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Introduction
Gravitational waves (GWs) from black holes (BHs): 
important tool for testing gravity in strong field regime 

This work: Odd-parity (axial) perturbations (~ GWs) of a 
BH with time-dependent scalar hair in general (shift-
symmetric) scalar-tensor theories 
––– General form of the Lagrangian for odd modes?

Hair?

Different geometry 
from GR?

Different propagation equation from GR?



Introduction
EFT approach is useful for static and spherically symmetric 
background in scalar-tensor theories 

Our background: 
 
 
configuration allowed in shift-symmetric theories: 

Time dependence breaks the usual assumption of EFT 

Better to start from covariant action

<latexit sha1_base64="OZTXOsLEkjZkpXsYQvxWJtlMYvk="></latexit>

gµ⌫ = gµ⌫(r), � = �(r)

Kase et al. (2014); Franciolini et al. (2019); Kuntz et al. (2020)
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gµ⌫ = gµ⌫(r), � = µt+  (r)
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L(�, @µ�, · · · )



General scalar-tensor theories

Horndeski theory

GR

The most general scalar-tensor theory with 2nd-order EOMs

Horndeski (1974)- free from Ostrogradsky instability by construction
<latexit sha1_base64="Y796GLL1iJsahudgaSyv24EY1ig="></latexit>

L = F0(�, X) + F1(�, X)⇤�+ F2(�, X)R+ F2,X

⇥
(⇤�)2 � �µ⌫�

µ⌫
⇤
+ · · ·
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General scalar-tensor theories

Horndeski theory

GR

Healthy theories beyond Horndeski

DHOST
(Degenerate Higher-Order Scalar-Tensor Theory)

Langlois & Noui (2015); 
Crisostomi et al. (2016); 
Ben Achour et al. (2016)

metric + single scalar, Ostrogradsky-stable

2 + 1 DOFs

- Higher-order EOMs, but degenerate



DHOST theories
<latexit sha1_base64="55EnSZfawNHXNTmhOJcu0est9Os="></latexit>

L = F0(X) + F1(X)⇤�

+ F2(X)R+A1(X)�µ⌫�
µ⌫ + · · ·+A5(X)(�µ�µ⌫�

⌫)2

+ F3(X)Gµ⌫�
µ⌫ +B1(X)(⇤�)3 + · · ·+B10(X)(�µ�µ⌫�

⌫)3

all possible terms of the form
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(rr�)2
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(rr�)3all possible terms of the form

Degeneracy conditions: 
algebraic relations among functions to eliminate Ostrogradsky ghost

Langlois & Noui (2015); 
Crisostomi et al. (2016); 
Ben Achour et al. (2016)



DHOST theories
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(rr�)3all possible terms of the form

Degeneracy conditions: 
algebraic relations among functions to eliminate Ostrogradsky ghost

Langlois & Noui (2015); 
Crisostomi et al. (2016); 
Ben Achour et al. (2016)

Extensions of DHOST theories: degeneracy conditions may be relaxed

- U-DHOST: 
degenerate only in unitary gauge      no propagating ghost 

- Scordatura (detuned DHOST): 
not problematic from EFT viewpoint

De Felice et al. (2018)

Motohashi & Mukohyama (2020)



Background examples

Stealth solutions in Horndeski and DHOST theories 

Non-stealth,                          ,…

<latexit sha1_base64="dEeDJ4oT8EHeFDyMckdCP0bEZBM="></latexit>

ds2 = �A(r)dt2 +
dr2

B(r)
+ r2

�
d✓2 + sin2 ✓d'2

�
, � = µt+  (r)
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A = B = 1� rh
r
, X = const.

Mukohyama (2005); Babichev & Charmousis (2014); TK & Tanahashi (2014); Babichev et al. (2016); 
Ben Achour& Liu (2019); Motohashi & Minamitsuji (2019); Minamitsuji & Edholm (2019); …

Rinaldi (2012); Babichev et al. (2017); Minamitsuji & Edholm (2020); …

<latexit sha1_base64="VDZzZQpRhFGOgSLAN4eAzMliigg="></latexit>

X = X(r) 6= const.



