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Setting of the problem

Fronsdal equations (Fronsdal'78):

D¢(§1~~§5)(X) +..-.=0. (1.1)
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Known results at cubic order:
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Setting of the problem

Fronsdal equations (Fronsdal'78):

Op@-2)(x) + - = > g )™ (9). (1.1)
)

Known results at cubic order:
o Lightcone:

e Bengtsson, Bengtsson, Brink'83
e Bengtsson, Bengtsson, Linden'87
o Metsaev'05

o Metsaev'l8

@ Sleight and Taronna'l6
o Fradkin and Vasiliev'87 — unfolded approach
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Setting of the problem

Fronsdal equations (Fronsdal'78):

Op@-2)(x) + - = > g )™ (9). (1.1)
)

Known results at cubic order:
o Lightcone:

e Bengtsson, Bengtsson, Brink'83
e Bengtsson, Bengtsson, Linden'87
o Metsaev'05

o Metsaev'l8

@ Sleight and Taronna'l6
o Fradkin and Vasiliev'87 — unfolded approach

We study bilinear currents J; resulting from the nonlinear HS theory.
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Unfolded formalism

Frame-like fields:

$2(s) y Yals—1+m) a(s—1-m) Im <s-—1,

C.oz(2s—|-n) &(n) > Ca(n) a(2s+n)s N =0.
w — 1-form, C — 0-form.

té(s) = t(él"'és) , o = ]_72, CE = ].72,
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Unfolded formalism

Frame-like fields:

$2(s) y Yals—1+m) a(s—1-m) Im <s-—1,

C.oz(2s—|-n) &(n) > Ca(n) a(2s+n)s N =0.
w — 1-form, C — 0-form.

té(s) = t(él"'és) , o = ]_72, CE = ].72,

1 a\ym(=a\n .
f(Y)Esza(m) am) ()"

Moyal star product:

— —
;0

i0ceB 2 4cc.
F(Y)xg(Y)=F(Y)e ™ 27 “g(y).
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Unfolded formalism

Free unfolded equations (Vasiliev'87)

Dqw(Y|x) = T(Q2,Q,C),
DqC(Y|x)=0.

w — 1-form, C — 0-form.

.

DQ:d+[Q7.]*v

i s
Q= Q(Y|x) = = (@ap()y*y” + 2haa(x)y" 7" + &;4(x)7°77)

Wap, Wj = Lorentz connection, h,q — vierbein.
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Unfolded formalism

Free unfolded equations (Vasiliev'87)

Dqw(Y|x) = T(Q2,Q,C),
DqC(Y|x)=0.

w — 1-form, C — 0-form.

.

DQ:d+[Q7.]*v

i s
Q= Q(Y|x) = = (@ap()y*y” + 2haa(x)y" 7" + &;4(x)7°77)

Wag, @, 5 — Lorentz connection, hqg — vierbein.
AdS connection is flat:

dQ+Q+xQ=0+= D3 =0.

Tatarenko and Vasiliev (LPIl, MIPT) Bilinear HS currents QUARKS-2024 4/11



Unfolded formalism

Free unfolded equations (Vasiliev'87)

Dqw(Y|x) = T(Q2,Q,C),
DqC(Y|x)=0.

w — 1-form, C — 0-form.

.

Gauge transformations:

dew(Y|x) = Dqe(Y|x),
3C(Y|x)=0.
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Unfolded formalism

Free unfolded equations (Vasiliev'87)

Dqw(Y|x) = T(Q2,Q,C),
DqC(Y|x)=0.

w — 1-form, C — 0-form.

.

TT-gauge:
w(Ylx) = h"‘d(x)i 0 o(Y]x) — tracelessness
B dy« dy?
Dada?,aa?,a o(Y|x)=0 — transversality

#(Y|x) — 0-form, DY — Lorentz-covariant derivative, h®*(x) — vierbein.
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Nonlinear HS theory

Vasiliev equations (Vasiliev'92)

{dW+ Wx W = —i02(1 + B * s k) — i02(1 + 7B x % k), a9

dB+W*xB—-BxW =0.

n = |nle’” — free complex parameter;
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Nonlinear HS theory

Vasiliev equations (Vasiliev'92)

{dW+ Wx W = —i02(1 + B * s k) — i02(1 + 7B x % k), a9

dB+W*xB—-BxW =0.

n = |nle’” — free complex parameter;
W=w+... B=C+...
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Nonlinear HS theory

Vasiliev equations (Vasiliev'92)

