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Introduction: supergravity

@ Supergravity is the gauge theory of supersymmetry.

@ Local supersymmetry is a unique symmetry principle to bind together the gravitational field
(spin 2) and matter fields of spin s < 2.

o Improved UV behavior.

Higher-curvature invariants:
o Counterterms [Utiyama, DeWitt, 1962].
@ Inclusion of quadratic curvature terms in action gives renormalizable theory [Stelle, 1977].
@ R+ R? Starobinsky theory [Starobinsky, 1980].
o Pure R? gravity is ghost-free [Alvarez-Gaume, Kehagias, Kounnas, Lust, Riotto, 2016].
@ Superconformal anomalies.

@ String effective action [Fradkin, Tseytlin 1985], [Callan, Friedan, Martinec, Perry, 1985].

@ Supergravity theory with higher curvature terms [Cecotti, 1987].

Zaigraev Nikita 2 supercurvatures in supergravity and HS



Introduction: supergravity

@ Superspace approach to extended (A > 2) SUGRA:
o Supergravity in superspace [Howe 1982]
o N = 2 supergravity in harmonic superspace = prepotentials [Galperin, Ivanov, Ogievetsky,
Sokatchev 1984-1987]
o N =2 linearized supergravity [Zupnik 1998], [Buchbinder, Ivanov, Zaigraev 2021]

() Higher-derivative A/ = 2 invariants:
@ Square of the Weyl tensor [Bergshoeff, de Roo, de Wit 1981]
o N = 2 supersymmetrization of R* invariant [Moura 2003], [de Wit, Katmadas, Zalk 2011]
o N = 2 supersymmetrization of R2, — %Rz [Butter, de Wit, Kuzenko, Lodato 2013]

e N = 2 supersymmetrization of R? [Kuzenko, Novak 2015]

@ Higher-derivative invariants in harmonic superspace:
o R* D*R* D®R* in linearized N' = 8 SUGRA [Drummond, Heslop,Howe, Kerstan 2003]
@ L =N — 1 superinvariants in an on-shell harmonic superspace [Bossard, Howe, Stelle,
Vanhove 2011]

? Supergravity invariants in harmonic superspace

? Differential supergeometry in harmonic superspace
? Manifestly N = 2 covariant quantization of extended supergravity
? Interaction of supergravity and higher spins
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Introduction: higher spins

) V) ) N

Free massless higher-spin theories [Fronsdal 1978], [Fang, Fronsdal 1978]

It is shown that a gauge theory of self-interacting massless spin-3 particles which is
analogous to Yang-Mills or the theory of gravity does not exist. A way out may be the
existence of an interacting infinite family of massless particles of various spins. [Berends,
Burgers, van Dam 1985]

Explicit Construction of Conserved Currents for Massless Fields of Arbitrary Spin [Berends,
Burgers, van Dam 1986]

Trilinear interaction terms for the interaction between a massless spin-s; field and two spin-
sy fields (s1 > 2s7):

L"int ~ ¢51 X .jsz

Vasiliev equations are formally consistent gauge invariant nonlinear equations [Vasiliev 1990]

The classification of all cubic vertices (s1, 2, s3) [Metsaev, 2005]

s1+ sy +5s3— 2min{sl,52,53} < N(6X) < s1 + s+ s3.

Higher-spin gauge invariant A/ = 2 supercurvatures
N = 2 gauge invariant higher-spin supercurrents
N = 2 interaction vertices

N = 2 generalizations of Fradkin-Tseytlin actions
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Supersymmetric higher-spin theories

@ The component approach to the description of 4D, A/ = 1 supersymmetric free massless
higher spin models was initiated in [Courtright 1979]; [Vasiliev 1980].

@ The complete off-shell Lagrangian formulation of 4D free higher spin A/ = 1 models
(including those on the AdS background) has been given in terms of N = 1 superfields in a
series of works by S. Kuzenko with collaborators [Kuzenko et al, 1993, 1994].

