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Affine-Metric Theory of Gravity (MAG)

- Gauge Theory of GA(4,R) = GL(4R) < T(4) group
- Dynamical variables

Qapy - local Lorenz connection

hy, - vierbain

or in coordinate map

IV, #TI',, - affine connection

g - metric

Main geometrical values

R\ = 0,17 — 0,175, + 17, '\, =175, '\, - curvature tensor,
R,, = R’ s, - Richi tensor,
R = R,,g"" - scalar of curvature,
1
Q/\W =5 (F’\W - F/\uu) - tosion tensor,
Wouw = Vogu = 059 — FfngI, — Fl’,\ggm - tensor of nonmetrisity.



The Lagrangian of MAG is the solution of jet equation

o ) o )
v a owe 0 _ 4 pe 9 RW—]L 9g,T,0T) = 0
g 55‘g“y + QMV 5@3,, + nv 5Wﬁy + (ne1% 6RZ[31, + S R (g g )
Theor+Dim 4 3 2
Metric-Affine Theory (g,1") 234 75 15
Einstein-Cartan Theory (V,g,, = 0) 194 57 9
Einstein Theory (I, = {:V}) 10 3 1
So

L(R,Q,W) = R(g9,T) — 2A + L(R*) 4+ Lgg + Lww + Lwg + other invariants
At the first step we consider only two types of the MAG Lagrangians



The action of gravitational field is the sum of 13 invariants that has
canonical dimension [M 2

1
Sy = _; /d4x\/—g {QA — R+ L(QQ) + L(WW) + L(WQ)} )

where

Ligoy () = Q7 Qs 15 00)
Lavw)(T) = Wou Waas [
L)) = Wou Qo176
15y = @19369" 6" + @08 g" + agd07 9",
IS = big™ 9" g"” + bag”® 9" 9" + bsg™ 9" 9°7 + bag” g"* g™ + bsg”* " g7,

Iy = c1ohg" g°® + e2039°" 9" + cadhg”P g7

the



L(QQ) = alQ)\MVQAMV + GQQUQU + a3Q>¢wQV”)\

L) = BV Wy + W B W, + bW b WOWD 4 o),
L(WQ) = Clwaijyua + CQW(l)UQU —+ 03W(2)‘7Q0_
where

Wlsl) = W?,,- the first type trace of nonmetricity field

Wf) =W, - the second type trace of nonmetricity field

Q, = QY - trace of torsion field

L(R?) will be considered in the end of my talk



Symmetries of action

Sy = /d4x\/—9 {2A = R+ Lgg) + Lowww) + Lwe }
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Generalized projective symmetries

lo __ 170 o
FMV_FMV+DMV

/
) ™ L 7022
j10% j13%

D7, =067A, + 6By + guwF" + Exuwg + Unuwg™

Idea

Special types of transformation (so called forth type of transformation)
D° QJAEAW

pr

where F),, - antisymmetrical tensor
Fifth type of transformations

DZV = gJAUAMV

where U,,, - traceless tensor

UAuA:UAAu:Uui\EO

Uaul/ + Uuap + Uuua - Uauu - Uyua - Uum/ =0



Restrictions on a;, b;, ¢,

Sa(g,T) = Sa(g,I") = Sa(g, ) + A1(Q, D) + Ao(W, D) + Ag(D?)

Invariants of Sy(g,T') is equivalent to A;(Q, D) = 0, Ay(W, D) =0,A3(D?*) =0



1. D5, =674,
—(2&1 + 3&2 + CL3) — 2(401 + co + Cg) =0
1
—2(2[)1 + 8b3 + b5> + 5(361 + C3) =0

1
(2b2 + 2b4 + 4b5) + 5(03 — 302) =0

2a1 + 3as + as + 4(4b1 + by + 16b3 + by + 4b5) — 4(401 +co + 63) =0
4. D = g’\"EUW

72

(a1 —as + 1) =0
5. DY, = ¢ Uspy

c3+2(1+2a1+a3):()
03+2b1+b2:0

1+2a1+a3—|—4b1—|—bg+03:0



2a1+3a2—|—a3—|—03—2(01+02)+4:O

1
262 —|—4bg +5b5 + 5(361 +03) +3=0
1
4by + 2by + 10b4 + 2b5 + 5(3c2 —c3)+1=0

3 3
3+ Z(Qal + 3a2 -+ CL3) + 10b1 + 7b2 + 4b3 + 28b4 + 1065 + 5(03 + 2(61 + CQ)) =0

3. DA, = g, F*

Iz

124+ ¢3—5cy —2¢; =0
2 —4by — 2by — 10by 4 2b5 = 0
4 + 2by + 4bs + 5b5 = 0
3 4 10by + Tby + 4b3 + 25b4 + 1005 = 0



Equation for "defect"of connection

Equation of motion for Iy will be

055
ory,

=0=

Vrgpq — 5gvngpn — gP‘IdT — 6gdp + dgp _ dfq + dl (Ifl‘l(";; + ];”L;P‘I) =0

where d;q is "defect"of connection

T T r
=T )

After some algebra we will get the algebraic equation for "defect"of connection

1
— 32" — b, (I + L))+
+ =00 (2d" — 3dfm(fqtm; + I+
+d = A, (I + L) —

—dP 4+ " — d,,,, (IS + 105 =0 (1)

and Iff(gl is the linear combination of I(gqy, Iww) and I

abm [ab][mn] (ab)(mn) [ab](mn)
L) = lagg) + 1 aww) T Laow) (2)
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Solution

k .
dr . is tensor,so

dkmn = (anan + 57]~ibm + gmnfk + elmnglk + ulmnglk
U

1 mn mn 1 mn mn
—04(2dP — gdfm(lff(z) + I s0)) + o7 (2d! — gdim(lgf(z) + 1))
Fd — A+ d, (IS 4 L) — dP 4 dE P — d, (I + 1) =0

we will get the restrictions on a;,b; and ¢

D=d
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Extra symmetries and quantization of MAG models

