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๏ Axion Stars

๏ What happens to axion stars as f → Planck Scale? 

• Don’t extrapolate beyond 

๏ How can we detect such axions?

• Relativistic axion bursts may be detectable, even at large  

f ≳ 1017 GeV !

f !

JE, Street, Suranyi, Wijewardhana (2011.09087)

JE, Shirai, Stadnik, Takhistov (210x.xxxxx)
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Axions: Tale of Two Parameters
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Couplings to SM will be 
           ∝ 1/f

“Generically”: 

V(ϕ) = m2 f 2 [1 − cos ( ϕ
f )]
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QCD axions: 

V(ϕ) =
m2f 2(1 + z)

z
1 + z − 1 + z2 + 2z cos

ϕ
f

z = mu /md ≈ 0.56

๏ Many axion models predict (or allow)  
 
f ≃ MP

๏ Axion stars may be neutron star  
 
mimickers if  and m ∼ 10−10 eV f ∼ MP

๏ Axion star collapse near  may 
 
lead to black hole formation

f ∼ MP

Helfer, Marsh, Clough, Fairbairn, Lim, Becerril (1609.04724) 
Chavanis (1710.06268) 

Michel and Moss (1802.10085)

Clough, Dietrich, Niemeyer (1808.04668) 
              with Day, Coughlin (1808.04746)

Why approach ?f → MP

Could explain e.g. intermediate 
mass black holes?

Ly-⍺, 
Rotation  

curves, …
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not wave-like

QCD axions: 

V(ϕ) =
m2f 2(1 + z)

z
1 + z − 1 + z2 + 2z cos

ϕ
f

z = mu /md ≈ 0.56

m5 =
m

10−5 eV

f12 =
f

6 × 1011 GeV

๏ Many axion models predict (or allow)  
 
f ≃ MP

๏ Axion stars may be neutron star  
 
mimickers if  and m ∼ 10−10 eV f ∼ MP

๏ Axion star collapse near  may 
 
lead to black hole formation

f ∼ MP

Helfer, Marsh, Clough, Fairbairn, Lim, Becerril (1609.04724) 
Chavanis (1710.06268) 

Michel and Moss (1802.10085)

Clough, Dietrich, Niemeyer (1808.04668) 
              with Day, Coughlin (1808.04746)

Why approach ?f → MP

Could explain e.g. intermediate 
mass black holes?
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What’s an Axion Star
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(μ0 − m)ψ = [−
∇2

2m
+ Vg ( |ψ |2 ) −

|ψ |2

8 f 2 ] ψ

∇2Vg = 4 π G m2 ψ
2

Non-relativistic, 
coupled to (Newtonian) gravity, 

leading self-interaction, 
STABLE for , 

number-changing negligible
M < Mc

Use Gross-Pitaevskii+Poisson Eqs.

Low density, balance gravity+gradients 

 

“[Dilute] Axion Star”

R ≃
M2

P

m2 M

Kaup (Phys Rev 1968);  
Ruffini and Bonazzola (Phys Rev 1969)

In
c. 
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What’s an Axion Star
3

Very relativistic, , 
higher-harmonic corrections to field

ϕ ∼ f

Integrate out modes of energy  
 

Very unstable to decay
2μ0,3μ0, . . .

Use Klein-Gordon Equation

□ ϕ − V′ (ϕ) = 0
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(μ0 − m)ψ = [−
∇2

2m
+ Vg ( |ψ |2 ) −

|ψ |2

8 f 2 ] ψ

∇2Vg = 4 π G m2 ψ
2

Non-relativistic, 
coupled to (Newtonian) gravity, 

leading self-interaction, 
STABLE for , 

number-changing negligible
M < Mc

Use Gross-Pitaevskii+Poisson Eqs.

Low density, balance gravity+gradients 

 

“[Dilute] Axion Star”

R ≃
M2

P

m2 M

Non-relativistic, 
gravity negligible, 

leading self-interaction, 
unstable to perturbations 

decay processes become important
“[Transition] Axion Star”

“[Dense] Axion Star”

Kaup (Phys Rev 1968);  
Ruffini and Bonazzola (Phys Rev 1969)

Chavanis (1103.2050),  
with Delfini (1103.2054)

Braaten, Mohapatra, Zhang (1512.00108)

“Axiton” Kolb+Tkachev (astro-ph/9311037)

In
c. 

f
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Classical Non-Relativistic Effective Field Theory 
of Scalar Fields

4

• Braaten, Mohapatra, Zhang (1604.00669) 

• Namjoo, Guth, Kaiser (1712.00445) 

• JE, Suranyi, Wijewardhana (1712.04941) 

• Braaten, Mohapatra, Zhang (1806.01898) 
  

• JE, Mukaida, Takimoto, Wijewardhana, 
Yamada (1807.09795) 

• JE, Street, Suranyi, Wijewardhana 
(2011.09087) 

• Salehian, Zhang, Amin, Kaiser, Namjoo 
(2104.10128)

Self-int.s? Gravity? Decay?
LO     NLO

Formulations:
LO NLO

Applicability?
Axion 
Star

General 
Scalar Field

~ No 
Gravity

~ No 
Gravity

~ No 
Gravity

Classical Quantum

~

~ No 
Gravity

Coming soon!
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ϕRB(t, r) = ̂a0 R(r) ei μ0 t + h . c .

๏ Basic insight (Ruffini+Bonazzola ’69):  
 
Expand scalar field in powers of creation/annihilation operators of the ground state
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ϕ(t, r) = ∑
k

[ ̂ak
0 Rk(r) ei k μ0 t + h . c . ] + [φ(r, t) + φ†(r, t)]

k>1 contributions to bound  
state of energy  

Organize in power series in  
binding energy parameter

kμ0

Δ ≡ 1 − μ2
0 /m2
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Our Method

๏ Our Generalized Ruffini-Bonazzola field operator:

5

ϕ(t, r) = ∑
k

[ ̂ak
0 Rk(r) ei k μ0 t + h . c . ] + [φ(r, t) + φ†(r, t)]

k>1 contributions to bound  
state of energy  

Organize in power series in  
binding energy parameter

kμ0

Δ ≡ 1 − μ2
0 /m2

JE, Suranyi, Wijewardhana  (1712.04941)

k=1 reproduces original RB

JE, Suranyi, Vaz, Wijewardhana (1412.3430)

JE, Leembruggen, Suranyi,  
Wijewardhana (1809.08598)

In non-relativistic limit, reduces to 
Gross-Pitaevskii+Poisson equations

Scattering states, energy > m 
Characterize decay processes 
through transition matrix elements

⟨N |V(ϕ) |N − n, k1, k2, . . . ⟩

JE, Suranyi, Wijewardhana  (1512.01709) 
with Ma (1705.05385)

ϕRB(t, r) = ̂a0 R(r) ei μ0 t + h . c .

๏ Basic insight (Ruffini+Bonazzola ’69):  
 
Expand scalar field in powers of creation/annihilation operators of the ground state
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Cutoff: 
Δ ≃ 0.7

JE, Leembruggen, Street, 
Suranyi, Wijewardhana  (1905.00981)

Direct comparison to other methods:

“Full” Mass Spectrum 
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f = 1012 GeV
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Cutoff: 
Δ ≃ 0.7

JE, Leembruggen, Street, 
Suranyi, Wijewardhana  (1905.00981)

Direct comparison to other methods:

“Full” Mass Spectrum 
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τ < τ U
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Approach to f → MP
๏ NLO GRB equations (Leading-order backreaction ⇄  corrections)

• Push expansion to its limit: 

๏ Include gravity!