@ 4D, N = 1 unconstrained higher-spin prepotentials [Gates, Koutrolikos 2013].

o Conserved N =1 higher spin supercurrents and cubic interactions [Buchbinder, Gates,
Koutrolikos 2018], [Gates, Koutrolikos 2019].

o An off-shell manifestly N' = 2 supersymmetric unconstrained formulation of 4D, N' = 2
superextension of the Fronsdal theory for integer spins in the harmonic superspace approach
[Buchbinder, Ivanov, Zaigraev 2021].

o Cubic interactions of A/ = 2 higher spins with hypermultiplet [Buchbinder, lvanov, Zaigraev
2022].

o Superconformal N' = 2 higher spins and superconformal hypermultiplet higher-spin
interactions [Buchbinder, Ivanov, Zaigraev 2024] (E.A. lvanov talk).
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Supersymmetry

Supersymmetry is “unique” extension of Poincaré group [Haag—topuszanski-Sohnius 1975]:
{Qh Quj} = 20j0msPm, QL @b} = capZW, {Quir Qu =cupZyy  i=12...N.

@ In field theories with linearly realized supersymmetry fields are unified in supermultiplets.
Supersymmetry mix bosonic and fermionic fields:

OB ~ €eF, OF ~ €dB.

@ Form of supersymmetry transformation is model dependent if SUSY realized on physical
d.o.f. In interacting theory supersymmetry transformations are non-linear in fields.
@ Auxiliary fields are needed for three purposes:
@ Supersymmetry transformations are model-independent and manifestly linear.
@ There are equal number of fermionic and bosonic d.o.f. off-shell.
© Super-Poincaré algebra is closed off-shell (otherwise, constraints must be imposed during
quantization).
@ The problem of searching for auxiliary fields is not-trivial and solved only for some

N =1,2,3 theories. May be some theories do not admit off-shell formulation, e.g. ' =4
SYM, N = 8 SUGRA.
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Supersymmetry and superspace

@ The most natural and useful way describe off-shell supersymmetric theories is superspace.
Superspace is natural generalization of Minkowski space, which is necessary for construction
of manifestly Poincare-invariant theories.

@ Minkowski space-time can be realized as coset space:

it o 150(1,3) _ {Lom, P}

T 50(1,3) © {Lom} =07

Coset construction can be easily generalized to supersymmetry:

@ Real superspace:

pelan . SP(L3IN) x SUN) _ {Lom, su(N), Pn, Q4 Qai}

50(L,3) x SUN) (Lom, su(N)} (xm0m.0).

o Chiral superspace:

CH2N {Lom, su(N), Pn, Q4 Qdi} _

~ (x™, 0.

{anvsu(N)dei} o

o Superspaces R** and C*2 are inevitable for description of A = 1 theories: chiral multiplet,

vector multiplet, supergravity multiplet, higher-spin off-shell multiplets have formulation in
terms of unconstrained superfields.
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Harmonic superspace

e Harmonic superspace [Galperin, lvanov, Kalitsyn, Ogievetsky, Sokatchev 1984] is efficient
approach of dealing with supersymmetric theories with 8 real SUSY generators in a
manifestly covariant manner.

@ In harmonic superspace there are auxiliary coordinates — harmonics u,.i :

P Ln, Qe @)} _ oo 52 _ (ym gt 5% 0=, u7)
{Lmn, u(1)} “

o Superfields in HSS: Q(" = Q(")(Xa,ﬁfl, uii) have infinitely many components.

HR4+2\8 —

o Using harmonics one can convert su(2) indices to u(1):
Q, — QI=Qiu", Q =Q,u .

@ Harmonic superspace have new invariant subspace containing only half of the original
Grassmann variables. Analytic superspace:

{Lmn, Pm, QF, QF, su(2)}

HA24 .= i
{me Q;, an u(l)}’

7( m0+ 0+ :l:/)
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Hypermultiplet in harmonic superspace

o Hypermultiplet is the fundamental N = 2 matter multiplet.

o On-shell hypermultiplet contain doublet of complex scalars f(x) and a pair of singlet spinors
Yo (X); Ko (x).

