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Setup

We consider the matrix Shrodinger equation on the line

[0,9:/(2)0, + Vi;(zzD]u;(z) =0, z€R, i,jel,.. N} (1)

Where  V;;(z; 1) = V;;j(z) — Ag9;;(z), and Ais an auxiliary parameter.

g(z) and V(z) are real and symmetric. g(z) is positive definite and g;;(z) are once
piecewise continuously differentiable functions. V;; (z) are piecewise continuous

functions.
We also assume that there 9@\ =gh V@
exists L > 0 such that

_ +
e Vij ,
zZ>1

gij(Z) |z<—L - gij, Vl](Z) |z<—L - Vl;

(2)

—
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Historical review

* Single channel scattering problem for one-dimensional Shrodinger equation on
the line was solved by Fadeev (1964) [1,2]

* The proof of unitarity of the S-matrix in the presence of closed scattering
channels on semi-axis is given by Newton (1982) [3]

* Some scattering and analytical properties for two-channel Hamiltonians were
revealed by Melgaard (2001) [4,5]

* Multichannel scattering problem on the line for the one-dimensional Shrodinger
equation on the line was investigated mostly by Aktosun (2001) [6-9], however
the unitarity was not proved.

To our knowledge, the description of properties of the S-matrix, of the Jost
solutions, and of the bound states in the general case of multichannel scattering
on a line with different thresholds at both left and right infinities is absent in the
literature.
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Jost solutions

By definition, the Jost solutions to Eq. (1) have the asymptotics

(F-I_-I_)is (Z; /D m (f+)is’(eiiK+Z)s’s ’ (F-I_?)is (Z; /D z—>——o)o (f_)isl(eiu{_z)s’s ' (3)

where  (Ki ) = 8y (W5 =0, GFENE =ViE gt = 1

The Jost solutions Fy and Fy constitute bases in Ffr=F;d, + F7Y,,
the space of solutions of Eq. (1). Consequently, Ft=F;W_+F &_.

It is clear, that the Wronskian,
wle, Y] = ¢"(2)g(2)0,(2) — 0,¢0" (2)g(2D)Y(2),

of two solutions @ (z), and Y (z), of Eqg. (1) is independent of z and defines a skew-
symmetric scalar product on the space of solutions of Eg. (1). The Wronskian
generates identities in space of solutions of Eq. (1).

(4)

(5)

(6)



Main identities

Let us introduce the transmission matrices t(4 ;) and the reflection matrices 74 )

F_:_t(l) — F_|__ + F__T(l), F__t(z) =F* + F:T(z), (7)
Define the S-matrix as
. r(l) 7t”<2) | (8)
"y Y@

Then the S-matrix possesses the symmetries

0 K.1. . [0 K, 0 Kl= =T[0 K,
[K+ 015‘5 [K_ 0| [K+ 0]5_5[K_ 0|
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The case when all scattering channels are open

Theorem 1. If A belongs to none of the cuts of the functions (K4)s,s € {1, ..., N},
i.e., when all the scattering channels are open, the S-matrix is unitary

+[Ky O _[K- O ]
sk 15=1% k| (10)
Remark. Introducing the notation
1 1 O |
Ef)i = K2d,K, ?, llji = K2¥,K_ 7, (11)

One can reduce (9) to the standard form §7¢ — 1.

Proposition 1. If all scattering channels are open, there are no bound states.
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The case with closed scattering channels

Fig. 1
lo open

channels

[ closed
channels

9 Vi gij Vij
9ij(z) }
""""""""""""" Vij(2) _________________________}>
_________________________ ,
>
lo‘l‘lC:Tb‘I’TC:N 7 = —L 7 =1

7o open
channels

1. closed
channels

We split the relations (7) into blocks with respect to the indices s, s’ in accordance with
splitting into open and closed channels,
(FDotyoo + F)ctyco = (Fi)o + (F2)oT(1)00 + (F2) T (1) cos
(FDotyoe + FDctyce = F)e + (F)oT (o + (F2) T (1)ces
(F)ot@2)o0 + (F)ct2yco = (FN)o + (F)oT (2000 + (Fi)cT(2)cos
(F)ot@yoc + (F)ct@yce = e + (FHoT@)oc + (FiH) T @)ce-
Where, for example,

¢ _ t(l)oo
O t(l)co

t(l)oc
t(l)cc

|
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|dentities in the subspace of open channels

Theorem 2. The S-matrix in the subspace of open channels is unitary:

L L
t(z)oo(K—)Or(l)OOM + r(Z)oo(K+)0t(1)00 =0,

T T
t(l)oo(K+)0t(1)oo + 7”(1)00(1(—)07”(1)00 = (K-)o-

t +
r(l)oo(K—)Ot(Z)oo + t(1)oo(K+)o7”(2)oo =0, (14)
t t
t(Z)oo(K—)Ot(Z)oo + 7"(z)oo(K+)o7‘(2)oo = 1.
Where M = t{}y,,t)00 = t2)00t(2)00- aNd AY - pseudo inverse matrix.
Theorem 3. The following condition det®, (1) =0, AE€R, (15)

is a necessary and sufficient condition for the existence of bound states of Eq. (1).
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An electrodynamic example: helical )
wired metamaterial

The kernel of the non-local effective permittivity tensor £;; in
a helical wire metamaterial reads as

2
Kij(ko;x,x") = gp, <5ij —1;(2)

4
w? —v2(t(2)k)

- T,-(Z’)> 6(x—x), (16)

where
- d .
7(z) = (sinasinqgz ,sina cos qz,cosa), wy = eill/zko, k; = _ia__ (17)
Xi
The Maxwell equations in a We can get rid of nonlocality in the Maxwell equations

dispersive medium take the form  with the permittivity tensor &;; by introducing the

additional scalar field W obeying certain boundary
conditions.

(w3 — v (T(2)k)>)¥ + wow, (tA) =0,
(w§—rot?) A+ wow,¥T = 0.

(FOt?j — k(z)él])AJ = 0. ~ (18)
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An electrodynamic example: helical wired metamaterial

Scattering problem setup Hellcapnetamaterlal slab

A, = (1 f + rofy)etkixi-iksz

A A; = (t1f1 + tof ) etkaxitiksz

A = fineikx

Boundary conditions
[AL]z=0=[A1]2=1 =0, [rotA)];=o= [rotA ],=; =0, W,—0=¥;=1 = 0. (19)
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An electrodynamic example: helical wired metamaterial

The system of Maxwell's equations reduces to the matrix Schrodinger equation
[azgij(z)az + Vij(Z)]uj(Z) =0, (20)
where _ w3 0 &wo sinaetd?
V2 .
10 0 , Wp i, ay]  |Artid;
gij =10 1 0 ], Vij(z) = 0 Wo ﬁwosmae v ui(z) = |a-| = A —i4,],
0 0 wcosa Wp . -iqz Wp . iqz 2 2 2 qj \/ELP
— W SINa e — WpSINa e Wp — W, COS™ A
2 0 NG 0 0 p _ (21)
This system of equations turns out to be exactly solvable
sin .
Wp Wy el (kata)z P = pikaz (22)

ap = —
T V2(wd - (ks £9)?
where the momentum k5 is found from the solution of the dispersion equation
w3 sin? a (w§ — q% — k%) — (w§ — (ks + @)?)(W§ — (ks — @)?)(w§ — (w3 + v?k3) cos® a) = 0. (23)
(24)

w§

Unitarity relation holds!

I |2 4 [ |2 + (6] + [t]* = 1.
11
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