BH perturbations in scalar-
tensor theories

Horndeski, 

Horndeski, 

Quadratic DHOST, 

EFT, 

This work: Odd modes, cubic DHOST + matter,

<latexit sha1_base64="gvfxfjeKe4YYP4YXf3MvFQ+jdfc="></latexit>

� = �(r)
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� = µt+  (r)
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� = µt+  (r)

TK, Motohashi, Suyama (2012, 2014)

Ogawa, TK, Suyama (2016); Takahashi & Suyama (2017); Khoury et al. (2020)

Takahashi, Motohashi, Minamitsuji (2019); de Rham & Zhang (2019); 
Langlois, Noui, Roussille 2103.14750

<latexit sha1_base64="gvfxfjeKe4YYP4YXf3MvFQ+jdfc="></latexit>

� = �(r) Kase et al. (2014); Franciolini et al. (2019); Kuntz et al. (2020)
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� = µt+  (r)

- Odd modes (~GWs) are healthy even without degeneracy 
(Degeneracy removes ghost in “scalar” sector) 

- Can be applied to U-DHOST and scordatura theories
Tomikawa & TK, Phys.Rev.D 103 (2021) 8, 084041 [2101.03790]



Odd-parity perturbations in 
Regge-Wheeler gauge

<latexit sha1_base64="jq2jhaIxdVXAQH8EeMkJanX6eYY="></latexit>
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1X

`=2

X̀

m=�`

h(`m)
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0 · · · ,

hr✓ = · · ·h(`m)
1 · · · , hr' = sin ✓

1X

`=2

X̀

m=�`

h(`m)
1 (t, r)@✓Y`m,

h✓✓ = h✓' = h'' = 0
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gµ⌫ = gµ⌫(r) + hµ⌫ , where

gauge

Source term (energy-momentum tensor):
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Tt✓ = � 1

sin ✓

1X

`=2

X̀

m=�`

S(`m)
0 (t, r)@'Y`m, Tt' = · · ·S(`m)

0 · · · ,

Tr✓, Tr' � S(`m)
1 (t, r), T✓✓, T✓', T'' � S(`m)

2 (t, r)
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L = LDHOST +
1

2
hµ⌫Tµ⌫

minimally-coupled matter



General form of Lagrangian
<latexit sha1_base64="4I9oLllQMWyNNrq9GqNqelH+3Gc="></latexit>

S =
mX

`=2

X̀

m=�`

Z
dtdr

h
L(2)
`m + Lsource

`m + c.c.
i
, where
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[2(ra3)
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✓
|ḣ1|2 � 2ḣ⇤
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0
0 + |h0

0|2 +
4
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ḣ⇤
1h0

◆
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1h0

�
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ABh⇤

1S1

◆



General form of Lagrangian
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◆ Same structure as the EFT result New
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General form of Lagrangian
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a1,2,3,4 = a1,2,3,4(r) � F2, F3, A1, B2, B3, B6

Coefficients of terms built out of curvature tensors,             , and
<latexit sha1_base64="g2poIvIHYc05bzQbJkSObFDlLBI="></latexit>

�µ⌫�
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Same structure as the EFT result New
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Master variable
<latexit sha1_base64="1l+dRUVbASxsSiUcUuFv2PYiJfw="></latexit>
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a1|h0|2 � a2|h1|2 + a4h
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� = �(`m)(t, r)Introduce an auxiliary field                      and rewrite the Lagrangian as

<latexit sha1_base64="omhK7y/zZLyKfGXamLPiv3W6HW8="></latexit>

�h0, �h1 Constraint eqs.
<latexit sha1_base64="IZuZ+S3rZ+4+7H09fbTQEd/ofeA="></latexit>

h0 = · · · , h1 = · · ·
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Lsource
`m = �(· · · )�⇤Sodd, Sodd � S(`m)

