
Bilinear currents in the AdS4 higher-spin theory

Yu. Tatarenko and M. Vasiliev

Lebedev Physical Institute

Moscow Institute of Physics and Technology

QUARKS-2024, 21 May 2024

Tatarenko and Vasiliev (LPI, MIPT) Bilinear HS currents QUARKS-2024 1 / 11



Setting of the problem

Fronsdal equations (Fronsdal’78):

□ϕ(a1...as)(x) + · · · = 0 . (1.1)

Known results at cubic order:

Lightcone:
Bengtsson, Bengtsson, Brink’83
Bengtsson, Bengtsson, Linden’87
Metsaev’05
Metsaev’18

Sleight and Taronna’16
Fradkin and Vasiliev’87 – unfolded approach

We study bilinear currents JI resulting from the nonlinear HS theory.
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Unfolded formalism

Frame-like fields:

ϕa(s) ←→ ωα(s−1+m) α̇(s−1−m) , |m| ⩽ s − 1 ,
Cα(2s+n) α̇(n) , Cα(n) α̇(2s+n) , n ⩾ 0 .

ω – 1-form, C – 0-form.

ta(s) ≡ t(a1...as) ; α = 1,2 , α̇ = 1,2 ;

f (Y ) ≡
∑
m,n

1
m!n!

fα(m) α̇(n)(y
α)m(ȳ α̇)n ;

Moyal star product:

f (Y ) ⋆ g(Y ) = f (Y )e
i
←
∂

∂yα
ϵαβ

→
∂

∂yβ
+c.c.

g(Y ) .
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α)m(ȳ α̇)n ;

Moyal star product:

f (Y ) ⋆ g(Y ) = f (Y )e
i
←
∂

∂yα
ϵαβ

→
∂

∂yβ
+c.c.

g(Y ) .

Tatarenko and Vasiliev (LPI, MIPT) Bilinear HS currents QUARKS-2024 3 / 11



Unfolded formalism

Free unfolded equations (Vasiliev’87)

{
DΩω(Y |x) = Υ(Ω,Ω,C ) ,

DΩC (Y |x) = 0 .

ω – 1-form, C – 0-form.

DΩ = d + [Ω, •]⋆ ;

Ω ≡ Ω(Y |x) = − i

4
(ϖαβ(x)y

αyβ + 2hαα̇(x)yαȳ α̇ + ϖ̄α̇β̇(x)ȳ
α̇ȳ β̇) ,

ϖαβ , ϖ̄α̇β̇ – Lorentz connection, hαα̇ – vierbein.

AdS connection is flat:

dΩ+ Ω ⋆ Ω = 0⇐⇒ D2
Ω = 0 .
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αyβ + 2hαα̇(x)yαȳ α̇ + ϖ̄α̇β̇(x)ȳ
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Free unfolded equations (Vasiliev’87)

{
DΩω(Y |x) = Υ(Ω,Ω,C ) ,

DΩC (Y |x) = 0 .

ω – 1-form, C – 0-form.

Gauge transformations:{
δϵω(Y |x) = DΩϵ(Y |x) ,
δϵC (Y |x) = 0 .
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Unfolded formalism

Free unfolded equations (Vasiliev’87)

{
DΩω(Y |x) = Υ(Ω,Ω,C ) ,

DΩC (Y |x) = 0 .

ω – 1-form, C – 0-form.

TT-gauge:

ω(Y |x) = hαα̇(x)
∂

∂yα
∂

∂ȳ α̇
ϕ(Y |x) – tracelessness

Dαα̇ ∂

∂yα
∂

∂ȳ α̇
ϕ(Y |x) = 0 – transversality

ϕ(Y |x) – 0-form, Dαα̇ – Lorentz-covariant derivative, hαα̇(x) – vierbein.
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Nonlinear HS theory

Vasiliev equations (Vasiliev’92)

{
dW +W ⋆W = −iθ2(1 + ηB ⋆ κ ⋆ k)− i θ̄2(1 + η̄B ⋆ κ̄ ⋆ k̄) ,

dB +W ⋆ B − B ⋆W = 0 .
(1.2)

η = |η|e iϑ – free complex parameter;

W = ω + . . . B = C + . . .

