

G111 () - Y() Unv (@) - Yu(x)
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Contour deformation

Initial integral

R

(nfif0) = Jim [ da(a) - o)

is considered at finite R. After decompositions and contour deformations

iR

deform

it can be written as a residue at infinity:

(n|Z|0) = —2ReSg—s4o00tn, 1(x) - = - Yo(z) + exp. small.
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Applying expression

F_1 ()\n)
A

In QFT

Ain = Aﬁrien - €Xp ( + Fo(An) + AF1(An) + .. ) )

Aion _Atree % (n— 3)(n,f1)167(71,71)[}”3(;](1Jr.“),

Coincides with Voloshin, 1992 at I}¥C = 0.

In QM (adiabatic phase included) :

17 171 125
F =M A3 (—— An)4:
1= AT (e y) TAT (g, o) O
37 5
—An(—2L 2 A
= 16e ~ 32) TOAN)

Coincides with brute force resummation Jaeckel, Schenk, 2018.
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https://arxiv.org/abs/hep-ph/9209240
https://arxiv.org/abs/1806.01857

Non-perturbative regime

One can numerically solve full set of saddle-point equations w.r.t
J, 10, ¢(x) and then take limit j — 0.
(Son, '95; Demidov, BF, Levkov, 2023)
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https://arxiv.org/abs/hep-ph/9505338
https://arxiv.org/abs/2212.03268

Conclusions

@ Exponentiation conjecture is successfully proved and exponent is
calculated;

@ Our formula works both in QFT and QM and can be used to obtain
higher order corrections;

@ Expression can be used in fully non-perturbative regime An 2 1.
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WKB approximation

Classical momentum

p(x) = /2AE, — 22 — z4/2.

Solution of Schrodinger equation is given by asymptotic series normalized
at zg (p(zo) # 0)

D(@) ~ ar (V&L (A ) + a- (N, (A, ),

exp (ii AT ffo P(A, w’)dm’) 1 )”

£\ 7) = 2 _ 2 4 )2 -
& (A ) o) , Pr=p*+ \FP(\@

&E (X, x) are multivalued analytic.
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Stokes lines

A curve L in C starting from turning point x, : p(x,) =0

X
Imi/ p(2')dz' =0,z € L.
T x

Consider L connecting x, with co. For chosen determination of p(z) one
of £+ will decay at oo (recessive), another will grow (dominant).

Condition —> 0 unambiguously fixes asymptotic expansion of a
x—ooon L

solution.

Y(x) ~ap(NEL (N x), z € L ifeg. £ is recessive

Recessive solution is Borel summable.
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Relation between exponent and loop corrections

Exponential form

= exp (F_1(An)/A + Fy(An) + AF1(An) + N Fa(An) +...),

Expansion in An

F(An) = foadn+ fa(An)? + foi3(An)’ + ..,
Fo(An) = fordn + foa(An)® + ...,
Fl()\n) = f170 + ...

Expansion of the exponent

eF—1(/\n)/)\+F0(/\n)+)\F1()\n)+(9()\2) — 1+ /\\(an_L2 + ”/f[),l + fl,O) + O()\Q)
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