(1.2)

AW + W x W = —i6?(1 4 1B % s % k) — i6?(1 + 7jB x 3 x k),
dB+W«B—B+W =0.

n = |nle’” — free complex parameter;
W=w+... B=C+...
2nd order of perturbation theory (Didenko, Gelfond, Korybut, Vasiliev):
{Dgw = T(2,9,C) + T(ww) + T(Qw,C) + T(2,Q, C, C),

(1.3)
DoC = T(w, C) + T(Q, C, C);
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Nonlinear HS theory

Vasiliev equations (Vasiliev'92)

{dW+ Wx W = —i62(1 + nBx sex k) — i02(1 + ijB * 5 k) , a9

dB+W*xB—-BxW =0.

n = |nle’” — free complex parameter;
W=w+... B=C+...
2nd order of perturbation theory (Didenko, Gelfond, Korybut, Vasiliev):
{&w:T@ﬂﬁ%FWMM+TmM£%MHQQC£%

(1.3)
DoC = T(w, C) + T(Q, C, C);

T
D¢§(s) +...= Zg,(n)J/ .
I}
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Conservation laws and consistency conditions

{DQw = T(QQ0) + Tlww) + T(Qw.O) + T(Q.2,6,C), ) 4

Do C = T(w, C)+ T(Q, C, C).
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Conservation laws and consistency conditions

Dow = T(2,2,C) + T(ww) + T(Qw,C) + T(2,92,C, C), (2.1)
DaC=7T(w,C)+T(Q,C,C). '
Consistency condition:
D3 =0= DqRHS =0. (2.2)
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Conservation laws and consistency conditions

Dow = T(2,2,C) + T(ww) + T(Qw,C) + T(2,92,C, C), (2.1)
DaC=7T(w,C)+T(Q,C,C). '
Consistency condition:
D3 =0= DqRHS =0. (2.2)

Terms that obey (2.2) separately = currents that conserve independently
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Conservation laws and consistency conditions

Si+s>s+l %gg)gc'r)(QwC) i:::is_zs
SRS ;Yo E P
SRS ;Yo N—E P
s > 51+ 83 185 8 ij:: 2?—25
s3> 85+ 1%85 8 i::: ig—Qs
51> 5+ s3 153858 ij::;g—%

s1 — spin of the field in LHS, s,, s3 — spins of the fields in RHS;

S = [s1] + [s2] + [s3]

Tatarenko and Vasiliev (LPIl, MIPT)

..

.] — integer part,

Bilinear HS currents

s = min{s1,52,53}.

QUARKS-2024
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Nontriviality

Central on-mass-shell theorem (Bychkov, Ushakov, Vasiliev'21):
currents are trivial < exists a local change of variables Aw, AC, such that
{Dg(w + Aw) = T(Q,Q,C+ AC)+0,

(2.3)
Dqo(C + AC) =0.
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Nontriviality

Central on-mass-shell theorem (Bychkov, Ushakov, Vasiliev'21):
currents are trivial < exists a local change of variables Aw, AC, such that
{Dg(w + Aw) = T(Q,Q,C+ AC)+0,

(2.3)
Dqo(C + AC) =0.

@ The change of variables for C2-currents is nonlocal (Gelfond,
Vasiliev'17).
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Nontriviality

Central on-mass-shell theorem (Bychkov, Ushakov, Vasiliev'21):
currents are trivial < exists a local change of variables Aw, AC, such that

Do(w+ Aw) =T(Q,2,C+ AC) +0, (23)
Dqo(C + AC) =0. '
@ The change of variables for C2-currents is nonlocal (Gelfond,
Vasiliev'17).
@ Nontriviality of ww- and wC-currents can be shown via
gauge invariance.
Dow =T, Jew = D ) Tw,
aw="To, _ Jow=Dact (e 5;) (2.4)
DoC ="T¢; 6C=(e-Z)Tc.
e = €¢(Y) — 0-form, " - — contraction in all indices.
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Nontriviality

Central on-mass-shell theorem (Bychkov, Ushakov, Vasiliev'21):
currents are trivial < exists a local change of variables Aw, AC, such that

Do(w+ Aw) =T(Q,2,C+ AC) +0, (23)
Dqo(C + AC) =0. '
@ The change of variables for C2-currents is nonlocal (Gelfond,
Vasiliev'17).
@ Nontriviality of ww- and wC-currents can be shown via
gauge invariance.
Dow =T, Jew = D ) Tw,
aw="To, _ Jow=Dact (e 5;) (2.4)
DoC ="T¢; 6C=(e-Z)Tc.
e = €¢(Y) — 0-form, " - — contraction in all indices.