2nd order of perturbation theory (Didenko, Gelfond, Korybut, Vasiliev):{
DΩω = Υ(Ω,Ω,C ) + Υ(ω,ω) + Υ(Ω,ω,C ) + Υ(Ω,Ω,C ,C ) ,

DΩC = Υ(ω,C ) + Υ(Ω,C ,C ) ;
(1.3)

⇕

□ϕa(s) + . . . =
∑
I

gI (η)JI .
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Conservation laws and consistency conditions

{
DΩω = Υ(Ω,Ω,C ) + Υ(ω,ω) + Υ(Ω,ω,C ) + Υ(Ω,Ω,C ,C ) ,

DΩC = Υ(ω,C ) + Υ(Ω,C ,C ) .
(2.1)

Consistency condition:

D2
Ω = 0 =⇒ DΩ RHS = 0 . (2.2)

Terms that obey (2.2) separately = currents that conserve independently
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Conservation laws and consistency conditions

si + sj ⩾ sk + 1
Υ(ω,ω) + Υ(Ω,ω,C ) #der ⩽ S − 2s
Υ(Ω,Ω,C ,C ) #der = S

s2 = s1 + s3
Υ(Ω,ω,C ) #der ⩽ S − 2s
Υ(Ω,Ω,C ,C ) #der = S

s3 = s1 + s2
Υ(Ω,ω,C ) #der ⩽ S − 2s
Υ(Ω,Ω,C ,C ) #der = S

s2 > s1 + s3
Υ(Ω,ω,C ) #der ⩽ S − 2s
Υ(Ω,ω,C ) #der ⩽ S

s3 > s1 + s2
Υ(Ω,ω,C ) #der ⩽ S − 2s
Υ(Ω,ω,C ) #der ⩽ S

s1 ⩾ s2 + s3
Υ(Ω,Ω,C ,C ) #der = S − 2s
Υ(Ω,Ω,C ,C ) #der = S

s1 – spin of the field in LHS, s2, s3 – spins of the fields in RHS;
S = [s1] + [s2] + [s3] , [. . . ] – integer part , s = min{s1,s2,s3}.
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Nontriviality

Central on-mass-shell theorem (Bychkov, Ushakov, Vasiliev’21):
currents are trivial ⇔ exists a local change of variables ∆ω,∆C , such that{

DΩ(ω +∆ω) = Υ(Ω,Ω,C +∆C ) + 0 ,
DΩ(C +∆C ) = 0 .

(2.3)

The change of variables for C 2-currents is nonlocal (Gelfond,
Vasiliev’17).
Nontriviality of ωω- and ωC -currents can be shown via
gauge invariance.

{
DΩω = Υω ,

DΩC = ΥC ;
=⇒

{
δϵω = DΩϵ+

(
ϵ · ∂

∂ω

)
Υω ,

δϵC =
(
ϵ · ∂

∂ω

)
ΥC .

(2.4)

ϵ = ϵ(Y ) – 0-form, ” · ” – contraction in all indices.

∆C transforms correctly =⇒ ∆C – nonlocal
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Result

J = |η|2Jeven
min + |η|2 cos 2ϑJeven

max + |η|2 sin 2ϑJodd
max ; η = |η|e iϑ . (3.1)

min: #der ⩽ [s1] + [s2] + [s3]− 2min{s1,s2,s3} ,
max: #der ⩽ [s1] + [s2] + [s3] .
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Example: Yang-Mills theory

Ja m =|η|2(2ηmlηkn − ηmkηnl)(cabc − cacb)ϕ
b
nDkϕ

c
l +

+
1
3
|η|2 cos 2ϑ

(
ηklηpq − ηplηqk

)
(cabc − cacb)(D

mDkϕ
b
p)(Dlϕ

c
q)−

−1
3
|η|2 sin 2ϑϵklpq(cabc − cacb)(D

mDkϕ
b
p)(Dlϕ

c
q) .

(3.2)

cabc – structure constant, Dn – Lorentz-covariant derivative.

Without ϑ – standard Yang-Mills (F 2)
With cos 2ϑ – F 3-terms
With sin 2ϑ – (∗F )3-terms
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Discussion

J = |η|2Jeven
min + |η|2 cos 2ϑJeven

max + |η|2 sin 2ϑJodd
max ; η = |η|e iϑ . (3.3)

min: #der ⩽ [s1] + [s2] + [s3]− 2min{s1,s2,s3} ,
max: #der ⩽ [s1] + [s2] + [s3] .

