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Affine-Metric Theory of Gravity (MAG)

- Gauge Theory of GA(4, R) = GL(4R)C T (4) group
- Dynamical variables
Ωabµ - local Lorenz connection
haµ - vierbain
or in coordinate map
Γσµν 6= Γσνµ - affine connection
gµν - metric
Main geometrical values

Rσ
λµν = ∂µΓσλν − ∂νΓσλµ + ΓσαµΓαλν − ΓσανΓ

α
λµ - curvature tensor,

Rµν = Rσ
µσν - Richi tensor,

R = Rµνg
µν - scalar of curvature,

Qλ
µν =

1

2

(
Γλµν − Γλνµ

)
- tosion tensor,

Wσµν = ∇σgµν ≡ ∂σgµν − Γλµσgλν − Γλνσgµλ - tensor of nonmetrisity.
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The Lagrangian of MAG is the solution of jet equation

[
gµν

δ

δδgµν
+Qα

µν

δ

δQα
µν

+ 2Wα
µν

δ

δWα
µν

+Rα
µβν

δ

δRα
µβν

+Rµν δ

δRµν

]
L(g, ∂g,Γ, ∂Γ) = 0

Theor+Dim 4 3 2
Metric-Affine Theory (g,Γ) 234 75 15

Einstein-Cartan Theory (∇σgµν = 0) 194 57 9
Einstein Theory (Γσµν =

{
σ
µν

}
) 10 3 1

So

L(R,Q,W ) = R(g,Γ)− 2Λ + L(R2) + LQQ + LWW + LWQ + other invariants
At the first step we consider only two types of the MAG Lagrangians
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The action of gravitational field is the sum of 13 invariants that has the
canonical dimension [M−2]

S2 = − 1

κ2

∫
d4x
√
−g
{

2Λ−R + L(QQ) + L(WW ) + L(WQ)

}
,

where

L(QQ)(Γ) = Qσ
µνQ

λ
αβI

µναβ
σλ(QQ),

L(WW )(Γ) = WσµνWλαβI
σµνλαβ
(WW ) ,

L(WQ)(Γ) = WσµνQ
λ
αβI

σµναβ
λ(WQ),

Iµναβσλ(QQ) = a1gλσg
µαgνβ + a2δ

ν
σδ

β
λg

µα + a3δ
ν
λδ

β
σg

µα,

Iσµνλαβ(WW ) = b1g
λσgµαgνβ + b2g

σαgµλgνβ + b3g
σλgµνgαβ + b4g

σνgµαgλβ + b5g
σαgµνgλβ,

Iσµναβλ(WQ) = c1δ
β
λg

µνgσα + c2δ
β
λg

σνgµα + c3δ
µ
λg

νβgσα.
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L(QQ) = a1QλµνQ
λµν + a2QσQ

σ + a3QλµνQ
νµλ

L(WW ) = b1W
σµνWσµν + b2W

σµνWνµσ + b3W
(1)σW (1)

σ + +b4W
(2)
σ W (2)

σ + b5W
(2)σW (1)

σ ,

L(WQ) = c1W
σµνQνµσ + c2W

(1)σQσ + c3W
(2)σQσ

where

W (1)
µ = W σ

µσ- the first type trace of nonmetricity field

W (2)
σ = W µ

σµ - the second type trace of nonmetricity field

Qσ = Qν
σν - trace of torsion field

L(R2) will be considered in the end of my talk
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Symmetries of action

S2 =

∫
d4x
√
−g {2Λ−R + L(QQ) + L(WW ) + L(WQ)}

xµ → x′µ(x)

g′µν(x
′) = gαβ

∂xα
∂x′µ

∂xβ
∂x′ν

Γ′σµν = Γλαβ
∂x′σ

∂xλ

∂xα
∂x′µ

∂xβ
∂x′ν

+
∂2xλ

∂x′µ∂x
′
ν

∂x′σ

∂xλ

Generalized projective symmetries

Γ′σµν = Γσµν +Dσ
µν

Idea {
α

µν

}′
→
{
α

µν

}
+ δαµAν

Dσ
µν = δσµAν + δσνBµ + gµνF

σ + Eλµνg
λσ + Uλµνg

λσ

Special types of transformation (so called forth type of transformation)