L(gv F) = R(gv F) —2A + alQ)\uuQAMV + CLQQUQU + a3Q)\uVQVM)\

Denote
€1 = 2ay1 + 3as + az

82:(11—CL3+1
63:1+2a1+a3

g,=0,i=1,2,3+— L(g,I") is invariant under 1,4,5 types of transformation of I'

Quantization

Let’s now move focus on the quantum properties of the affine-metric gravity
with torsion terms. The effective action is determined by the following general
formula:

Diwg 625
rVe) = okl (det W) : (3)
Performing the background field expansion:

D) = Gule) + o),
F)\W($> = FAW(x) + 'VAW(ZL%

A

where fields (g,I") define classical part and (h,7) — quantum corrections, the
effective action can be written using the functional integral form:

M — _iln/Dth exp { —#/dllx\/ —g (hﬁ) ( gh: gm ) (’};) } <4)
vy Y
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One-loop counterterms

((?hh (?h'y)é(ﬁhh AO )
Ovh O’W 0 DW

Effective metric theory

0 =i [ chexp{ gt | V79 (A0 = (16,5 (P >MV“QB<TJ”T’”5¢76))}’

Effective connection theory

2k:2

(T3 o) (F 7V e (T H, >)}
where ]
TUuV,oz,B = 5(5; <gﬁuva + gauvﬁ> + 5uu,o¢,8v0

and the inverse tensor F~! is determined by the equation:
v pT —1\9 v 1 v
B\ (Y7 g = 630165 — 1030055

mn rs mnrs
F,m" " is the linear combination of IQQ)pq

Fpm’an‘S — 525297’)7/(1, _"_ 5:11151’1,97'8 _ 57’6?’1, ms 5;5(’;)’),ng+
ms _nr

+a19pq9™" 9" — a19peg™ 9"+

1 mnr s $n 1 sn Sr Sm 1 nr $s $m 1 ms ST SN
+§ag 0,0, + 3 5029 g0, — 5029 050, — 5029 0g0,+

1 mr $s Sn 1 sn Sr Sn 1 nr s $n 1 ms ST Sn
+§agg 0,00 + 3 5039 0,0, — 5039 5p5q—§agg 0,00

13



Role of symmetries

Kalmykov M.Yu., Pronin P.1., Poslavsky S.B. and Shatov M.F. (2000-2024)

(F(_l))qgab - Clgchrsgab + CQQquTagsb + C3gch7‘bgsa + 0463529517

—1—0553559511 + +065g5§9ab + 675;]529%
+085§5§gm + 695§5f9ab + 010525§qgrs+

+611535595b + 012625§grb + 0135357?95(1 + 614555597“(1 + 015525297"5

where . )
01:—Z> 062092010201522L
1 1 1 1 1 1
Co = — — -, Cq — _ —_— —
T 355 126 47 T 128, 3e3 4
o oSu—aete)+d 1 1 1 1 1
4 62,63 12777 6ey 1277 9 625 12
L, 1 11
Cl1 = Clg = — — =, Cl2=C3=—F7— — ——— — —
H M e, T 12e, 47 T BT Ty 126, 4

£=0,1=1,23= (F(_l))zgab will be singular
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Gauge fixing

It is need to fix not only the general coordinate invariance but it is need to fix the extra
symmetries through adding the additional terms in the Lagrangian of MAG

Lélf) = X1 (Qu)2

2 ouva 2
e CL G Y
LY = =Xs (Qua@")
The adding of these terms is equal to redefinition of €;

€1 — &1+ X1+ 2x3

€2 —> €2 — X2 — X3
63—)€3+2X3

Fizing of general coordinate invariance may be made in two ways

V,h* =0

or
VIV, =0
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Minimal MAG models with quadratic nonmetricity terms

There is only one model

1
Sy = = /d4x\/—g {QA — R+ Lgg) + Liww) + L(WQ)} )

Projective transformations Dj, = 07 A,

—(2a1 + 3ag + az) —2(4cy + o+ ¢3) =G

1
—2(2b1 +8by +bs) + 5 (31 + ¢3) = G

1
(2b2 + 2b4 + 4b5) -+ 5(03 — 302> = <3

2&1 + 3&2 + as + 4(4b1 + b2 + 16b3 + b4 + 4b5) — 4(461 +co + Cg) = C4

Then
(FEDY(¢G =0,i=1,2,3,4) = oo

Gauge fixing term

1 o 1 1) o 1 2) o 1 1) o
Lyp = —5m@QaQ" — gmWIWVg®? — SosWHWF g — oW Pwige?
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MAG models with quadratic curvature terms
5(97 F) = R(ga P) —2A + alQ)xm/QAm/ + a2QaQa + a3Q>\m/Qyﬂ>\
+€0R2 (97 F) + 61 RuuaﬁRyuaﬁ + €3Ra,3RaB
Symmetries
1. fg 25320741 52a1+3a2—|—a3:0
F;j’y =17, +0 4,

2.6=0,6#0,6=1+4az —4a; =0

e, =1, + 97 w0 f (1)
3.6 #0,65=0,03=1+4az +8a; =0

F;fu = FZV + gakvkuuaaaf(x)
where

V)\,ulza = V)\V,ua

and
Vp,ua)\ + ‘/VO(/I)\ + Vam/)\ =0

If anyone ¢, = 0,k = 1,2, 3, propagators for h and ~ do not exists!!!
We are to fix this new projective invariance!!
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