Holography (Maldacena, Zhiboedov’13):

⟨Js1Js2Js3⟩ ∝ cos2 ϑ⟨Js1Js2Js3⟩bos + sin2 ϑ⟨Js1Js2Js3⟩fer+
+sinϑ cosϑ⟨Js1Js2Js3⟩odd
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min + |η|2 cos 2ϑJeven

max + |η|2 sin 2ϑJodd
max ; η = |η|e iϑ . (3.3)

min: #der ⩽ [s1] + [s2] + [s3]− 2min{s1,s2,s3} ,
max: #der ⩽ [s1] + [s2] + [s3] .

Lightcone cubic vertices (Bengtsson, Bengtsson, Linden’87 and Metsaev’18):

Vλ1,λ2,λ3 ∝ Pλ1+λ2+λ3 , λ1 + λ2 + λ3 ⩾ 0 ,

V̄λ1,λ2,λ3 ∝ P−λ1−λ2−λ3 , λ1 + λ2 + λ3 ⩽ 0 .
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Field structure

ω(Y ;−K ) = ω(Y ;K ) , C (Y ;−K ) = −C (Y ;K ) . (4.1)

For field of spin s:

(N + N̄ )ω(Y ;K ) = (2s − 2)ω(Y ;K ) , (4.2)
(N − N̄ )C (Y ;K ) = ±2sC (Y ;K ) ; (4.3)

In TT-gauge:

ϕs+m+{s},s−m−{s}(Y ;K ) = im(s − {s})(s −m − 1− {s})!
(s +m + {s})!

Dm(y ,p̄)ϕs+{s},s−{s}(Y ;K ) ,

ϕs−m−{s},s+m+{s}(Y ;K ) = im(s − {s})(s −m − 1− {s})!
(s +m + {s})!

Dm(p,ȳ)ϕs−{s},s+{s}(Y ;K ) ;

C2s+n,n(Y ;K ) = 2s
i s−1−n−{s}

η̄(2s − 1)(2s + n)!n!
Dn(y ,ȳ)Ds−{s}(y ,p̄)ϕs+{s},s−{s}(Y ;K )k̄ ,

Cn,2s+n(Y ;K ) = 2s
i s−1−n−{s}

η(2s − 1)(2s + n)!n!
Dn(y ,ȳ)Ds−{s}(p,ȳ)ϕs−{s},s+{s}(Y ;K )k .
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Vertices

(pi )α := −i ∂

∂yαi
, (uv) = uαϵ

αβuβ , h(a,ā) = hαα̇a
αāα̇ ,

H̄(∂̄,∂̄) :=
1
2
H̄ α̇β̇

∂2

∂ȳα̇∂ȳβ̇
, H̄ α̇β̇ := hγα̇ ∧ hγβ̇ .

Vertices in ω equation

Υ(Ω,Ω,C ) =
i

2
ηH̄(∂̄,∂̄)C (0, ȳ ;K )k + c .c . ;

Υ(ω,ω) =− exp{−i(p1p2) + i(p1y) + i(p2y)− i(p̄1p̄2) + i(p̄1ȳ) + i(p̄2ȳ)}ω(Y1;K )ω(Y2;K )

∣∣∣∣
Yi=0

;

Υ(Ω,ω,C ) =− iη

2

1∫
0

dth(p1,tp̄1 + p̄2) exp{−it(p1p2) + i(1− t)(p1y)− i(p̄1p̄2) + i(p̄1ȳ) + i(p̄2ȳ)}·

·
[
ω(Y1;K )C (Y2;K )− e−2i(p̄1ȳ)C (Y2;K )ω(−Y1;K )

]
k

∣∣∣∣
Yi=0

+ c .c. ;

Υ(Ω,Ω,C ,C ) =− iηη̄

4

∫
[0;1]4

d4t

t24
δ(1− t3 − t4)δ

′(1− t1 − t2)H̄(p̄,p̄)·

· exp{it1(p1y)− it2(p2y)− it3(p̄1p̄2) + it2t4(p̄1ȳ)− it1t4(p̄2ȳ)}C (Y1;K )C (Y2;K )kk̄