AC transforms correctly = AC — nonlocal
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J =P S 4 |n|? cos 29S8 + |2 sin20°%4 . = |nle’ . (3.1)

min max max

min: #der < [51] + [s2] + [s3] — 2min{s1,52,53},
max: #der < [51] + [52] + [s3] -
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Example: Yang-Mills theory

J2 =2 (20 — ) (che — ¢2)dnDdf+
1
+3[? cos 20 (122 — nPly) (cj. — c3,)(D™Didp)(Didg)—  (3.2)
1 H a a m C
—§|77|2 sin 20¢4/29(cj . — ch)(D*DM)g)(DWg) :

Cp. — structure constant, D, — Lorentz-covariant derivative.
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Example: Yang-Mills theory

J2 =2 (20 — ) (che — ¢2)dnDdf+
1
+3[? cos 20 (122 — nPly) (cj. — c3,)(D™Didp)(Didg)—  (3.2)
1 H a a m C
—§|77|2 sin 20¢4/29(cj . — ch)(D*DM)g)(DWg) :

Cp. — structure constant, D, — Lorentz-covariant derivative.
e Without ¥ — standard Yang-Mills (F?)
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Example: Yang-Mills theory

J2 1 =|n?(2n™inke — pmkpal)(cf . — cZ,)dn Dyl +
431 cos 20 (res — nply) (e, — c2)(DmDus) (Do)~ (3.2)
I sin 20eK29(cf, — 2,)(DRD43B) (Do)
Cp. — structure constant, D, — Lorentz-covariant derivative.

e Without ¥ — standard Yang-Mills (F?)
e With cos2 — F3-terms
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Example: Yang-Mills theory

2 =l (2™ — ™ n™)(che — c2y)dnDicdf+
%In!z cos 20 ('nP9 — P'n%) (ch. — &) (D™ Didp)(Didg)— (3.2)
3 Inl? sin206K129(c3, — c2,)(DmDLBE)(D165)
Cp. — structure constant, D, — Lorentz-covariant derivative.
e Without ¥ — standard Yang-Mills (F?)

e With cos29 — F3-terms
o With sin 29 — (xF)3-terms
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Discussion

J = [nPJgien + [nl? cos 205t + [l sin 204255 = nle” .  (3.3)

min max max !

min: #qer < [s1] + [52] + [s3] — 2 min{s1,52,53},
max: #der < [51] + [s2] + [s3] -
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Discussion

J = [nPJgien + [nl? cos 205t + [l sin 204255 = nle” .  (3.3)

min max max !

min: #qer < [s1] + [52] + [s3] — 2 min{s1,52,53},
max: #der < [51] + [s2] + [s3] -

Lightcone cubic vertices (Bengtsson, Bengtsson, Linden'87 and Metsaev'18):

V>\1,>\2,>\3 ox pArtiatis > A1+ A2+ A3

Vs das X piimieAs A1+ A2+ A3

=20,
<0
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Discussion

J = [nPJgien + [nl? cos 205t + [l sin 204255 = nle” .  (3.3)

min max max !

min: #qer < [s1] + [52] + [s3] — 2 min{s1,52,53},
max: #der < [51] + [s2] + [s3] -

Holography (Maldacena, Zhiboedov'13):

(Jsy JoyJs3) o< c05® 9(Js; Jsy I3 ) bos + Sin% 9 {Js, Jo, Iy ) for +
+sin 9 cos I (Js, Js, Js3 ) odd
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Field structure

w(Y;—K)=w(Y;K), C(Y;—K)=—-C(Y;K). (4.1)

For field of spin s:
N+ N)w(Y; K) = (25 — 2)w(Y; K), (4.2)
(N = N)C(Y; K) = +2sC(Y; K); (4.3)

In TT-gauge:

m —-m—-1-— Vo
¢s+m+{s},sfmf{s}(Y; K) =1 (5 - {5})WD (Yap)¢s+{s},sf{s}(Y; K)7

¢s—m—{s},s+m+{s}(Y; K) = im(s - {5})%Dm(pv)_/)¢s—{s},s+{s}(Y; K) )
is—l—n—{s} _

Cosnnl Vi K) = 25 m—vm s D"(y,7)D ¢y p) b (s),5— () (Vi Kk,
I-s—l—n—{s}

D"(y,7) Dt} (p,7)bs—(s}.s11s) (Vi KDk

Cn,2s+n(Y; K) = 2577(25 _ 1)(25 + n)!n!