• Newtonian gravity appears proportionally to , can’t neglect if f large

• Extended our decay calculation to include contribution of gravity

𝒪(Δ5)

Δ ≃ 0.7

δ =
8π f2

M2
P

7

JE, Street, Suranyi, Wijewardhana (2011.09087)
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Axion Stars as f → MP

8

10 100 1000 104510
50100

5001000
Solid: Decay lifetime τ > τU

Dashed: Decay lifetime τ < τU

Filled circles: Cutoff Δ ≃ 0.7

f ≃ 2 × 1017 GeV

f ≃ 8 × 1017 GeV

f ≃ 2 × 1016 GeV

f ≃ 8 × 1016 GeV

JE, Street, Suranyi, Wijewardhana (2011.09087)

f [GeV]
10175 × 1016 5 × 10172 × 1017
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Detecting Large-f Axions
๏ A challenge!

๏ Couplings to SM ∝ 1/f

9

ℒ ⊃
gϕγγ

4
ϕ F̃μν Fμν

Di Luzio, Gavela, Quilez, and Ringwald  
(2102.01082)
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Detecting Large-f Axions
๏ A challenge!

๏ Couplings to SM ∝ 1/f

9

ℒ ⊃
gϕγγ

4
ϕ F̃μν Fμν

Di Luzio, Gavela, Quilez, and Ringwald  
(2102.01082)

๏ Strategy: Look for systems where  
 
large-f is a feature, not a bug

๏ Example:  Axion-Black Hole Superradiance
Arvanitaki, Baryakhtar, Huang (1411.2263)

See also Stott+Marsh  
(1805.02016)
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Mass Growth 

(accretion, merger) 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Gravitational 
Collapse

Bosenova Explosion

Energy emitted can be an  
fraction of axion star mass 

𝒪(1)

Mc ≃ 10−11M⊙
f12

m5
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103 104 105
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102
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104

105

Axion Star Collapse
10

Stable Axion Star
Mass Growth 

(accretion, merger) 
M⋆ ↑

Gravitational 
Collapse

Bosenova Explosion

Reformation? 
(Speculative)

Energy emitted can be an  
fraction of axion star mass 

𝒪(1)

Mc ≃ 10−11M⊙
f12

m5
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Used potential for QCD axions: 

 

What happens in other cases? (Ignored here)

V(ϕ) =
m2f 2(1 + z)

z
1 + z − 1 + z2 + 2z cos

ϕ
f

Axion Star Bosenovae
11
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Used potential for QCD axions: 

 

What happens in other cases? (Ignored here)

V(ϕ) =
m2f 2(1 + z)

z
1 + z − 1 + z2 + 2z cos

ϕ
f

Axion Star Bosenovae
11

with spread of δk ∼ m

Integrated energy in first peak 
<latexit sha1_base64="T9Hmhz8tzmYlwcz8FbZEqrvEvSw=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVERF0WRXBZwT6gCWEynbRDZyZhZiKUmIW/4saFIm79DXf+jZM2C209MHA4517umRMmjCrtON9WZWl5ZXWtul7b2Nza3rF39zoqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphuPrwu8+EKloLO71JCE+R0NBI4qRNlJgH3gc6RFGLLvJg8yTHCYEjfPArjsNZwq4SNyS1EGJVmB/eYMYp5wIjRlSqu86ifYzJDXFjOQ1L1UkQXiMhqRvqECcKD+b5s/hsVEGMIqleULDqfp7I0NcqQkPzWSRVs17hfif1091dOlnVCSpJgLPDkUpgzqGRRlwQCXBmk0MQVhSkxXiEZIIa1NZzZTgzn95kXROG+55w707qzevyjqq4BAcgRPgggvQBLegBdoAg0fwDF7Bm/VkvVjv1sdstGKVO/vgD6zPH1yTllM=</latexit>

Epeak ≈ 3400 m
f2

m2
≃ 1041 GeV

f2
12

m5

k0 ≃ 2.4 mMomentum peak
Short duration

δtburst ∼ 𝒪(400)/m

Multiple explosions  
per collapse! 
(Ignored here)
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Used potential for QCD axions: 

 

What happens in other cases? (Ignored here)

V(ϕ) =
m2f 2(1 + z)

z
1 + z − 1 + z2 + 2z cos

ϕ
f

Axion Star Bosenovae
11

with spread of δk ∼ m

Integrated energy in first peak 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Epeak ≈ 3400 m
f2

m2
≃ 1041 GeV

f2
12

m5

k0 ≃ 2.4 mMomentum peak
Short duration

δtburst ∼ 𝒪(400)/m

Multiple explosions  
per collapse! 
(Ignored here)

Higher-energy peaks! 
(Ignored here)
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Detecting Axion Star Explosions
๏ Idea: Detect high-energy axion burst from axion star collapse + Bosenova!

12

Axion Star 
Bosenova

Detect Bosenova AxionsDark Matter Axions
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Axion Star 
Grows in Mass

Incoming Axion Field

M ↑

1. 

Axion Star 
Collapse

M ≃ Mc

2. 

3. 

4. 

     

 ⇒ Low Quality 

                 

v* ≃ 1
Q* ∼ 1

 
    ⇒ High Quality 

                 

ρDM ≃ 0.4 GeV/cm3

vDM ≃ 10−3

QDM ∼ v−2
DM ∼ 106

<latexit sha1_base64="8ArIT3ImWAn6JY2y3J2z148t/iM="></latexit>

⇢⇤ ⇡ Epeak
4⇡R2 �xburst

<latexit sha1_base64="1UziRVhXMreJr9gl1TgBkS4RrJM="></latexit>

⇠ 107
GeV

cm3
f2
12

✓
100AU

R

◆2
<latexit sha1_base64="xq6KK+P/SeyQr9wicofcYPgPa9Q=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF49VrC2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Lure3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjBuRbg==</latexit>

R
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Detecting Axion Star Explosions
๏ Idea: Detect high-energy axion burst from axion star collapse + Bosenova!

12

Axion Star 
Bosenova

Detect Bosenova AxionsDark Matter Axions
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Axion Star 
Grows in Mass

Incoming Axion Field

M ↑

1. 

Axion Star 
Collapse

M ≃ Mc

2. 

3. 

4. 