Dσ
µν = gσλEλµν

,
where Eλµν - antisymmetrical tensor
Fifth type of transformations

Dσ
µν = gσλUλµν

,
where Uλµν - traceless tensor

Uλ
µλ = Uλ

λµ = U λ
µλ ≡ 0

Uσµν + Uνσµ + Uµνσ − Uσνµ − Uνµσ − Uµσν = 0
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Restrictions on ai, bj, cn

S2(g,Γ)⇒ S2(g,Γ′) = S2(g,Γ) + ∆1(Q,D) + ∆2(W,D) + ∆3(D2)

Invariants of S2(g,Γ) is equivalent to ∆1(Q,D) = 0,∆2(W,D) = 0,∆3(D2) = 0
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1. Dσ
µν = δσµAν

−(2a1 + 3a2 + a3)− 2(4c1 + c2 + c3) = 0

−2(2b1 + 8b3 + b5) +
1

2
(3c1 + c3) = 0

(2b2 + 2b4 + 4b5) +
1

2
(c3 − 3c2) = 0

2a1 + 3a2 + a3 + 4(4b1 + b2 + 16b3 + b4 + 4b5)− 4(4c1 + c2 + c3) = 0

4. Dλ
µν = gλσEσµν

(a1 − a3 + 1) = 0

5. Dλ
µν = gλσUσµν

c3 + 2(1 + 2a1 + a3) = 0

c3 + 2b1 + b2 = 0

1 + 2a1 + a3 + 4b1 + b2 + c3 = 0

8



2. Dσ
µν = δσνBµ

2a1 + 3a2 + a3 + c3 − 2(c1 + c2) + 4 = 0

2b2 + 4b3 + 5b5 +
1

2
(3c1 + c3) + 3 = 0

4b1 + 2b2 + 10b4 + 2b5 +
1

2
(3c2 − c3) + 1 = 0

3 +
3

4
(2a1 + 3a2 + a3) + 10b1 + 7b2 + 4b3 + 28b4 + 10b5 +

3

2
(c3 + 2(c1 + c2)) = 0

3. Dλ
µν = gµνF

λ

12 + c3 − 5c2 − 2c1 = 0

2− 4b1 − 2b2 − 10b4 + 2b5 = 0

4 + 2b2 + 4b3 + 5b5 = 0

3 + 10b1 + 7b2 + 4b3 + 25b4 + 10b5 = 0
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Equation for "defect"of connection

Equation of motion for Γrpq will be

δS2

δΓrpq
= 0⇒

∇rg
pq − δqr∇ng

pn − gpqdr − δqrdp + dqpr − dpr
q + dlmn(Ipqmnrl(Σ) + ImnpqlrΣ ) = 0

where drpq is "defect"of connection

drpq = Γrpq −
{
r

pq

}
After some algebra we will get the algebraic equation for "defect"of connection

− δqr(2dp −
1

3
dlmn(Iptmntl(Σ) + Imnptlt(Σ) ))+

+−δpr (2dq −
1

3
dlmn(Iqtmntl(Σ) + Imnqtlt(Σ) ))+

+ dpqr − dpr
q + dlmn(Ipqmnrl(Σ) + Imnpqlr(Σ) )−

− dqpr + dqr
p − dlmn(Iqpmnrl(Σ) + Imnqplr(Σ) ) = 0 (1)

and Iqpmnrl(Σ) is the linear combination of I(QQ), I(WW ) and I(WQ)

Iabmnsl(Σ) = I
[ab][mn]
sl(QQ) + I

(ab)(mn)
sl(WW ) + I

[ab](mn)
sl(QW ) (2)
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Solution

dkmn is tensor,so

dkmn = δkman + δknbm + gmnf
k + elmng

lk + ulmng
lk

⇓

−δqr(2dp −
1

3
dlmn(Iptmntl(Σ) + Imnptlt(Σ) )) + δpr (2d

q − 1

3
dlmn(Iqtmntl(Σ) + Imnqtlt(Σ) ))