QUARKS-2024 11/11
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(Pi)a = _iW’ (uv) = upePug, h(a,3) = haqa®a®,

i
1_ 0?2

H(D.D) = SH,; 5707,

HdB = h,yo'é A h’yﬁ
Vertices in w equation

T(Q.Q,C) :%T,H(é,é)qo,y; K)k + c.c.;

T(ww) = —exp{=i(pLp2) + i(pry) + i(p2y) — i(P1P2) + i(P1¥) + i(P2¥) }w(Y1: K)w(Y2; K) v

1
(@ C) = = 2 [ dth(pu.tpy + ) exp{—it(prpe) + 1L~ (puy) — i(B1Po) + i(p17) + (Po7)}-
0

Jw(Yis K)C(Ya; K) — e 2P C(Yy; K)w(—Y1; K)] k +cc;
Y;=0
ini d*t -
T(Q,Q,C,C)=— % S0 — 1= )0'(1— 11 — ) F(p.P)-
[0;1]4

-exp{iti(pry) — it2(p2y) — it3(P1p2) + it2ta(P1y) — it1ta(P2¥)} C(Ya: K) C(Ya; K)kk +c.c;
Yi=0
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i

ug, h(avé) = hadaaéd )

1 0?2

F0.9) = 3 Hs 5.7,

HdB = h,yd/\h’yg.

Vertices in C equation
T(w, C) = — exp{—i(p1p2) + i(pry) + i(p2y) — i(B1B2) + i(B1¥) + i(P27)}-
Jw(Y1: K)C(Ya: K) — C(Y1; K)w(Y2; K)]

Yi=0

. 1
(0,0 =7 [ dthly. (1~ 0y ~ ) expltlpay) — (1~ O)oay) — i(Bis) + i(pr7) + (a7

+ c.c.
Yi=0

~C(Y1;K)C(Y2;K)k
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Structure constants

e Color indices: (fg)? = cgcfbgc Vige A
o ¢*(Y;K) =¢22(Y) + M (YV)kk;  A=(a0)V(al);

cae (s1,52,53) =(05°06° + (~1)**85" 5™ che+

+ (—1) s ten(R05E0 4 (—1)2202 00 ) e,
Ce (51,52,53) =(95°06™ + (~1)*28510¢°) g+

+ (_1)52+53—51+452S3 (52,152,0 + (_1)252(Sll;’,o(sé,l)cé,,lj :
f22(s1,52,53) =(05°85" + (—1)%265"05°) e+

+ (—rymrebes s (5E1500 4 (—1)2205%65 ) e,
fige (s1,52,53) =(55°06° + (=1)°205705 " i+

+ (_1)S1+S2+53+45253 (5?05270 + (_1)2525%1581)C?b )
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Currents

Ja oo = > (T]06si+5 — sk — 1) chls1,52,55)A(s1,50,53|m,nl 65, 65,) ;

s2,53,m,n ik

)= 3" (J]0Gi+ 5 — sk — 1)) che(s1,52.:53)B(s1,52.53| m,n| S , 65, )+

$2,83,m,n | j k

+ ) 0(s2+ 53— 51— 1)che(s1,52,53)C(s1,52,53| n| 65, 65, )+

$2,53,n
+ ) 0(s1 — 52— 3) e (51,52,53)D(s1,52,53( |5, 65, )+
52,53,
~+cos 20 Z O(s2 —s1— 53— l)fBC(sl,SQ 53) E(51752,53\n|¢52, S3)+
s2,53,1
. 1
+cos20 Y O(s3 — 51— 55— 1)63%(51753752)5E(51,53752\nl¢§§7 0%)+
$2,53,1
+cos 21 Z 0(s1 + 52 — 3)0(s1 + 53 — 52) g6 (51,52,53)F(51,52,53|n| 65, d)£3)+
52,53,
+sin20 Y 0(s; — 51— 53— 1)figh(s1,52,53) 5 SEls1.92.s30nl e, 65,)+
52,53,n
. 1
+sin 20 Z O(s3 —s1— s — l)fB*};(sl,537sz)§E(51753,52\n|¢g, o)+
s2,53,1
+sin 20 Z O(s1 + 52 — 53)0(s1 + 53 — )iz (51,5,53)F (51,52, ss|n|6f, 6%,).
$2,53,n
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