     

 ⇒ Low Quality 

                 

v* ≃ 1
Q* ∼ 1

See also Dror, Murayama, Rodd (2101.09287) 
for relativistic axion signals in cosmology

 
    ⇒ High Quality 

                 

ρDM ≃ 0.4 GeV/cm3

vDM ≃ 10−3

QDM ∼ v−2
DM ∼ 106

Naive guess: Our Signal Can “Win” Only If     

 

   

g*

gDM
∼

ρDM QDM

ρ* Q*
∼ 103 ρDM

ρ*
<latexit sha1_base64="QYduPXefc1lmq5dr9bxM1oHBymQ="></latexit>

⇠ 1

f12

R
100AU

. 1

<latexit sha1_base64="8ArIT3ImWAn6JY2y3J2z148t/iM="></latexit>

⇢⇤ ⇡ Epeak
4⇡R2 �xburst

<latexit sha1_base64="1UziRVhXMreJr9gl1TgBkS4RrJM="></latexit>

⇠ 107
GeV

cm3
f2
12

✓
100AU

R

◆2
<latexit sha1_base64="xq6KK+P/SeyQr9wicofcYPgPa9Q=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF49VrC2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Lure3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjBuRbg==</latexit>

R
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We Might Do Worse
13

We Can Do Better!
Naive guess:  

   
g*

gDM
∼

ρDM QDM

ρ* Q*
∼ 103 ρDM

ρ*
≲ 1
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We Might Do Worse
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We Can Do Better!
Short-duration 

at source Long duration 
at detector

Axion 
Burst

δxburst

δx

Naive guess:  

   
g*

gDM
∼

ρDM QDM

ρ* Q*
∼ 103 ρDM

ρ*
≲ 1
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We Might Do Worse
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We Can Do Better!
Short-duration 

at source Long duration 
at detector

Axion 
Burst

δxburst

δx

Naive guess:  

   
g*

gDM
∼

ρDM QDM

ρ* Q*
∼ 103 ρDM

ρ*
≲ 1

<latexit sha1_base64="8ArIT3ImWAn6JY2y3J2z148t/iM="></latexit>

⇢⇤ ⇡ Epeak
4⇡R2 �xburst

<latexit sha1_base64="2C5RqFjkh2mAfHNOBPXQd4+V44Y="></latexit>

⇢⇤ ⇡ Epeak
4⇡R2 �x

c.f.

Wave spreading No wave spreading

<latexit sha1_base64="ng28eOPAikwH7EZbVcdkaB/9lX4=">AAACHXicbVC7TsMwFHXKq5RXgJHFokJiQFVSKmCsYGEsiD6kJq0cx2mt2klkO4gqyo+w8CssDCDEwIL4G9w2A7QcydLxOffq3nu8mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5LRonApIkjFomOhyRhNCRNRRUjnVgQxD1G2t7oauK374mQNArv1DgmLkeDkAYUI6WlvllzfMIUgg/QkZRDJxAIp7xXdU5yY5Slo95ppv8cqSFGLL3N+mbZqlhTwEVi56QMcjT65qfjRzjhJFSYISm7thUrN0VCUcxIVnISSWKER2hAupqGiBPpptPrMnikFR8GkdAvVHCq/u5IEZdyzD1dOVlRznsT8T+vm6jgwk1pGCeKhHg2KEgYVBGcRAV9KghWbKwJwoLqXSEeIh2Q0oGWdAj2/MmLpFWt2GcV+6ZWrl/mcRTBATgEx8AG56AOrkEDNAEGj+AZvII348l4Md6Nj1lpwch79sEfGF8/Kdmh/g==</latexit>

�x ⇠ m2 �k

k3
R

<latexit sha1_base64="lKhd1jn80FMJhWzas1bw71CXykM=">AAACCnicbVA9SwNBEN3zM8avqKXNahCs4p2IWgZtLCOYD8iFsLeZJEt2787dOUk4Utv4V2wsFLH1F9j5b9x8FJr4YODx3gwz84JYCoOu++0sLC4tr6xm1rLrG5tb27md3YqJEs2hzCMZ6VrADEgRQhkFSqjFGpgKJFSD3vXIrz6ANiIK73AQQ0OxTijagjO0UjN34LdAIqP9ZuprRYNEGxxS3wgF99TvixPVzOXdgjsGnSfelOTJFKVm7stvRTxRECKXzJi658bYSJlGwSUMs35iIGa8xzpQtzRkCkwjHb8ypEdWadF2pG2FSMfq74mUKWMGKrCdimHXzHoj8T+vnmD7spGKME4QQj5Z1E4kxYiOcqEtoYGjHFjCuBb2Vsq7TDOONr2sDcGbfXmeVE4L3nnBuz3LF6+mcWTIPjkkx8QjF6RIbkiJlAknj+SZvJI358l5cd6dj0nrgjOd2SN/4Hz+APecmm8=</latexit>

�xburst ' ⇠/m

Energy density at detector drops fast with distance, 
<latexit sha1_base64="tBxrUn+ts6DzvtxA265+PJ48DM8=">AAACAXicbVC7TsMwFHV4lvIKsCCxWFRILFQJIGCsYGEsiD6kJlSO67RWndiyHaQqCgu/wsIAQqz8BRt/g9NmgJYjWTo65175nhMIRpV2nG9rbn5hcWm5tFJeXVvf2LS3tpuKJxKTBuaMy3aAFGE0Jg1NNSNtIQmKAkZawfAq91sPRCrK4zs9EsSPUD+mIcVIG6lr73pCcqE59CKkBxix9Da7T49Osq5dcarOGHCWuAWpgAL1rv3l9ThOIhJrzJBSHdcR2k+R1BQzkpW9RBGB8BD1ScfQGEVE+ek4QQYPjNKDIZfmxRqO1d8bKYqUGkWBmczvVNNeLv7ndRIdXvgpjUWiSYwnH4UJgyZxXgfsUUmwZiNDEJbU3ArxAEmEtSmtbEpwpyPPkuZx1T2rujenldplUUcJ7IF9cAhccA5q4BrUQQNg8AiewSt4s56sF+vd+piMzlnFzg74A+vzB5LAlvc=</latexit>

/ R�3
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We Might Do Worse
13

We Can Do Better!
Short-duration 

at source Long duration 
at detector

Axion 
Burst

δxburst

δx

Naive guess:  

   
g*

gDM
∼

ρDM QDM

ρ* Q*
∼ 103 ρDM

ρ*
≲ 1

Though energy density decreases,  
burst duration grows. 

Can still ‘catch’ whole signal!
Wave spreading No wave spreading

<latexit sha1_base64="0XXi/1Vvcmr0Glcq/Y2p1NKNzCw=">AAACCHicbVBNS8NAEN34WetX1KMHF4vgqSYi6rHoxWMF+wFNCJvNtl26m4TdiVhCj178K148KOLVn+DNf+O2zUFbHww83pthZl6YCq7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qJFOUNWgiEtUOiWaCx6wBHARrp4oRGQrWCgfXY791z5TmSXwHw5T5kvRi3uWUgJEC+8CLmACCIcg9JXGYKQ0j7GkusffAT2RgV5yqMwGeJ25BKqhAPbC/vCihmWQxUEG07rhOCn5OFHAq2KjsZZqlhA5Ij3UMjYlk2s8nj4zwkVEi3E2UqRjwRP09kROp9VCGplMS6OtZbyz+53Uy6F76OY/TDFhMp4u6mcCQ4HEqOOKKURBDQwhV3NyKaZ8oQsFkVzYhuLMvz5PmadU9r7q3Z5XaVRFHCe2jQ3SMXHSBaugG1VEDUfSIntErerOerBfr3fqYti5Yxcwe+gPr8wdJlpmB</latexit>