+dpqr − dpr
q + dlmn(Ipqmnrl(Σ) + Imnpqlr(Σ) )− dqpr + dqr

p − dlmn(Iqpmnrl(Σ) + Imnqplr(Σ) ) = 0

we will get the restrictions on ai, bj and ck

D = d
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Extra symmetries and quantization of MAG models

L(g,Γ) = R(g,Γ)− 2Λ + a1QλµνQ
λµν + a2QσQ

σ + a3QλµνQ
νµλ

Denote
ε1 = 2a1 + 3a2 + a3

ε2 = a1 − a3 + 1

ε3 = 1 + 2a1 + a3

εi = 0, i = 1, 2, 3 7→ L(g,Γ) is invariant under 1,4,5 types of transformation of Γ

Quantization

Let’s now move focus on the quantum properties of the affine-metric gravity
with torsion terms. The effective action is determined by the following general
formula:

Γ(1)[Φ] =
i

2
ln

(
det

δ2S

δΦ2

)
. (3)

Performing the background field expansion:

gµν(x) = ĝµν(x) + hµν(x),

Γλµν(x) = Γ̂λµν(x) + γλµν(x),

where fields (ĝ, Γ̂) define classical part and (h, γ) – quantum corrections, the
effective action can be written using the functional integral form:

Γ(1) = −i ln

∫
DγDh exp

{
− i

2k2

∫
d4x
√
−g (h, γ)

(
Ôhh Ôhγ
Ôγh Ôγγ

) (
h
γ

)}
. (4)
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One-loop counterterms(
Ôhh Ôhγ
Ôγh Ôγγ

)
⇒
(
D̂hh 0

0 D̂γγ

)
Effective metric theory

Γ(1) = −i ln

∫
Dφ exp

{
− i

2k2

∫ √
−g
(

ΛφµνJ
µν,αβφαβ − (T̂ µν,αβλ φαβ)(F−1)λµν

σ
αβ(T̂σ

ρτ,γδφγδ)
)}

,

Effective connection theory

Γ(1) = −i ln

∫
d4x
√
−gD̂2(D̂1)−1/2 exp

{
− i

2k2

∫ √
−g
(
ΛHµνJ

µν,αβHαβ−

(T̂λ
µν,αβHαβ)(F−1)λµν

σ
ρτ (T̂σ

ρτ,γδHγδ)
)}

,

where
T̂ σµν,αβ =

1

2
δσµ

(
ĝβν∇̂α + ĝαν∇̂β

)
+ δµν,αβ∇̂σ

and the inverse tensor F−1 is determined by the equation:

Fλ
µν
σ
ρτ
(
F−1

)σ
ρτ
γ
αβ = δγλδ

µ
αδ

ν
β −

1

4
δγβδ

µ
αδ

ν
λ.

Fp
mn

q
rs is the linear combination of Imnrs(QQ)pq

Fp
mn

q
rs = δsqδ

r
pg
mn + δmq δ

n
p g

rs − δrpδnq gms − δspδmq grn+

+a1gpqg
mrgns − a1gpqg

msgnr+

+
1

2
a2g

mrδsqδ
n
p +

1

2
a2g

snδrqδ
m
p −

1

2
a2g

nrδsqδ
m
p −

1

2
a2g

msδrqδ
n
p+

+
1

2
a3g

mrδspδ
n
q +

1

2
a3g

snδrpδ
n
q −

1

2
a3g

nrδspδ
n
q −

1

2
a3g

msδrpδ
n
q
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Role of symmetries

Kalmykov M.Yu., Pronin P.I., Poslavsky S.B. and Shatov M.F. (2000-2024)