@ A finite set of auxiliary fields does not exist for hypermultiplet (“no-go theorems” in
extended SUSY).

o Hypermultiplet in HSS is described by an unconstrained analytic superfield gt (¢). It
contains a doublet of complex scalars f' and a pair of singlet spinors ¢, ko, as well as an
infinite set of auxiliary fields which comes from the harmonic S2 expansions:

G (¢) = Fluf + 0% + FLR® + auxiliary fields.

@ The free hypermultiplet action has the form:
_4) 1 _
Stree = — / dC( 4)q+D++q+ = *5 / dC( i q+aD++q:.

o Here we used harmonic derivative:

++ _ ott  _aigtBatB ) +89+ 4 gtBat V2 _ ()2
D= 9 4i9TPh Dg5 +OTPOL +0 aﬁ.+[(6) (67)2] 0s.

uti 9
du—!

o Equation of motion DTt gt = 0 allow to exclude all auxiliary fields and lead to free
Klein-Gordon and Weyl equations.
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N = 2 supergravity

o Gauge supergroup of A/ = 2 Einstein supergravity is supertranslations in harmonic
superspace, maintaining analyticity:

XY = AY(C),  0\0TE = ATE(Q), 8,07 = AT 07), SuE =0, S =25(Q).

1
5 zM = [/A\,zM]7 A= \Moy,.
o Harmonic derivative D7 is not covariant under supertranslations:
OND = =DMy — 4iXTPGHD,, — 40P XD, + XHPOE + 20 o) s,
@ Analytic gauge prepotentials:
D+ o Dttt =ptt + h++o¢daad + h++&+8oj¢ + h++dfag + h++585,

SyhtTad — Drtyad | gjytagtd 4 gjgra+d _ fpttad
SyhTHot = D +a _ /A\h++d+7

SyhtTa— = DrrA—& _ \+a& _ /A\h++6¢77

S\HTHS = DS —2atagt Ah++5.

= 56O =0.
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N = 2 supergravity

@ Wess-Zumino gauge:
hid = _4i9+ﬂ9‘+5¢gg + 16(§+)29+5¢§d'ui_ _ 16(0+)2é+%g‘“u,— 1 (6 Vac'«(ij)ui— uy,
higs® = —4i0" P00 C, o+ 8020 P pluy — 8(0)0 P pur + (07) S W u
h++a+ (9+) [J;T (B) 4 (9+) oteT & (0+)2¢9+P°"8 + (9+)4Xa: o
h++a+ (9+) ;; aﬂ +(9+) greT — (9+)202p6a +(0+)4)—<a:u7.

o N = 2 off-shell “minimal” supergravity multiplet [Fradkin, Vasiliev 1979], [de Wit, van
Holten 1979]:

Physical fields:  ©¢77 = (P& | cabeiBo yadi C, ..
Auxilliary fields : vedld), o 5@ T, T(e8) pad yei

o Linearized gauge freedom:

6)\ ¢§§ = 8BBaad _ I(Ba)(sa _ 6ﬁ ( )’ 6>\ wgal _ 8& ou 5)\ Cu(x = Opuc.
~—~— —— ~~
graviton gravitino graviphoton

@ Totally there are 40g + 40f off-shell d.o.f.
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Covariant superfields

@ Covariant harmonic derivative:
Dt = pHt L fH At .= pttMy,,.
5ottt =0, 5D =0, SHTT =o.

@ Spinor derivatives, covariant with respect to N = 2 supersymmetry 56D§ =0 are:

Dt =07,
Dy = =05 + 40 YDy — 200, 05,
Dy 1= =0, — 40~ *aq + 2i0 Os.

@ Covariant superfields:
H++ G++ao.8 + G++O¢+D + G++a+D + G++565 e G++I\/I —0.
@ Gauge transformations:

S\HTT =D A, A= Moy, = AMDy,

Linearized gauge transformations of covariant superfields have form:

dx G++ad — 'D++/\ad, N G++5 D++A5 5 G++a+ D++A+a
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Zero curvature equation

o Flat harmonic derivatives:
DY = 07 — 40P, + 07 0L + (67)20s,
DT =07 —4i07 P PO, + 0700 +(07)20s,
D0 =9° + 0+ﬁag - efﬁa;.