�tburst ⇠ ⇠/m

<latexit sha1_base64="/5BJq478YLxejbWkSu3Xobl30xY=">AAACHXicbVDLSgMxFM34rPVVdekmWAQXUmZqUZdFNy6r2Ad02pJJM21oMjMkd4QyzI+48VfcuFDEhRvxb0zbWWjrgcDJOfdy7z1eJLgG2/62lpZXVtfWcxv5za3tnd3C3n5Dh7GirE5DEaqWRzQTPGB14CBYK1KMSE+wpje6nvjNB6Y0D4N7GEesI8kg4D6nBIzUK1TcPhNAMGBXc4ldXxGayG7ZPc2MUZqMumep+UsCQ0pEcpf2CkW7ZE+BF4mTkSLKUOsVPt1+SGPJAqCCaN127Ag6CVHAqWBp3o01iwgdkQFrGxoQyXQnmV6X4mOj9LEfKvMCwFP1d0dCpNZj6ZnKyYp63puI/3ntGPzLTsKDKAYW0NkgPxYYQjyJCve5YhTE2BBCFTe7YjokJiAwgeZNCM78yYukUS455yXntlKsXmVx5NAhOkInyEEXqIpuUA3VEUWP6Bm9ojfryXqx3q2PWemSlfUcoD+wvn4AIxmh+g==</latexit>

�t ⇠ m2 �k

k3
R

c.f.

<latexit sha1_base64="8ArIT3ImWAn6JY2y3J2z148t/iM="></latexit>

⇢⇤ ⇡ Epeak
4⇡R2 �xburst

<latexit sha1_base64="2C5RqFjkh2mAfHNOBPXQd4+V44Y="></latexit>

⇢⇤ ⇡ Epeak
4⇡R2 �x

c.f.

Wave spreading No wave spreading

<latexit sha1_base64="ng28eOPAikwH7EZbVcdkaB/9lX4=">AAACHXicbVC7TsMwFHXKq5RXgJHFokJiQFVSKmCsYGEsiD6kJq0cx2mt2klkO4gqyo+w8CssDCDEwIL4G9w2A7QcydLxOffq3nu8mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5LRonApIkjFomOhyRhNCRNRRUjnVgQxD1G2t7oauK374mQNArv1DgmLkeDkAYUI6WlvllzfMIUgg/QkZRDJxAIp7xXdU5yY5Slo95ppv8cqSFGLL3N+mbZqlhTwEVi56QMcjT65qfjRzjhJFSYISm7thUrN0VCUcxIVnISSWKER2hAupqGiBPpptPrMnikFR8GkdAvVHCq/u5IEZdyzD1dOVlRznsT8T+vm6jgwk1pGCeKhHg2KEgYVBGcRAV9KghWbKwJwoLqXSEeIh2Q0oGWdAj2/MmLpFWt2GcV+6ZWrl/mcRTBATgEx8AG56AOrkEDNAEGj+AZvII348l4Md6Nj1lpwch79sEfGF8/Kdmh/g==</latexit>

�x ⇠ m2 �k

k3
R

<latexit sha1_base64="lKhd1jn80FMJhWzas1bw71CXykM=">AAACCnicbVA9SwNBEN3zM8avqKXNahCs4p2IWgZtLCOYD8iFsLeZJEt2787dOUk4Utv4V2wsFLH1F9j5b9x8FJr4YODx3gwz84JYCoOu++0sLC4tr6xm1rLrG5tb27md3YqJEs2hzCMZ6VrADEgRQhkFSqjFGpgKJFSD3vXIrz6ANiIK73AQQ0OxTijagjO0UjN34LdAIqP9ZuprRYNEGxxS3wgF99TvixPVzOXdgjsGnSfelOTJFKVm7stvRTxRECKXzJi658bYSJlGwSUMs35iIGa8xzpQtzRkCkwjHb8ypEdWadF2pG2FSMfq74mUKWMGKrCdimHXzHoj8T+vnmD7spGKME4QQj5Z1E4kxYiOcqEtoYGjHFjCuBb2Vsq7TDOONr2sDcGbfXmeVE4L3nnBuz3LF6+mcWTIPjkkx8QjF6RIbkiJlAknj+SZvJI358l5cd6dj0nrgjOd2SN/4Hz+APecmm8=</latexit>

�xburst ' ⇠/m

Energy density at detector drops fast with distance, 
<latexit sha1_base64="tBxrUn+ts6DzvtxA265+PJ48DM8=">AAACAXicbVC7TsMwFHV4lvIKsCCxWFRILFQJIGCsYGEsiD6kJlSO67RWndiyHaQqCgu/wsIAQqz8BRt/g9NmgJYjWTo65175nhMIRpV2nG9rbn5hcWm5tFJeXVvf2LS3tpuKJxKTBuaMy3aAFGE0Jg1NNSNtIQmKAkZawfAq91sPRCrK4zs9EsSPUD+mIcVIG6lr73pCcqE59CKkBxix9Da7T49Osq5dcarOGHCWuAWpgAL1rv3l9ThOIhJrzJBSHdcR2k+R1BQzkpW9RBGB8BD1ScfQGEVE+ek4QQYPjNKDIZfmxRqO1d8bKYqUGkWBmczvVNNeLv7ndRIdXvgpjUWiSYwnH4UJgyZxXgfsUUmwZiNDEJbU3ArxAEmEtSmtbEpwpyPPkuZx1T2rujenldplUUcJ7IF9cAhccA5q4BrUQQNg8AiewSt4s56sF+vd+piMzlnFzg74A+vzB5LAlvc=</latexit>

/ R�3
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We Might Do Worse
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We Can Do Better!
Short-duration 

at source Long duration 
at detector

Axion 
Burst

δxburst

δx

Naive guess:  

   
g*

gDM
∼

ρDM QDM

ρ* Q*
∼ 103 ρDM

ρ*
≲ 1

Though energy density decreases,  
burst duration grows. 

Can still ‘catch’ whole signal!
Wave spreading No wave spreading

<latexit sha1_base64="0XXi/1Vvcmr0Glcq/Y2p1NKNzCw=">AAACCHicbVBNS8NAEN34WetX1KMHF4vgqSYi6rHoxWMF+wFNCJvNtl26m4TdiVhCj178K148KOLVn+DNf+O2zUFbHww83pthZl6YCq7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qJFOUNWgiEtUOiWaCx6wBHARrp4oRGQrWCgfXY791z5TmSXwHw5T5kvRi3uWUgJEC+8CLmACCIcg9JXGYKQ0j7GkusffAT2RgV5yqMwGeJ25BKqhAPbC/vCihmWQxUEG07rhOCn5OFHAq2KjsZZqlhA5Ij3UMjYlk2s8nj4zwkVEi3E2UqRjwRP09kROp9VCGplMS6OtZbyz+53Uy6F76OY/TDFhMp4u6mcCQ4HEqOOKKURBDQwhV3NyKaZ8oQsFkVzYhuLMvz5PmadU9r7q3Z5XaVRFHCe2jQ3SMXHSBaugG1VEDUfSIntErerOerBfr3fqYti5Yxcwe+gPr8wdJlpmB</latexit>

�tburst ⇠ ⇠/m

<latexit sha1_base64="/5BJq478YLxejbWkSu3Xobl30xY=">AAACHXicbVDLSgMxFM34rPVVdekmWAQXUmZqUZdFNy6r2Ad02pJJM21oMjMkd4QyzI+48VfcuFDEhRvxb0zbWWjrgcDJOfdy7z1eJLgG2/62lpZXVtfWcxv5za3tnd3C3n5Dh7GirE5DEaqWRzQTPGB14CBYK1KMSE+wpje6nvjNB6Y0D4N7GEesI8kg4D6nBIzUK1TcPhNAMGBXc4ldXxGayG7ZPc2MUZqMumep+UsCQ0pEcpf2CkW7ZE+BF4mTkSLKUOsVPt1+SGPJAqCCaN127Ag6CVHAqWBp3o01iwgdkQFrGxoQyXQnmV6X4mOj9LEfKvMCwFP1d0dCpNZj6ZnKyYp63puI/3ntGPzLTsKDKAYW0NkgPxYYQjyJCve5YhTE2BBCFTe7YjokJiAwgeZNCM78yYukUS455yXntlKsXmVx5NAhOkInyEEXqIpuUA3VEUWP6Bm9ojfryXqx3q2PWemSlfUcoD+wvn4AIxmh+g==</latexit>

�t ⇠ m2 �k

k3
R

c.f.

