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Rindler coordinates:
ds? = r?af® — dr® — a2, 1)

Euclidean path integral for massless sacalar field theory [Moretti, Phys.Rev.D
,1997 |

log ZE = (2)

/ #XVe (@)4 (;r; [% - (ﬁl)“] - %2 (51)2 {% - (ﬁl)ZD'

Expectation value of the Hamiltonian [Candelas Proc. Roy. Soc. Lond. A, 1977.]

o= [ T ) @

The fundamental statistical-mechanical relation does not hold:

— 9 log ZE # (H)s = —0p log Tr(e=#F) (4)
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Is the Euclidean path integral always equal to the thermal partition function?

ZE = /d[go]efslwl =7 Tr(e~ ) = ZC© (5)

-0 2 +¢R O +nm? +¢R

dor-} | ZDE XM HER| o otz | G0 (ZDe + 4 6F) (6)

7z 7
The determinant of the product is equal to the product of the determinants.

z€ 1 1
L7 ai—1/2(400) _ ! 00 _
ZE = det (g9 )7exp{ 27?[/09 (g )H (7)

— oxp [—; [ @@y o7 ()60 o (900)} - [-g [ é#xvatos (o) 6“’(0)} .

In dimensional regularization 5(4)(0) = 0. For space-times with Killing horizons:

5®(0)log (g) ~ 0 x ox. (8)
YES:
m space-time without Killing horizon
No:

m space-time with Killing horizons
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Two approaches
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Euclidean path integral

The Euclidean path integral is defined as follows:

€ [dlele, o) = (r+ ) ©)
The functional measure is given by:
d<p(x 1 dc;
dle] = H H ' (10)
Here ¢; are the Fourier coefficients of the field p(x) = Y=, ¢j¢;(x), which are
eigenfunction :
(=D + m? + €R) 61(x) = Niei(x). (11)
Path integral in terms of the functional determinant:
—Og +m? +¢R
/d[‘p]efs[wl — det—2 E+72+§ , (12)
%

where p is the normalization scale.
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Thermal partition function

The thermal partition function of the canonical ensemble is defined as:
z€ = (e ). (13)
where : H:=3 ,-w,-é;r 3; is the usual normal ordered Hamiltonian.

The trace is defined as the sum over all distinct (many-particle) states of the
system:

(e M) =T] <f: e—ﬂ"wf) =TI(1- e‘B“’f)_1 : (14)
i n=0 i
The energies of single-particle states can be found using Klein-Gordon equation:
(~0+m? +¢R) wi(x) =o. (15)
This equation can be rewritten as:
9%(OF + H2)e k!, (x) = (—wf + HE) o (x) = 0, (16)

where Hs is the quantum-mechanical single-particle Hamiltonian.
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Now using the following factorizations:

. Bwn Bwn e 62W%
h = 1 , 17
S'"(z) 2E<+4w2k2 (17)
One can obtain:
4r%K? 2
_q 1 +w
IogZC:IogH(1 767&"”) :7leog # . (18)
n 2 n,k H
The thermal partition function can be expressed in terms of the functional
determinant:
—02 4+ H? -0 m? R
ZC — det*% <7‘j$> — det_1/2 |:900 ( E+2 +¢& ) , (19)
Iz Iz
Therefore if determinant det[g?°] ~ €8 then:
ZE =70 = e FFIAL (20)

For space-times with Killing horizons, determinant is ill defined, since ggg — 0.
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Mode decomposition
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Euclidean path integral

Using the Bose-Einstein or Planckian distribution:

At a 1
<3,J'raj>6 = §;in(Bwj), where n(fw;) = P — 1 (21)
one can obtain the thermal Green function:
G(t, x1, %) = (22)
e~ iwjt
= Z — ()] () (1 -+ n(Ber)) + Z —as, (x1)di(x2)n(Ber).
Derivative with respect to mass of the Euclidean path integral:
9 og / dlpleStel = 1 / d*x/g G(O, X, X). (23)
om? 2
Then, the Euclidean path integral can be expressed as:
£ LIPS 1 1
logZ= = — am ad°x —@i(X)p; (X) ———. 24
0g2f= 5 [ ant [ VIS g G W g e D
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Mode decomposition
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Thermal partition function

The trace in the definition of the thermal partition function can be rewritten in
terms of the trace over all single-particle excitation:

—B:Hy _ _ o Buwi) — _ _ o—BH
log Tr(e ) z]: log (1 e > Trslog (1 e S) , (25)

Using eigen-functions of the single-particle Hamiltonian, one can rewrite the trace
as the volume integral:

log Tr(e— %) / @*x/gg® Z 6057 () log (1—e771) . (26)

For non-compact spaces, one cannot take the volume integral, since it will be
proportional to §(0).
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Mode decomposition
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Is the Euclidean path integral:

m 1 1
E _ 2 3 ) *
log ZF = —/3/00 dm /d X@Z:—Zwiqb,(x)qb, O T (27)
always equal to the thermal partition function:

log ZC = — / dxy/Gg™ " ¢i(x)97 (x) log (1 - e*ﬁwf')? (28)
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Euclidean path integral:

g ZE = — / P xv/Gg%° S ¢i(x)67 (x) log (1 - e*ﬂw) + (29)
+ / d®x/gg® Z /m dmP o,z [¢i(X) 67 (x)] log (1 - eiﬁ%) B
efwi — 1’

-6 [ xva / dmzz - (8005210067 () — Oy () 227 (1) !

m For compact space 2 and 3 contribution vanish:

[ /86 6i(x)67 (0 =1 and 413 sy = O (30)
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Mode decomposition
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m For non-compact space 2 and 3 terms cancel each other.