[Dt+, D=1 =DC.
@ Curved harmonic derivatives:
Dt sott=pHt LA, DT D T =D 4+
H " =G “ha+ G YTDL +G DL+ G 00, 56— M=o.
@+t 9 "] =D° = [DFF, A " 1=[D—, 7).
o Gauge freedom:
SHTT =[D A, A~ =[P 7,A]L

5 G =D A 5,62 =D A5,
NG =D TTAYE L AT 5,67 =D TATE,
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o Linearized N = 2 supergravity action:
Sm,:47/1ﬁwadu[G**“dG;gT+4G++5G**ﬂ.

e Components in gravity sector:
ttad _ 0B G+B god +\25+8 g—¢ gt\29+8 g— gd
G@)““ffmo 14 ¢gg+4(9 Y0P C’3574(9 yetFeT B,

. _ R 1 L.
C=—% _ ... _gitg—Yietat (R(a/))(r\p) _ 7Eo¢p€o<pR> )
(@) (67)°0,0; 8

Einstein tensor

445 _ oipt\25+B8—Bp . G+29+tB5—Bg .
G ® = 2010 07 By + 207078 P By,

Gay 5= = SO V@ PR+ S0V PR
2 2
@ We use notation: )
BYY — _o (}3 cplaB)(a@B) _ 330“5‘4;) .
2 BB 2

@ Ricci curvature:

1
R

Riapas) = 20a@0”" @06 ~ 35 s)ah) ~ 2a(a05)5)®

@ Scalar curvature:

o v 588 L
R =490 51 5y — 60O,
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N = 2 supergravity equations of motion

@ Superfield equation of motion:
A+y2ptac—— V2 + =5 ~
(D7) DTG, —4DT)DLG ~ 0.

@ In component superfield EOM lead to algebraic equations for auxiliary fields:

Tap) = —4iF sy Tag) = 4F@ap)
T=T=0, Pas=Pas=0 Vv =9 s=g
P =0, Xxo=0, py=0, x,=0
o In special gauge, EOM of physical fields are:
O@A)eh) =0, & =0, OC,4 =0,
i _ Qi __
Oilapp =0 ¥ =0
@ This imply for prepotentials (in special gauge):

OptEM — 0.
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N = 2 supercurvatures

Gauge-invariant A/ = 2 supercurvatures have a surprisingly simple structure:

o Einstein supertensor (analytic):
Frrad _ (D+)4G770¢é¢ _ —8i9;§; (R(w)(iw) _ %gaped/ng) +...,
@ Scalar supercurvature (analytic):
Fro = (DM)*G¢—° = é(9+)272 - é(é*)RJr -

o N = 2 supercurvatures are supersymmetry and gauge invariant.

o On superfield EOM of linearized N' = 2 supergravity:

(DD G . —4(DT)?DLG™ =0 = Fited o, Frix~o0.
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N = 2 Weyl tensor

@ Gauge invariant Weyl supercurvature:

Gyt -9f

Wiap) = (DF)? (D+ Gy~ + D65

5 ) =320"C0" IR 55 + -

(a ﬁ)p

o Linearized (self-dual) Weyl tensor:

_ e gb .
Riasv6) = Oa0s ®rs)ap)
@ Weyl supercurvature is chiral and harmonic independent:
D*Wiag) = 0, DFWiap) =0

@ On mass-shell:
W(a,g) 2 0.