0 , S(`m)
1

<latexit sha1_base64="T48frkaWchG18MGgu7TIf9pmA6w="></latexit>

a3 > 0

Stability

Generalized Regge-Wheeler equation for
<latexit sha1_base64="Rvts/LuGuQScwG6cuFzMEbMy+AA="></latexit>�



RW equation & effective metric
RW equation can be written in the form

<latexit sha1_base64="aEIQYYnd/WOlr/vd+wPyt6YcltI="></latexit>

Zµ⌫DµD⌫

✓
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◆
� V

e�
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= (· · · )Sodd
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e�
r
/ a3

(a1a2 + a24)
1/4

�

Effective metric for gravitons –– in general,
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�a2dt2 � 2a4dtdr + a1dr2

(`� 1)(`+ 2)a3
+ r2(d✓2 + sin2 ✓d'2)
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Zµ⌫ = gµ⌫ in theories with                   for cosmological tensor modes

<latexit sha1_base64="1y6zF8XjPTv4ALtLsTB3UaSt7ys="></latexit>

Zµ⌫ 6= gµ⌫

gravitons photons
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cGW = 1



Effective metric & stability
Effective metric can be put into diagonal form in terms of

<latexit sha1_base64="0hf3dokc/5QsENegGGTtb9HzkwM="></latexit>

d⌧ = dt+
a4
a2

dr
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Zµ⌫dx
µdx⌫ =

1

(`� 1)(`+ 2)a3


�a2d⌧
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(a1a2 + a24)

a2
dr2

�
+ r2(d✓2 + sin2 ✓d'2)

Horizon for gravitons:
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a2(rg) = 0

Horizon for photons:
<latexit sha1_base64="uhZBeh+DE3eXe3f6a5mEX/yWLJk="></latexit>

A(rh) = B(rh) = 0

Stability condition proposed by Takahashi, Motohashi, Minamitsuji (2019),

, is in fact not related to stabilitya2 > 0
<latexit sha1_base64="xuU5Ex9oTIxBfyh+4De5D5/M5jw="></latexit>

a2 = 0 :
<latexit sha1_base64="W0J/H8YrakhrYryDenMcd6e5wc8="></latexit>

inner boundary



Example 1: Stealth Schwarzschild 
in quadratic DHOST theory

Motohashi & Minamitsuji (2019); Takahashi, Motohashi, Minamitsuji (2019)

<latexit sha1_base64="X7MWY+d6HbG3NCxmaY1RlZMc810="></latexit>

A = B = 1� rh
r
, X = X0 = const.
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Zµ⌫dx
µdx⌫ = �1� rg/r

1 +A d⌧2 +
dr2

1� rg/r
+ r2d⌦2

Effective metric for gravitons (~ Schwarzschild with             ):

where

<latexit sha1_base64="k3IoVWBIVM3TyR7zRZt3dmCMQ6g="></latexit>

rg 6= rh

<latexit sha1_base64="PmKrCVPPk+2GftpXOdGqFClGADQ="></latexit>

rg := (1 +A)rh, A :=
2X0A1(X0)

F2(X0)
(= const.)

Potential: ~ RW in GR with
<latexit sha1_base64="Lv/bsOX/Oh3PTNBsVy7VsMsPVsE="></latexit>

rg 6= rh

See also recent work: Langlois, Noui, Roussille 2103.14750

<latexit sha1_base64="3sUWRc/oxM6HT6vpAnfzt2yR4ZY="></latexit>

eV =
1� rg/r

1 +A


`(`+ 1)

r2
� 3rg

r3

�



Example 2: Stealth Schwarzschild 
in cubic DHOST theory Minamitsuji & Edholm (2019)

<latexit sha1_base64="X7MWY+d6HbG3NCxmaY1RlZMc810="></latexit>

A = B = 1� rh
r
, X = X0 = const.