Can regain some coherence at the detector, 
Even though oscillator quality is  at sourceQ* = 𝒪(1)

<latexit sha1_base64="Kbhqqiz8rOeiWV13XbzNRDpGRlY=">AAACCXicbVBNS8NAEN3Ur1q/qh69LBZBRGpSRD0WvXisYD+gCWGz3bRLd5OwOxFK6NWLf8WLB0W8+g+8+W/ctjlo64OBx3szzMwLEsE12Pa3VVhaXlldK66XNja3tnfKu3stHaeKsiaNRaw6AdFM8Ig1gYNgnUQxIgPB2sHwZuK3H5jSPI7uYZQwT5J+xENOCRjJL2MXSOpnJ6eZqyQOUqVhPMau5hLX3ISfSb9csav2FHiRODmpoBwNv/zl9mKaShYBFUTrrmMn4GVEAaeCjUtuqllC6JD0WdfQiEimvWz6yRgfGaWHw1iZigBP1d8TGZFaj2RgOiWBgZ73JuJ/XjeF8MrLeJSkwCI6WxSmAkOMJ7HgHleMghgZQqji5lZMB0QRCia8kgnBmX95kbRqVeei6tydV+rXeRxFdIAO0TFy0CWqo1vUQE1E0SN6Rq/ozXqyXqx362PWWrDymX30B9bnD67tma8=</latexit>

⌧⇤,burst ⇠ 2⇡/mc.f.

<latexit sha1_base64="oehe+ho/eZ0dYn4skdjtFHhFZY0="></latexit>

⌧⇤ ⇠ 2⇡m2 �k

⇠ k3
R

Wave spreading No wave spreading

<latexit sha1_base64="8ArIT3ImWAn6JY2y3J2z148t/iM="></latexit>

⇢⇤ ⇡ Epeak
4⇡R2 �xburst

<latexit sha1_base64="2C5RqFjkh2mAfHNOBPXQd4+V44Y="></latexit>

⇢⇤ ⇡ Epeak
4⇡R2 �x

c.f.

Wave spreading No wave spreading

<latexit sha1_base64="ng28eOPAikwH7EZbVcdkaB/9lX4=">AAACHXicbVC7TsMwFHXKq5RXgJHFokJiQFVSKmCsYGEsiD6kJq0cx2mt2klkO4gqyo+w8CssDCDEwIL4G9w2A7QcydLxOffq3nu8mFGpLOvbKCwtr6yuFddLG5tb2zvm7l5LRonApIkjFomOhyRhNCRNRRUjnVgQxD1G2t7oauK374mQNArv1DgmLkeDkAYUI6WlvllzfMIUgg/QkZRDJxAIp7xXdU5yY5Slo95ppv8cqSFGLL3N+mbZqlhTwEVi56QMcjT65qfjRzjhJFSYISm7thUrN0VCUcxIVnISSWKER2hAupqGiBPpptPrMnikFR8GkdAvVHCq/u5IEZdyzD1dOVlRznsT8T+vm6jgwk1pGCeKhHg2KEgYVBGcRAV9KghWbKwJwoLqXSEeIh2Q0oGWdAj2/MmLpFWt2GcV+6ZWrl/mcRTBATgEx8AG56AOrkEDNAEGj+AZvII348l4Md6Nj1lpwch79sEfGF8/Kdmh/g==</latexit>
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�xburst ' ⇠/m

Energy density at detector drops fast with distance, 
<latexit sha1_base64="tBxrUn+ts6DzvtxA265+PJ48DM8=">AAACAXicbVC7TsMwFHV4lvIKsCCxWFRILFQJIGCsYGEsiD6kJlSO67RWndiyHaQqCgu/wsIAQqz8BRt/g9NmgJYjWTo65175nhMIRpV2nG9rbn5hcWm5tFJeXVvf2LS3tpuKJxKTBuaMy3aAFGE0Jg1NNSNtIQmKAkZawfAq91sPRCrK4zs9EsSPUD+mIcVIG6lr73pCcqE59CKkBxix9Da7T49Osq5dcarOGHCWuAWpgAL1rv3l9ThOIhJrzJBSHdcR2k+R1BQzkpW9RBGB8BD1ScfQGEVE+ek4QQYPjNKDIZfmxRqO1d8bKYqUGkWBmczvVNNeLv7ndRIdXvgpjUWiSYwnH4UJgyZxXgfsUUmwZiNDEJbU3ArxAEmEtSmtbEpwpyPPkuZx1T2rujenldplUUcJ7IF9cAhccA5q4BrUQQNg8AiewSt4s56sF+vd+piMzlnFzg74A+vzB5LAlvc=</latexit>

/ R�3



Joshua Eby (IPMU)                                                                                                                Axion Stars: Toward the Planck Scale

How to Search
14

Sensitivity Ratio

“Is a given DM experiment equally/more sensitive 
to relativistic bursts compared to standard search?”

Total experimental integration time tint = yr
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For absolute sensitivity, 
we use ABRACADABRA 

long-term reach
Kahn, Safdi, Thaler (1602.01086)

Though see also  
DMRadio (Snowmass2021) 

and SHAFT (2003.03348)

https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
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For absolute sensitivity, 
we use ABRACADABRA 

long-term reach
Kahn, Safdi, Thaler (1602.01086)

Though see also  
DMRadio (Snowmass2021) 

and SHAFT (2003.03348)

Define # burst-making objects 

 
within  of Earth

<latexit sha1_base64="gC8WNM3TNsekUe3gGF0kFAphY5E="></latexit>

N(R) =
fDM⇢DM

E
4⇡R3

3
<latexit sha1_base64="xq6KK+P/SeyQr9wicofcYPgPa9Q=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF49VrC2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Lure3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjBuRbg==</latexit>

R

For axion stars, 
<latexit sha1_base64="evkzeFpqQO+Nm5eqcgfZGgnCO6w="></latexit>

Nstar(R) ⇡ fDM

✓
R

100AU

◆3 m5

f12

Check whether 

 
(1 burst within  of Earth 

per year)

<latexit sha1_base64="LoSla5ouyYJ/J23ny6SPglSgmSc="></latexit>

N ⌘ Nstar(R)

✓
1 year

⌧

◆
< 1

<latexit sha1_base64="xq6KK+P/SeyQr9wicofcYPgPa9Q=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF49VrC2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Lure3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjBuRbg==</latexit>

R

“How likely is it for a ‘nearby’ burst to occur  
within 1 year of experimental running?”