Weyl supercurvature satisfy conservation equation on the equations of motion:

(DT W) = 0.
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Linearized R? invariants

@ R2 invariant have dimension:
[d*x] = —4, [R]=2 = [d*x R?] = 0.

o Superspace integration measure:

[d*xd®0du] =0, [d*xd*0Tdu] = -2, [d*xd*] =-2
—— N———
Full harmonic superspace Analytic superspace N = 2 chiral superspace

@ Dimensions of supercurvatures:
[]_—++o¢d] =1, [-7:++5] =1, [W(QB)] =1
o R? invariants are given by integrals of supercurvatures over analytic/chiral superspaces:
; L3 1
R (=4) ¢t++ad o++ 4 (aB)(aB) L -2
h = /d( F Foa /d X (R R(aﬁ)(dﬁ) 16R ),
b ZZ/dC(_4)f++5f++5 ~/d4xR2,

Iy = /d4xd4e WEBW ) ~ /d‘*xR(aW)R(QM).
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Other higher-derivative A/ = 2 supergravity invariants

o R* invariant

/ d*xd®0du (D=~ F++5)* / d*xR*,
o R*t" jnvariant
/d4xd80du (D= FH8)* (D~ 2F++9]" /d4XR4+n

o G* invariant

/d4xd89du (,fo]_-++a1d1> (fo}-ﬁ»Jrazdz) (fof:‘*' ) (’D77}'++_ )
1Q00 Qo
4 1 B 2/ : :
N/d Xgodﬁwq 1gazﬁzazﬁzgBZalﬂldzgﬁlazﬁzdl.

@ Bel-Robinson tensor squared

/d4xd89du WEBW g WEDWY /d4x REPIDR (55 REFIIR

(ap) ™~ (eB49)"
o R3 invariants and two-loop finiteness of supergravity

RQBW‘SRWMRM“B Impossible to supersymmetrize!
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Conserved gauge-invariant supercurrents: conservation equations

@ Analytic prepotentials of AV = 2 higher spins:

h++a(s 1)a(s— 1) h++a(sfl)d(572) h++o¢(572)d(sfl) h++a(sf2)d(sf2).

@ Supersymmetry invariant analytic differential operator:

ﬁ(t) — h++a(s 2)é(s— 2)M8M85

a(s—2)a(s—2)’ BM = (86%15“ 8077 80'7’85)7

6);7:[?3» = ['DJr*’,/A\(S)]7 7\( s) = )\a(s 2)é(s— 2)M6M8

o Alternative representation of prepotentials is given by Mezincescu non-analytic prepotentials:

a(s—2)a(s—2)"

2
H?;‘F (DH)* [ —a(s—2)a(s—2)Bp— ]3;(5 a2

o Mezincescu prepotentials are defined up to gauge freedom and pre-gauge freedom:

—pt+i(=3) ——
o bwa(s 1)é(s—2) =D Ka(s 1)é(s— 2)+D(o¢Ba(s 2))éu(s—2)
+8 +8
+ DB nmats— T DB a2

o This motivate to consider cubic couplings:

DT ~0
4. 8 —a(s—1)d(s—2) 1+ P e A
Sint = /d xd°f0du W Ja(s_l)d(s_2)+c4c. = D JQ(S Da—2) =0,
D+ +c.c.~0.

(B 0<(5 1)a(s—2))
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Supercurrents from supercurvatures

Spin 4 conserved gauge-invariant supercurrent:

+ — Dt
(razaz)(dncr) — D(Dﬂ

Waz%)v_v(dldz)'

@ Harmonic equation:

++ _ ++ _
D J(alazaz)(dldz) =0 < D" Wagp =0
e “Chiral” equation:
+ o+ ~ L +12 "
D araras)aran ¥ O = DeWag =0, (D) Wap) = 0.

o “Symmetrized” condition:

I B
D(B (a1apaz)(dycr)) +c.c.=0.
Spin 2s conserved gauge-invariant supercurrent:

-2 —2\A
J;r(sfl)d(572) = D(txafm Wa(@)9%a Wa(2)-
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o N = 2 higher spin supercurvatures

o Non-linear N' = 2 supergravity invariants

o Differential geometry of curved N’ = 2 harmonic superspace
o Superfield N' = 2 Gauss-Bonnet theorem in harmonic superspace
o N = 2 conformal supergravity invariants

e 6D, N = (1,0) supergravity invariants

o N =2 AdS supergravity

o N = 2 massive supergravity

o N = 3 supergravity in harmonic superspace

o N > 477

o N = 2 Ogievetsky-Socatchev multiplet

Thank you for your attention!
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