Effective metric for gravitons:
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Zµ⌫dx
µdx⌫ = �f(r)d⌧2 +

g(r)

f(r)
dr2 + r2d⌦2
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A1(X0) = 0(                  is assumed)

where
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⌧ ! t, Zµ⌫ ! gSch.µ⌫ for
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r � rh

Potential:

the potential is shown for different values of B in Fig. 1.
One can check that r! → −∞ as r → rg.

V. QUASINORMAL MODES

In this section, we compute the QNMs of the second
example of the previous section. Quasinormal modes in the
Horndeski theory have been studied in the case of the
Schwarzschild background with a constant scalar field [50]
and a nearly Schwarzschild background with a nearly
constant scalar field [51].
We assume the time dependence of the master variable as

χ̃ ¼ QðrÞe−iωτ and solve

d2Q
dr2!

þ ½ω2 − ṼðrÞ'Q ¼ 0; ð63Þ

where Ṽ is the potential obtained from the second example
of the background solutions in the previous section, which
is characterized by the dimensionless parameter B (Fig. 1).
The boundary conditions for Q are given by

Q ∝
!
eþiωr! r! → ∞ðr → ∞Þ
e−iωr! r! → −∞ðr → rgÞ

: ð64Þ

Note again that the inner boundary is located at r ¼ rg
rather than at r ¼ rh. In order to obtain the QNMs, we
employ direct numerical integration.1 The lowest overtone
quasinormal frequencies for l ¼ 2 are given in Fig. 2,
showing how the frequencies depend on the modified
gravity parameter B.

VI. CONCLUSIONS

In this paper, we have studied odd parity perturbations of
black holes with linearly time-dependent scalar hair in
shift-symmetric scalar-tensor theories. Due to the time
dependence of the scalar field background, the EFT
approach [2–4] cannot be applied straightforwardly to
the present case. Therefore, we have started from a general
covariant action that is most similar to the action of cubic
degenerate higher-order scalar-tensor theories [19] and
derived the general quadratic action for odd parity pertur-
bations without imposing the degeneracy conditions.
The degeneracy conditions are not essential for retaining
the healthy odd parity perturbations that are not mixed with
the perturbation of the scalar field. We have thus derived a
second-order equation for a single master variable as a
generalization of the Regge-Wheeler equation in general
relativity. Starting from the more general action, we have
arrived at qualitatively the same results as the previous ones
[13,14,24], showing that no new terms appear in the
quadratic action for odd parity perturbations. Our gener-
alized Regge-Wheeler equation can be used in a wide class
of scalar-tensor theories such as U-degenerate theories [25]
and scordatura theories [26].
We have also refined the stability conditions explored

in the previous literature [24]. The previous conditions
were actually sufficient conditions, and we have argued
that one of the conditions is not directly related to the
stability.
As another application of our results, we have computed

the quasinormal modes of a certain nontrivial black-hole
solution. In doing so, we have demonstrated that it is
important to identify the correct location of the inner
boundary by inspecting the effective metric for gravitons.
It would be interesting to extend the present analysis to

the even parity sector, which would be much more involved
due to its higher derivative nature. It would also be
interesting to perform a complementary analysis based
on the EFT approach along the lines of Refs. [3,4].

FIG. 2. Lowest overtone quasinormal frequencies for l ¼ 2
and some representative values of B.
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FIG. 1. Potential Ṽ with l ¼ 2 as a function of r=rh.

1Taking B as a small expansion parameter, one may write the
potential as Ṽ ¼ VGR þ δV, where VGR is the Regge-Wheeler
potential in general relativity and δV is a small correction. In the
present case, δV contains fractional powers of r, which hinders us
from using the convenient formalism of Ref. [52].
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Conclusions
Odd-parity perturbations of static, spherically 
symmetric BHs with linearly time-dependent scalar 
hair in general shift-symmetric scalar-tensor theories 

General form of quadratic Lagrangian and effective 
metric for odd modes are determined 

Can be applied to cubic DHOST, U-DHOST, and 
scordatura (detuned DHOST) theories 

Gravitons see different BH geometry 

Refined stability conditions, QNMs, …