Assume average time for burst τ = 10Gyr

https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
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Bosenova Explosion

Using ABRACADABRA sensitivity projection for gDM
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1. Sensitivity bands vertical: 
coupling  

but signal 
∝ 1/f
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Using ABRACADABRA sensitivity projection for gDM
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Bosenova Explosion

2. Axion stars won’t collapse 
in the usual way for f ≳ 1017 GeV
JE, Street, Suranyi, Wijewardhana (2011.09087)

Using ABRACADABRA sensitivity projection for gDM
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Bosenova Explosion

2. Axion stars won’t collapse 
in the usual way for f ≳ 1017 GeV
JE, Street, Suranyi, Wijewardhana (2011.09087)

Using ABRACADABRA sensitivity projection for gDM

3. Contours for  
Explosions infrequent in this case… 

Shorter lifetime possible?

<latexit sha1_base64="WRsXlJrxuM7RKGxj8AZCb71swAc=">AAACDXicbVDNS8MwHE3n15xfVY9eilOYMEYroh6HevAiTHEfsJaSpukWlqYlSYVR+g948V/x4kERr969+d+Ydjvo5oPA473fL3l5XkyJkKb5rZUWFpeWV8qrlbX1jc0tfXunI6KEI9xGEY14z4MCU8JwWxJJcS/mGIYexV1vdJn73QfMBYnYvRzH2AnhgJGAICiV5OoHdnFHyrGf1ewQyiGCNL3L6raEST1w06ub7MjVq2bDLGDME2tKqmCKlqt/2X6EkhAziSgUom+ZsXRSyCVBFGcVOxE4hmgEB7ivKIMhFk5aJMmMQ6X4RhBxdZg0CvX3RgpDIcahpybzvGLWy8X/vH4ig3MnJSxOJGZo8lCQUENGRl6N4ROOkaRjRSDiRGU10BByiKQqsKJKsGa/PE86xw3rtGHdnlSbF9M6ymAP7IMasMAZaIJr0AJtgMAjeAav4E170l60d+1jMlrSpju74A+0zx+glJvk</latexit>

(R, ⌧, fDM )
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Bosenova Explosion

4. Axion→photons through 
parametric resonance

Levkov, Panin, Tkachev (2004.05179)
Feature or bug? 

(Multi-messenger signal?)

2. Axion stars won’t collapse 
in the usual way for f ≳ 1017 GeV
JE, Street, Suranyi, Wijewardhana (2011.09087)

Using ABRACADABRA sensitivity projection for gDM

3. Contours for  
Explosions infrequent in this case… 

Shorter lifetime possible?
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(R, ⌧, fDM )



Joshua Eby (IPMU)                                                                                                                Axion Stars: Toward the Planck Scale

Nucleon Couplings
16

Sensitivity Ratio
<latexit sha1_base64="5GpVsyF3SEVogi2Jp8bEp3OtmBE="></latexit>

g⇤
gDM

⇠ vDM

r
⇢DM

⇢⇤

t1/4int min
⇣
⌧1/4DM, t1/4int

⌘

min
h
(�t)1/4 , t1/4int

i
min

⇣
⌧1/4⇤ , t1/4int

⌘

Bosenova Explosion



Joshua Eby (IPMU)                                                                                                                Axion Stars: Toward the Planck Scale

Nucleon Couplings
16

Sensitivity Ratio
<latexit sha1_base64="5GpVsyF3SEVogi2Jp8bEp3OtmBE="></latexit>

g⇤
gDM

⇠ vDM

r
⇢DM

⇢⇤

t1/4int min
⇣
⌧1/4DM, t1/4int

⌘

min
h
(�t)1/4 , t1/4int

i
min

⇣
⌧1/4⇤ , t1/4int

⌘

Bosenova Explosion



Joshua Eby (IPMU)                                                                                                                Axion Stars: Toward the Planck Scale

Nucleon Couplings
16

Sensitivity Ratio
<latexit sha1_base64="5GpVsyF3SEVogi2Jp8bEp3OtmBE="></latexit>

g⇤
gDM

⇠ vDM

r
⇢DM

⇢⇤

t1/4int min
⇣
⌧1/4DM, t1/4int

⌘

min
h
(�t)1/4 , t1/4int

i
min

⇣
⌧1/4⇤ , t1/4int

⌘

New broadband search strategies needed!

Bosenova Explosion
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Detecting Axion Star Explosions
๏ Idea: Detect high-energy axion burst from axion star collapse + Bosenova!

17

Axion Star 
Collapse

Axion Star 
Bosenova

Bosenova Axions
Dark Matter Axions
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Grows in Mass

Incoming Axion Field

M⋆ ↑

M⋆ > Mc

1. 

2. 

3. 

 
    ⇒ High Quality 

                 

ρDM ≃ 0.4 GeV/cm3

vDM ≃ 10−3

QDM ∼ v−2
DM ∼ 106

Axion 
Burst

Optimistic Case: 

• Minimal-uncertainty 
 

• Short burst duration 
 

• Vary total energy 

δk = (δxburst)−1

δtburst ≃ 1/m

BURST
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Sensitivity to General Explosions

18
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Conclusions
๏ Axion stars are a unique prediction of light scalar field dark matter

๏ They are astrophysical objects, that can form, accrete, collapse, decay, explode 

๏ When the decay constant , states on the dilute branch can be unstable to decay

๏ Large-f axions may be detectable by their emission of relativistic bursts of axions (though in narrow case of  
 
axion star bosenovae they may be rare). General axion bursts are a new signature worth exploring!

๏ Potential probe of fundamental axion potential, very difficult in conventional DM search 
 
(How do details of self-int. potential modify emission spectrum? More simulations!)

๏ More speculative implications:

๏ Many explosions in distant past → relic background from transients?

๏ Coincident photon / GW bursts (e.g. asymmetric collapses or mergers) → multi-messenger signals?

f ≳ 1017 GeV

19

Thanks!

Axion 
Burst
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f ≃ 8 × 1017 GeV

f ≃ 8 × 1016 GeV
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Bonus Round
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Light Scalars: Phenomenological Story

๏ DM field 𝝓 with extremely small mass 

๏ Can have scalar or pseudoscalar couplings to matter

๏ Might couple only gravitationally…!