∣∣∣∣
Yi=0

+ c .c . ;
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]∣∣∣∣
Yi=0

;

Υ(Ω,C ,C ) =
iη

2

1∫
0

dth(y ,(1− t)p̄1 − tp̄2) exp{it(p1y)− i(1− t)(p2y)− i(p̄1p̄2) + i(p̄1ȳ) + i(p̄2ȳ)}·

·C (Y1;K )C (Y2;K )k

∣∣∣∣
Yi=0

+ c.c .
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Structure constants

Color indices: (fg)a ≡ cabc f
bg c ∀f ,g ∈ A

ϕa(Y ;K ) = ϕa,0(Y ) + ϕa,1(Y )kk̄ ; A = (a,0) ∨ (a,1) ;

ca,0BC (s1,s2,s3) =(δb,0B δc,0C + (−1)2s3δb,1B δc,1C )cabc+

+ (−1)s2+s3−s1+4s2s3(δb,0B δc,0C + (−1)2s2δb,1B δc,1C )cacb ,

ca,1BC (s1,s2,s3) =(δb,0B δc,1C + (−1)2s3δb,1B δc,0C )cabc+

+ (−1)s2+s3−s1+4s2s3(δb,1B δc,0C + (−1)2s2δb,0B δc,1C )cacb ;

f a,0BC (s1,s2,s3) =(δb,0B δc,1C + (−1)2s3δb,1B δc,0C )cabc+

+ (−1)s1+s2+s3+4s2s3(δb,1B δc,0C + (−1)2s2δb,0B δc,1C )cacb ,

f a,1BC (s1,s2,s3) =(δb,0B δc,0C + (−1)2s3δb,1B δc,1C )cabc+

+ (−1)s1+s2+s3+4s2s3(δb,0B δc,0C + (−1)2s2δb,1B δc,1C )cacb .
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Currents

JAs1−2,s1−2(Y ) =
∑

s2,s3,m,n

(∏
i ,j ,k

θ(si + sj − sk − 1)
)
cABC(s1,s2,s3)A(s1,s2,s3|m,n|ϕB

s2 , ϕ
C
s3) ;

JAs1,s1(Y ) =
∑

s2,s3,m,n

(∏
i ,j ,k

θ(si + sj − sk − 1)
)
cABC(s1,s2,s3)B(s1,s2,s3|m,n|ϕB

s2 , ϕ
C
s3)+

+
∑
s2,s3,n

θ(s2 + s3 − s1 − 1)cABC(s1,s2,s3)C(s1,s2,s3|n|ϕB
s2 , ϕ

C
s3)+

+
∑
s2,s3,n

θ(s1 − s2 − s3)c
A
BC(s1,s2,s3)D(s1,s2,s3|n|ϕB

s2 , ϕ
C
s3)+

+cos 2ϑ
∑
s2,s3,n

θ(s2 − s1 − s3 − 1)f ABC(s1,s2,s3)
1
2
E(s1,s2,s3|n|ϕB

s2 , ϕ
C
s3)+

+cos 2ϑ
∑
s2,s3,n

θ(s3 − s1 − s2 − 1)f ABC(s1,s3,s2)
1
2
E(s1,s3,s2|n|ϕB

s3 , ϕ
C
s2)+

+cos 2ϑ
∑
s2,s3,n

θ(s1 + s2 − s3)θ(s1 + s3 − s2)f
A
BC(s1,s2,s3)F(s1,s2,s3|n|ϕB

s2 , ϕ
C
s3)+

+sin 2ϑ
∑
s2,s3,n

θ(s2 − s1 − s3 − 1)f ABC(s1,s2,s3)
1
2
Ẽ(s1,s2,s3|n|ϕB

s2 , ϕ
C
s3)+

+sin 2ϑ
∑
s2,s3,n

θ(s3 − s1 − s2 − 1)f ABC(s1,s3,s2)
1
2
Ẽ(s1,s3,s2|n|ϕB

s3 , ϕ
C
s2)+

+sin 2ϑ
∑
s2,s3,n

θ(s1 + s2 − s3)θ(s1 + s3 − s2)f
A
BC(s1,s2,s3)F̃(s1,s2,s3|n|ϕB

s2 , ϕ
C
s3) .
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