(F (−1))qcrsab = c1g
qcgrsgab + c2g

qcgragsb + c3g
qcgrbgsa + c4δ

q
rδ
c
agsb

+c5δ
q
rδ
c
bgsa + +c6δ

q
rδ
c
sgab + c7δ

q
sδ
c
agrb

+c8δ
q
sδ
c
bgra + c9δ

q
sδ
c
rgab + c10δ

q
aδ
c
bqgrs+

+c11δ
q
aδ
c
rgsb + c12δ

q
aδ
c
sgrb + c13δ

q
bδ
c
rgsa + c14δ

q
bδ
c
sgra + c15δ

q
bδ
c
agrs

where
c1 = −1

4
, c6 = c9 = c10 = c15 =

1

4

c2 =
1

3ε3

− 1

12ε2

+
1

4
, c3 =

1

12ε2

− 1

3ε3

+
1

4

c4 =
3(2a1 − a2 + a3) + 4

6ε1ε3

− 1

12
, c5 =

1

6ε3

− 1

12
, c7 = c6, c8 = − 1

6ε3

− 1

12

c11 = c14 =
1

6ε3

+
1

12ε2

− 1

4
, c12 = c13 = − 1

6ε3

− 1

12ε2

− 1

4

εi = 0, i = 1, 2, 3⇒ (F (−1))qcrsab will be singular

14



Gauge fixing

It is need to fix not only the general coordinate invariance but it is need to fix the extra
symmetries through adding the additional terms in the Lagrangian of MAG

L
(1)
gf = −χ1 (Qµ)2

L
(2)
gf = −χ2 (εσµναΓµνα)2

L
(3)
gf = −χ3 (QµναQ

µνα)2

The adding of these terms is equal to redefinition of εi

ε1 → ε1 + χ1 + 2χ3

ε2 → ε2 − χ2 − χ3

ε3 → ε3 + 2χ3

Fixing of general coordinate invariance may be made in two ways

∇σh
ασ = 0

or
∇σ∇λγνσλ = 0
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Minimal MAG models with quadratic nonmetricity terms

There is only one model

S2 = − 1

κ2

∫
d4x
√
−g
{

2Λ−R + L(QQ) + L(WW ) + L(WQ)

}
,

Projective transformations Dσ
µν = δσµAν

−(2a1 + 3a2 + a3)− 2(4c1 + c2 + c3) = ζ1

−2(2b1 + 8b3 + b5) +
1

2
(3c1 + c3) = ζ2

(2b2 + 2b4 + 4b5) +
1

2
(c3 − 3c2) = ζ3

2a1 + 3a2 + a3 + 4(4b1 + b2 + 16b3 + b4 + 4b5)− 4(4c1 + c2 + c3) = ζ4

Then
(F (−1))(ζi = 0, i = 1, 2, 3, 4)→∞

Gauge fixing term

Lgf = −1

2
η1QαQ

α − 1

2
η2W

(1)
α W

(1)
β gαβ − 1

2
η3W

(2)
α W

(2)
β gαβ − 1

2
η4W

(2)
α W

(1)
β gαβ
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MAG models with quadratic curvature terms

S(g,Γ) = R(g,Γ)− 2Λ + a1QλµνQ
λµν + a2QσQ

σ + a3QλµνQ
νµλ

+ξ0R
2(g,Γ) + ξ1RνµαβR

νµαβ + ξ3RαβR
αβ

Symmetries

1. ξ2 = ξ3 = 0, ζ1 ≡ 2a1 + 3a2 + a3 = 0

Γ′σµν = Γσµν + δσµAν

2. ξ2 = 0, ξ3 6= 0, ζ2 ≡ 1 + 4a3 − 4a1 = 0

Γ′σµν = Γσµν + gσλελµνα∂
αf(x)

3. ξ2 6= 0, ξ3 = 0, ζ3 ≡ 1 + 4a3 + 8a1 = 0

Γ′σµν = Γσµν + gσλVλµνα∂
αf(x)

where

Vλµνα = Vλνµα

and
Vµναλ + Vναµλ + Vαµνλ = 0

If anyone ζk = 0, k = 1, 2, 3, propagators for h and γ do not exists!!!
We are to fix this new projective invariance!!
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THANK YOU ON YOUR ATTENTION!!!!!
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