10−22 eV ≲ mϕ ≲ eV

21

Scalar:
ℒ ⊃ ge ϕ ē e +

gγ

4
ϕ FμνFμν

Graham, Kaplan, Rajendran (1504.07551) 

Flacke, Frugiuele, Fuchs, Gupta, Perez (1610.02025)

ℒ ⊃
gϕγγ

4
ϕ F̃μν Fμν +

i gd

2
ϕ N̄σμνγ5 N Fμν

1) Equivalence Principle, long-range forces 

2) Oscillation of fundamental constants 1) Resonant magnetic cavity  

2) Nuclear magnetic resonanceme → me + ge ϕ(t) α → α + gγ ϕ(t)

Probe by atomic clocks, nuclear transitions… Probed by ADMX, CASPEr…

“Axions” / “ALPs”

“Relaxions”

“Dilatons”

Couplings  ∝ 1/f

Pseudoscalar:
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Axion DM is Wave-Like

22

https://www.youtube.com/watch?v=bY1S6rkWU0c
Based on simulations by Schive et al., 1407.7762
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Axion DM is Wave-Like

22

https://www.youtube.com/watch?v=bY1S6rkWU0c
Based on simulations by Schive et al., 1407.7762
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Axion DM is Wave-Like

22

https://www.youtube.com/watch?v=bY1S6rkWU0c
Based on simulations by Schive et al., 1407.7762
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Axion DM is Wave-Like

22

https://www.youtube.com/watch?v=bY1S6rkWU0c
Based on simulations by Schive et al., 1407.7762
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Do Axion Stars Really Form?
23

Levkov, Panin, Tkachev (1804.05857)

Schive et al. (1407.7762)
Eggemeier and Niemeyer (1906.01348)

Mocz et al. (1705.05845)
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Do Axion Stars Really Form? (2)
๏ Evidence 2:  Analytic argument

• Gravitational relaxation of quasiparticles sufficient for formation

24

See e.g. Binney and Tremaine, “Galactic Dynamics, 2nd Edition”

Quasiparticle dispersion

Δv2 ≃ 8 N ( G M
Rgal v ) ln N

Velocity change per crossing

Δv2

v2
≃

8 ln N
N

Fractional velocity change

Soliton formation

trelax ≃
0.1 N
ln N

tcross

Relaxation to ground state
Hui, Ostriker, Tremaine, Witten (1610.08297) 

Bar-Or, Fouvry, Tremaine (1809.07673)

See also Levkov, Panin, Tkachev (1804.05857)

Analytic timescale matches simulation results!
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7
eV

<latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit>

�
=
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ye
ar

<latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit>

� =
1

<latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit>

� =
10
3

<latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit>

� =
10
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<latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit>

U
ns
ta
bl
e

<latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit>

f
=
10

6 G
eV

<latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit>

f
=
10

8 G
eV

<latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit> f
=
10

10
G
eV

<latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit>

G
NO

M
E

<latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit>

relaxion
stars

<latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit><latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit><latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit><latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit><latexit sha1_base64="wDJfTO5cgdaEtKEZjK2e/79jvSw=">AAACH3icbVDLTgIxFO3gC/GFunDhppGQuCIzxkTdEd24xESEBCak07lAQ+eR9g6BTPgZ3ep/uDJu+Q2/wAKzEPAkTU7Oubc9PV4shUbbnlq5jc2t7Z38bmFv/+DwqHh88qKjRHGo80hGqukxDVKEUEeBEpqxAhZ4Ehre4GHmN4agtIjCZxzH4AasF4qu4AyN1CmetRFGqIJUgWQjI1GNTOlJp1iyK/YcdJ04GSmRDLVO8aftRzwJIEQumdYtx47RTZlCwSVMCuV2oiFmfMB60DI0ZAFoN53/YELLRvFpN1LmhEjnauHPRsoCrceBZyYDhn296s3E/7xWgt1bNxVhnCCEfPFQN5EUIzqrg/pCAUc5NoRxJUxYyvtMMY6mtKWb/KGIdZZ6tIhtSnJWK1kn9avKXcV5ui5V77O28uScXJBL4pAbUiWPpEbqhJMJeSPv5MN6tT6tL+t7MZqzsp1TsgRr+gtC9aTn</latexit>

Transient axion stars encounters with Earth?
Banerjee, Budker, JE, Kim,  

Perez (1902.08212)

Γ ∝ ρlocalR3
⋆ m2

ϕ

δ ∝ ρ−1
local R−4

⋆ m−2
ϕ

(Difficult)

25
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Results
26
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m ∈ {10−20 − 1} eV

JE, Street, Suranyi, Wijewardhana (2011.09087)
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A Field-Theoretic Method
๏ Start from the UV theory: Einstein+Klein-Gordon (EKG) equations

27

□ ϕ − V′ (ϕ) = 0

⟨N | □ ϕ − V′ (ϕ) |N − 1⟩ = 0

Ansatz for the quantum theory:

ϕ(t, ⃗r ) = ∑
nℓm

̂anℓmRnℓ( ⃗r )Yℓm( ̂r)ei μnℓ t + h . c .

Ground-State 
Only

ϕ(t, ⃗r ) = ̂a0 R(r) ei μ0 t + h . c .

|N⟩ =
( ̂a†

0)N

N!
|0⟩N-Particle Ground State

If  :V(ϕ) =
1
2

m2ϕ2 Then (★) is an exact solution 

for appropriately-chosen R(r)

(★)

(μ2
0 − m2 + ∇2) R(r) + (gravity) = 0

Gμν = 8πG Tμν

ds2 = B(r) dt2 − A(r) dr2 − r2 dΩ2 Tν
μ = diag(ρE, − pr, − p⊥, − p⊥)

LHS: Classical GR 
 

RHS: Semi-classical (expectation values)

⟨N |Tμν |N⟩ ⊃ ⟨N |ϕ2 |N⟩ = 2 N R(r)2
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EKG Equations
๏ Coupled equations of motion for R(r), A(r), B(r)

28

A′ 

A2 r
+

A − 1
A r2

=
8π
M2

P [ μ2
0 N R2

B
+

N R′ 2

A
+ N m2 R2]

B′ 

A B r
−

A − 1
A r2

=
8π
M2

P [ μ2
0 N R2

B
+

N R′ 2

A
− N m2 R2]

R′ ′ + ( 2
r

+
B′ 

2B
−

A′ 

2A ) R′ + ( μ2
0 A
B

− m2) R = 0⟨N | □ ϕ − V′ (ϕ) |N − 1⟩ = 0

Gμν = 8πG ⟨N |Tμν |N⟩

Ruffini and Bonazzola, Phys Rev ‘69

Barranco and Bernal (1001.1769)

๏ Ruffini+Bonazzola (RB): No self-interactions, solved EKG equations numerically

๏ Barranco+Bernal: Extend RB to leading self-interactions, but found equations too 
 
difficult to solve in some regions of parameter space
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Double Expansion
๏ Take the non relativistic limit, keeping track of small parameters

๏ Two approximations:

JE, Suranyi, Vaz, Wijewardhana (1412.3430)

−Y(x) = − ∇2Y(x) +
δ

Δ2
b(x) Y(x) −

1
8

Y(x)3

∇2b(x) =
Y(x)2

2

• Weak binding (NR limit): , or define 

• Rescale        ,    

|μ0 − m | ≪ m Δ ≡ 1 −
μ2

0

m2
≪ 1

x = Δ m r Y(x) =
2 N R(r)

m Δ

• Weak gravity: ,   with A(r) = 1 + δ a(x) B(r) = 1 + δ b(x) δ ≡
8π f2

M2
P

≪ 1

A′ 

A2 r
+

A − 1
A r2

=
8π
M2

P [ μ2
0 N R2

B
+

N R′ 2

A
+ N m2 R2 −

N2 R4

4 f 2 ]
B′ 

A B r
−

A − 1
A r2

=
8π
M2

P [ μ2
0 N R2

B
+

N R′ 2

A
− N m2 R2 +

N2 R4

4 f 2 ]

