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Matrix integrals and their expression in radial-angular coordinates today is
one of the most thoroughly studied subjects in the modern mathematical
physics. Radial-angular decomposition of matrix derivatives remains quite
obscure topic, though. The goal of the presented work is to clarify this
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where U is orthogonal (5 = 1), unitary (5 = 2), or quaternionic unitary

(8 =4) and 1 means transposition, Hermitian conjugation and quaternionic
Hermitian conjugation, correspondingly. Diagonalization provides one a set
of radial-angular coordinates on the matrix spaces.
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Matrix measure can be easily rewritten in these coordiantes given the
Jacobian of coordinate change (Dyson 1962)

J=[]n =N (5)

and reads as

aX = H ‘)\, — )\j"g <H d)\,) C”UHaar- (6)

i<j
This fact is used extensively while evaluating matrix integrals.
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Matrix derivatives in radial-angular coordinates

» Little to no work is done about symmetric and quaternionic Hermitian

matrices. Contemporary literature is still full of misconceptions on this
topic (Srinivasan and Panda 2022).

For Hermitian matrices the best we have is the expression for

(5% ) (10)

on the space of functions of radial coordinates, see (Marshakov,
Mironov, and Morozov 1992b).

A lot is done about higher Calogero-Moser Hamiltonians, their
expressions in terms of Dunkl operators with no direct relation to
matrix derivatives, see e.g. (Mironov and Morozov 2023) and
references therein. Serves as an inspiration for this work.
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ZZ Ci AkatrxA (11)

k=0 A

Their angular-radial decomposition reads as

S F = Udiag(f,..., fy)U". (12)
in radial-angular
coordinates We've rewritten its derivative in angular-radial coordinates
o f;
——F =U diag |~ \ 13
0X 1</<gN ( ﬁz Ai = /\J> )
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of symmetric (in A;, i = 1,..., N) functions
0" 0"
= U di Ut 14
oXn 7 i (0/\7) ’ (14)

where 9/0); is the Dunkl operator

0 o p 1 .
Matrix derivatives D_)\/ - a_/\l + 5 ; N — )\J(l - (U)) (15)

in radial-angular
coordinates

and (ij) is the operator of transposition of A; with ;. Even more general
statement is shown to be true

0 0
X — ) = U di o — f, 1
O( ’3X) UlslligN (O (A’D)\i)) v (16)
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are the well-known example. They are given as

Ha(y) = / e /2 det(X + y)dX. (17)
nxn
They satisfy stationary Shrodinger equation
H!(x) — xH},(x) + nH,(x) = 0. (18)

This is matrix differential equation, though matrix is 1 X 1 now. The
generalization to the N x N case are Gaussian Hermitian matrix models

Z(Y) = / e " det(X ® 1+ Y @ 1)dX. (19)
nxn

Applications

It satisfies matrix differential equation in N x N matrix X
Z"(X) = XZ'(X) + nZ(X) = 0. (20)
It's simpler than (Kaneko 1993; Baker and Forrester 1997).
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oxn
X 0y
—det (X - =) -1 (22)
2
Applications — eXp tr <—§m) det X

The last line in nothing but the known W-representation (Morozov and
Shakirov 2009). Rodrigues’ formulas for Gaussian Hermitian matrix model
in this form weren't presented in the literature, though in terms of Dunkl
operators they can be found in (Ujino and Wadati 1996; Rosler 2002).
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1o,
w(ntl) _ 1(n) w(m
W-algebras Wk - Z a_tm Wkim + Z mtm Wk+m' (25)
m=0 m>0

For W(" operators no such relation is known yet. It turns out that
W)(z) = $(i0¢)°t/s, where the new normal ordering f...T implies that

the terms with “wrong” order of current modes should be just thrown out. /
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The powerful technique of (/5-deformed) matrix derivatives diagonalization
was developed and applied to several problems, including description of
[-deformed W-algebras. Now we have cute and handy formulae like

" " "
= Udiag | —, ... T, 2
oxn Udiag (aAg’ ’aA',(,) v (28)

Conclusions
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