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Motivation Why compactify Horndeski?

R5 −→ R4 × S1

* Generalized Galileons −→ Generalized Galileons

2nd derivatives in the action −→ 2nd derivatives in the action

no higher derivatives in EOMs −→ no higher derivatives in EOMs

* Metric + scalar −→ Metric + vector + scalar + scalar
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Motivation What to expect?

* Horndeski theory coupled to a U(1) gauge boson and scalar

Natural way to add "normal"matter to Horndeski

Natural way to obtain vector Galileon Lagrangian.

Some uniformity in vector and tensor sectors.
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Results

Vector Galileons

Non-gauge vector galileons:
Examples: 1307.0077 (G. Tasinato, K. Koyama, and N. Khosravi),.., 1812.11134 (P. Petrov)

Gauge vector galileons:
No-go: 1312.6690 (C. Deffayet, A. E. Gümrükçüoğlu, S. Mukohyama, and Y. Wang)
Latest developments: 2312.14814, 2404.18715 (A. Colléaux, D. Langlois, and K. Noui)

!!!
Speeds of graviton and photon are EQUAL!

Horndeski dark matter and dark energy are not closed after GW170817

GW170817: | cTc − 1| < 10−15
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!!!
Speeds of graviton and photon are EQUAL!

Horndeski dark matter and dark energy are not closed after GW170817

GW170817: | cTc − 1| < 10−15

4 / 15



Results

Vector Galileons

Non-gauge vector galileons:
Examples: 1307.0077 (G. Tasinato, K. Koyama, and N. Khosravi),.., 1812.11134 (P. Petrov)

Gauge vector galileons:
No-go: 1312.6690 (C. Deffayet, A. E. Gümrükçüoğlu, S. Mukohyama, and Y. Wang)
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!!!
Speeds of graviton and photon are EQUAL!

Horndeski dark matter and dark energy are not closed after GW170817

GW170817: | cTc − 1| < 10−15 KK compactification: | cTc − 1| ≡ 0
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Horndeski theory

S =

∫
d4x
√
−g (L2 + L3 + L4 + L5) ,

L2 = F (π,X ),

L3 = K (π,X )2π,

L4 = −G4(π,X )R + 2G4X (π,X )
[
(2π)2 − π;mnπ

;mn
]
,

L5 = G5(π,X )Gmnπ;mn +
1
3
G5X

[
(2π)3 − 32ππ;mnπ

;mn + 2π;mnπ
;mlπ n

;l

]
,

where π is the Galileon field, X = gmnπ,mπ,n, π,m = ∂mπ, π;mn = OnOmπ,
2π = gmnOnOmπ, G4X = ∂G4/∂X .

gmn =

(
gµ ν + φ2 Aµ Aν φ2 Aµ

φ2 Aν φ2

)
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Horndeski theory → U(1) vector gauge field

S =

∫
d4x
√
−g (L2 + L3 + L4 + L5) ,

L2 = F (π,X ),

L3 = K (π,X )2π,

L4 = −G4(π,X )R + 2G4X (π,X )
[
(2π)2 − π;µνπ;µν

]
,

L5 = G5(π,X )Gµνπ;µν +
1
3
G5X

[
(2π)3 − 32ππ;µνπ;µν + 2π;µνπ;µρπ ν

;ρ

]
,

L2, L3 → no dynamical Aµ
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;ρ

]
,

L4 → non minimal coupling to Aµ
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∫
d4x
√
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]
,

L5, L6 → Aµ is a vector Galileon
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Horndeski theory Speed of graviton

S =

∫
d4x
√
−g (L2 + L3 + L4 + L5) ,

L2 = F (π,X ),

L3 = K (π,X )2π,

L4 = −G4(π,X )R + 2G4X (π,X )
[
(2π)2 − π;µνπ;µν

]
,

L5 = G5(π,X )Gµνπ;µν +
1
3
G5X

[
(2π)3 − 32ππ;µνπ;µν + 2π;µνπ;µρπ ν

;ρ

]
,

ST =

∫
dη d3x a4

[
1

2 a2

(
Gτ
(
ḣij
)2
−Fτ (∂k hij)2

)]

GT = 2 [G4 − 2XG4,X − X (Hπ̇G5X − G5φ)]

FT = 2 [G4 − X (π̈G5X + G5φ)]
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allowable Horndeski theory

S =

∫
d4x
√
−g (L2 + L3 + L4) ,

L2 = F (π,X ),

L3 = K (π,X )2π,

L4 = −G4(π,X )R

S =

∫
d4x
√
−g (L2 + L3 + L4 + L5) ,

L2 = F (π,X ),

L3 = K (π,X )2π,

L4 = −G4(π,X )R + 2G4X (π,X )
[
(2π)2 − π;µνπ;µν

]
,

L5 = G5(π)G
µνπ;µν
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S5d =
∫

d5x
√
−g(5)

(
G4 R(5) + G4,X

(
(2π)2 − (∇A∇Bπ)

2) )

gAB =

(
gµ ν + φ2 Aµ Aν φ2 Aµ

φ2 Aν φ2

)

S4d =

∫
d4x
√
−g φG4 R + φG4,X

(
(2π)2 − (∇µ∇νπ)2

)
+G4

(
−1
4
φ3 F 2 − 22φ

)
+ G4,X

(
2∇µφ∇µπ2π −

1
2
φ3 Fµ

σ Fνσ∇µπ∇νπ
)
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∫
d5x

√
−g(5)

(
G5(π)

(
RAB
(5) −

1
2
gAB
(5) R(5)

)
∇A∇Bπ

)

∫
d4x
√
−g φG5(π)

((
Rµν − 1

2
gµν R

)
∇µ∇νπ

− 1
2φ

R∇µφ∇µπ +
1
φ
(2φ2π −∇µ∇νφ∇µ∇νπ)

+
1
8
φFµν Fσρ

(
3 gνρ(−4 gλµ gβσ + gλβ gµσ)∇λπ∇βφ

+φ gσµ (−4∇ν∇ρπ + gρν2π)

)
+

1
2
φ2 Fµν ∇σF νσ∇µπ

)

14 / 15



∫
d5x

√
−g(5)

(
G5(π)

(
RAB
(5) −

1
2
gAB
(5) R(5)

)
∇A∇Bπ

)
∫

d4x
√
−g φG5(π)

((
Rµν − 1

2
gµν R

)
∇µ∇νπ

− 1
2φ

R∇µφ∇µπ +
1
φ
(2φ2π −∇µ∇νφ∇µ∇νπ)

+
1
8
φFµν Fσρ

(
3 gνρ(−4 gλµ gβσ + gλβ gµσ)∇λπ∇βφ

+φ gσµ (−4∇ν∇ρπ + gρν2π)

)
+

1
2
φ2 Fµν ∇σF νσ∇µπ

)

14 / 15



Conclusion and outlook

Horndeski theory is OK for DE and DM modeling in modern Universe

There are gauge vector galileons

To do:

Scalar sector
Different compactifications
· · · · ·

Thank you for your attention!
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