R′ ′ + ( 2
r

+
B′ 

2B
−

A′ 

2A ) R′ + ( μ2
0 A
B

− m2) R −
A N R3

2 f 2
= 0
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RB vs GRB
30

□ ϕ − V′ (ϕ) = 0

⟨N | □ ϕ − V′ (ϕ) |N − 1⟩ = 0

RB

⟨N | □ ϕ − V′ (ϕ) |N − k⟩ = 0 for all k ∈ ℤ

Weak Gravity δ =
8π f 2

M2
P

≪ 1

ϕ = ∑
k

[ ̂ak
0 Rk(r) ei k μ0 t + h . c . ]ϕ = [ ̂a0 R(r) ei μ0 t + h . c . ]

Non-relativistic Δ = 1 −
μ2

0

m2
≪ 1

(μ2
0 − m2 + ∇2) R(r) + ⟨N |V′ int |N − 1⟩

+(gravity) = 0
[(kμ0)2 − m2 + ∇2] Rk(r) + ⟨N |V′ int |N − k⟩

+(gravity) = 0

GRB

Infinite set of equations??−Y(x) = − ∇2Y(x) +
δ

Δ2
b(x) Y(x) −

1
8

Y(x)3
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Contributions to kth GRB Equation

๏ Consider axion potential:

๏ Apply GRB operator: 

31

⟨N |ϕ3 |N − 1⟩ ⊃ {R3
1 , R3 R2

1 , R3 R4
1 , R2

3 R1, R2
3 R3

1 . . . }

Vint(ϕ) = V(ϕ) −
m2

2
ϕ2 = −

1
4! ( m

f )
2

ϕ4 +
1

6! f 2 ( m
f )

2

ϕ6 − . . .

V′ int(ϕ) = −
1
3! ( m

f )
2

ϕ3 +
1

5! f 2 ( m
f )

2

ϕ5 − . . .

ϕ3 = [∑
k

[ ̂ak
0 Rk(r) ei k μ0 t + h . c . ]]

3

= [ ̂a0 R1(r) ei μ0 t + h . c . ]3 + [ ̂a3
0 R3(r) ei 3 μ0 t + h . c . ]3

+[ ̂a0 R1(r) ei μ0 t + h . c . ]2 [ ̂a3
0 R3(r) ei 3 μ0 t + h . c . ]

+[ ̂a0 R1(r) ei μ0 t + h . c . ] [ ̂a3
0 R3(r) ei 3 μ0 t + h . c . ]2

+ . . .

⟨N |ϕ5 |N − 1⟩ ⊃ {R5
1 , R3 R2

1 , R2
3 R5

1 , . . . }

⟨N |

|N − 2⟩

|N − 1⟩

|N − 4⟩

|N − 3⟩

|N − 6⟩

|N − 5⟩

R1 R3
1 R2

3 R1 R3 R2
1 R3 R4

1
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GRB Expansion
๏ Organize higher-harmonic contributions in a power series in :Δ ≪ 1

32

Y(x) =
2 N R(r)

m Δ

Yk(x) =
2Nk/2 Rk(r)

m Δk

RB

GRB

ϕ3 ∝ [∑
k

̂ak
0 Rk(r) ei k μ0 t + h . c . ]

3

𝒪(Δ3)Leading Order: R1(r)3 ∝ Δ3 Y1(x)3

𝒪(Δ5)Next-To-Leading Order: R3 R2
1 ∝ Δ5 Y3 Y2

1

Vint(ϕ) = −
1
4! ( m

f )
2

ϕ4 +
1

6! f 2 ( m
f )

2

ϕ6 − . . .

(Can set ,  
since potential is even  

function of 𝝓)

R2k = 0

ϕ5

R5
1 ∝ Δ5 Y5

1

𝒪(Δ7)NN-Leading Order: R5 R2
1 ∝ Δ7 Y5 Y2

1

R2
3 R1 ∝ Δ7 Y2

3 Y1

R7
1 ∝ Δ7 Y7

1

ϕ7
V′ int(ϕ)

R3 R4
1 ∝ Δ7 Y3 Y4

1

๏ Even better: dynamical equation for  is  
 
                         ⇒ At , need to solve at most k-2 equations!

Rk ⟨N | □ ϕ − V′ (ϕ) |N − k⟩ = 0
𝒪(Δk)

. 

. 

.
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GRB for Axion Stars
๏ First GRB Equation: (k=1 at ) 

 
 

     ⇒

𝒪(Δ5)

⟨N | □ ϕ − V′ (ϕ) |N − 1⟩ = 0

33

Mass 
Term

Kinetic 
Term

LO SI 
Term

NLO SI 
Term

−Y1 + ∇2
xY1 +

1
8

Y3
1 −

Δ2

24
Y5

1 +
Δ2

8
Y2

1 Y3 + 𝒪(Δ7) = 0

(8 − 9Δ2)Y3 + ∇2
xY3 +

1
24

Y3
1 −

Δ2

16
Y5

1 + 6Δ2 Y2
1 Y3 + 𝒪(Δ7) = 0

LO GRB 
Correction

Ignoring gravity for now
JE, Suranyi, Wijewardhana (1712.04941)

๏ Second GRB Equation:  (k=3 at ) 
 
 

     ⇒

𝒪(Δ5)

⟨N | □ ϕ − V′ (ϕ) |N − 3⟩ = 0

๏ Third GRB Equation for  couples only at Y5 𝒪(Δ7)
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1. Bound state: Backreaction of higher-harmonic modes

• Think of integrating out modes of energy 

• Organize as power series in : 

2μ0,3μ0, . . .

Δ ϕ(t, ⃗r ) ∝ ∑
k

[Δk ̂ak
0 Yk(r) ei k μ0 t + h . c . ]

Dense (Relativistic) Axion Stars

๏ Originally “axitons”, cosmological origin and short lifetime

๏ Resurrected in NR limit 

๏ Relativistic corrections:

34

Kolb+Tkachev (astro-ph/9311037) 

JE, Suranyi, Wijewardhana (1712.04941)

Vissinelli, Baum, Redondo, Freese, Wilczek (1710.08910)

Braaten, Mohapatra, Zhang (1512.00108)

2. Scattering states: Decay processes in the star

•  is super slow: 

• Self-interaction induces ( )  
 “quantum decay” for on-shell axions

• Inside axion star, axions not in momentum eigenstates:      “classical decay” through forbidden channels

• Decay rate 

 

only fast when  is relatively large:    

ϕ → γγ τϕ→γγ ≫ τU

2k ϕ → 2k′ ϕ

Γ3→1 =
1
T ∫

dp
(2π)3 2ωp ∫ d4x⟨N |V(ϕ) |N − 3, p⟩

2

∝ m Δ e−1/Δ

Δ Δ ≳ 0.05

JE, Suranyi, Wijewardhana  (1512.01709) 
                                 with Ma (1705.05385)

Braaten, Mohapatra, Zhang (1609.05182)

See also decay of oscillons, 
Hertzberg (1003.3459) 

Or for repulsive self-interactions, 
Hertzberg, Rompineve, Yang (2010.07927)
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๏ Recall how detection of axion field usually works:

Seeking A Fresh Idea
35

Dark Matter Axions

Incoming Axion Field

 ⇒ High Quality 

                 

ρDM ≃ 0.4 GeV/cm3

vDM ≃ 10−3

QDM ∼ v−2
DM ∼ 106