Let us consider a model metric of the following form:
ds? = (1 + f(x))(—dt? + dx?) + dZ°. (31)

where limy_+o f(x) = 0.
Field operator has the following form:

s_ [T 9 Pk et s r 5 -+ 5 (b -l +h
- (Vorf Vo & |9pWRk T @p(bpr] e, (52)

= — «—
where w = /m? + p2 + k2 and #p(X), ¢ p(X) are the scattering eigen-functions of
the effective Schrodinger equation:

—

(0% +V] 9,00 = 2P 6,(x), (33)

with the effective potential V = f(x)(k? + m?) + (1 + f(x))¢R.
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The asymptotics of the right moving waves are:
— . — . -
¢ p(x) = 0(—x) (e’px + Rpe_’px) +0(x) T pe®, (34)
while of the left moving waves are:
ép(x) = 6(—x) Tpe™ P+ 6(x) (e_’px + Rpelpx) , (35)

Third term can be written in the form:

m? (e d2k © dp 1
E 2 3 ap
log Z3 6/00 am' /d x\/§/_oo @02 / 27r2w Bw) x (36)

x ([(Asamz $500) 3500 — (252 3500) B2 6500 + [ ZD -

m? Rk [ dp2
2 ap zp
= 8 2|0 +6.
oAt [ g |, a0 [0, 405 |

where 93 ,9; are the phases of the reflection amplitudes.
P P
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Mode decomposition
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Friedel formula connects the integrated density of states and the energy derivative
of scattering phaseshifts:

([ 2500500 + 55005500 [ 30500505() + op(0)d0p )] ) =
(37)

d
dp[ Rp+ Rp}y

— ) — )

where ¢g,(X) = €P* and ¢o,(x) = €7'P* are the modes for the case of the absence
of the scattering potential.

The second and third terms cancel each other:

log ZZE + log ZSE =0. (38)
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Euclidean path integral for space-time with Killing horizon is defined only by a
third term of:

IogZE __ / dsx\/§g00 Z¢’(X)¢T(X) log (1 — e*Bw/'> + (39)

+f #rvag / AP,z [61(x)67 (x)]log (1 — €01 -

. 1
7ﬁ/dsxf/ dm? Z A38m2¢,(x)¢>, (X) = B di(x) D3 (X)] oo 1
Sine the spectrum of the theory does not depent on the mass w # w(m):
/—gmP¢? — 0, at the horizon (40)

Therefore 1 and 2 terms cancel each other.
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The Euclidian path integral for a massless scalar field in the Rindler space-time
has the following form:

log ZF = (41)

1 J—
ebwi —1

A go)(90[514‘(zl)4]+7:<2:r)2{512‘(271r>2D'

If one first takes the volume integral and then the momentum integral:

2 oo
log ZE = ,BA/d2kdw ! — logdet S(k,w) = A” {l - l}/ _as
3

=5 / #x /g / dmzz - [ 800, 6i(X)6] () = 0yt (X) 0] ()

5l e (4rs)%
(42)
where § is an ultraviolet cutoff.
The thermal partition function:
l0g2 =~ [ d*xv/gg® Z¢,(x)¢,*(x) log (1— &1 = (43)

= [ @xvagg (@)4 U‘* B (271r)4]'
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Three definitions of the energy

Stress energy tensor is defined as:
1 0 2 2
T = up(X)0u(x) = 3G (9pp(X)0”0(X) + MPER(x)) +
1

4 [ (R = 300R) 00 + G020 - 7,770

The energy operator:
E—_ / dx/gTo.
The canonical Hamiltonian:
A = / d®x/gH,

where:

H= 1 [0 ae()abe(x) + gare(x)ae(x) + (7 + ERN(x)]

The difference between the energy and the Hamiltonian is:

B he— ¢ [ @ Viguwl (0(32(0) - #0300l )
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The Hamiltonian operator is defined as follows:
=3 wala, (49)
i
and the following Heisenberg equation are valid:

ivep(x) = [p(x), H] 9 (x) = [#(x), A]. (50)

The canonical Hamiltonian:
R e ) .
Fe=>" w &g+ 7 / d®xi[g" /982 (x)]. (51)
i

Therefore, we have the following relations:
:‘:I'CZFI'-i-BH and E:/:/-FBH-‘y-ég, (52)

The expectation values of the charge and boundary terms:

1
(2m)*

(@) =5 [ xvaam*| 5 -

[ ~ @ (53)
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Fundamental statistical-mechanical relation

The derivatives with respect to the inverse temperature of the Euclidean path
integral:

~05log Z5 £ (E), (H), (Fo) (54)
and thermal partition function:

—dplog Z€ = (H). (55)
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Conformal anomaly

Conformal anomaly in the de Sitter space-time [Fursaev, Phys. Rev. D, 1994]:

d 1 2\
dPxy/gTl = 10 g 25 (g, = 3+ (= 56
/ x\/g 550 %8 (G )] 4 720”{ +(ﬁ)} (56)
For 3 = 27 one can restore the "classic"result:

1

7 L 57
(Tuw) 9602 9u (57)
From the relation —dg log Z = <E>B one can obtain [Dowker 2010]:
B B 2\ 4
logZ = — Eg=..— —— — I 2 58
ogZ=— [ dsEs=..- -1 [3 () ot o9
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We define the thermal partition function as:

Z€ = Tr(e=#H. (59)

But one can construct a thermal partition function using the stress energy tensor:

78— T [exp (/ dx* ?Wg'f)] = 7 [ePF] (60)
or canonical Hamiltonian:

5, = T [emPH]. (61)
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