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4th order gravity

• The 4th order gravitational action quadratic in the curvature is
power-counting renormalizable:

𝑆 =
1

16𝜋𝐺
න𝑑4𝑥 −𝑔 ℛ + 𝛼ℛ2 + 𝛽ℛ𝜇𝜈ℛ

𝜇𝜈

• Unitarity is violated at the tree-level:

• Conflict: Unitarity VS Renormalizability!

Spin-2 ghost degree of freedom

[Stelle, 1977, PRD]

Π 𝑘 = Π𝐺𝑅 +
1

2

𝒫0

𝑘2 +𝑚0
2 −

𝒫2

𝑘2 +𝑚2
2 ,

𝑚0 ≔ 3𝛼 + 𝛽 −1/2

𝑚2 ≔ −
1

2
𝛽

−1/2

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + 8𝜋𝐺 ℎ𝜇𝜈



Unitarity VS Renormalizability

• Einstein’s GR is unitary but non-renormalizable, while 4th
order quadratic gravity is power-counting renormalizable but
non-unitary!

Several (recent) attempts:

• Asymptotically safe gravity [Reuter, Wetterich, Eichhorn, Saueressig, Platania,...…]

• 4th order gravity with Fakeons [Anselmi & Piva 2017+] 

• 4th order gravity with unstable ghosts [Donoghue, Menezes, Salvio, Strumia…] 

• Lee-Wick gravity theories [Modesto & Shapiro 2016+; Anselmi & Piva 2017+]

• Nonlocal gravity theories [Born, Pais, Yukawa, Efimov, Krasnikov, Kuz’min, Moffat,

Woodard, Tomboulis, Dragovich, Aref’eva, Volovich, Koshelev, Siegel, Biswas, Mazumdar, Modesto, Frolov,
Zelnikov, Rachwal, Starobinsky, Kumar, Tokareva, Boos,.…..]



Unitarity VS Renormalizability

• Einstein’s GR is unitary but non-renormalizable, while 4th
order quadratic gravity is power-counting renormalizable but
non-unitary!

Several (recent) attempts:

• Asymptotically safe gravity [Saueressig’s yesterday talk]

• Nonlocal gravity theories [Koshelev’s and Kumar’s yesterday talks]



• 4-derivative theory (-+++):

ℒ =
1

2
𝜙⧠ 1 −

⧠

𝑚2
𝜙 − 𝑉(𝜙) ⟹ 𝑖Π(𝑝) =

1

𝑝2 − 𝑖𝜖
−

1

𝑝2 +𝑚2 − 𝑖𝜖

• Optical theorem:

• Tree-level amplitude:

Ghosts

GHOST!

𝑆+𝑆 = 1, 𝑆 = 1 + 𝑖𝑇 ⟹ 2𝐼𝑚 𝑇 = 𝑇+𝑇 ("≥0")

𝐼𝑚 𝑇 = π𝜃(𝑝0)[𝛿 𝑝2 − 𝛿 𝑝2 +𝑚2 ]

Non-positive definite: violation of unitarity!

𝑝



• 4-derivative theory (-+++):

ℒ =
1

2
𝜙⧠ 1 −

⧠

𝑚2
𝜙 − 𝑉(𝜙) ⟹ 𝑖Π(𝑝) =

1

𝑝2 − 𝑖𝜖
−

1

𝑝2 +𝑚2 − 𝑖𝜖

• Generalized higher-derivative theory:

ℒ =
1

2
𝜙𝐹 ⧠ ⧠ −𝑚2 𝜙 ⟹ 𝑖Π 𝑝 =

1

𝐹 −𝑝2
1

𝑝2 +𝑚2

• Question: Is there any higher-derivative operator 𝐹 −𝑝2

such that the propagator is ghost-free? YES!

• Nonlocality can help us!

Beyond 4-derivative theories

GHOST!



• Local (polynomial) Lagrangians:

ℒ𝐿 ≡ ℒ𝐿 𝜙, 𝜕𝜙, 𝜕2𝜙,… , 𝜕𝑛𝜙

• Nonlocal (non-polynomial) Lagrangians:

ℒ𝑁𝐿 ≡ ℒ𝑁𝐿 𝜙, 𝜕𝜙, 𝜕2𝜙,… , 𝜕𝑛𝜙,… , 𝑒⧠𝜙, ln ⧠ 𝜙,
1

⧠
𝜙,…

Local VS Nonlocal



• Local (polynomial) Lagrangians:

ℒ𝐿 ≡ ℒ𝐿 𝜙, 𝜕𝜙, 𝜕2𝜙,… , 𝜕𝑛𝜙

• Nonlocal (non-polynomial) Lagrangians:

ℒ𝑁𝐿 ≡ ℒ𝑁𝐿 𝜙, 𝜕𝜙, 𝜕2𝜙,… , 𝜕𝑛𝜙,… , 𝑒⧠𝜙, ln ⧠ 𝜙,
1

⧠
𝜙,…

[Witten, Freund, Zwiebach, Aref’eva, Volovich, 
Dragovich, Koshelev, Sen, Siegel,.…]

e.g. string field theory and p-adic string

Local VS Nonlocal



• Scalar field Lagrangian:

ℒ = −
1

2
𝜙𝐹 ⧠ 𝜙 − 𝑉 𝜙 ,

• Weierstrass’ theorem:

𝐹 ⧠ = 𝑒−𝛾 ⧠ ෑ

𝑖=1

𝑁

−⧠+𝑚𝑖
2 𝑟𝑖

, 𝑁 ≤ ∞,

• 𝛾 ⧠ is another entire function.

• 𝑁 is the number of zeroes 𝑚𝑖
2; 𝑟𝑖 is the multiplicity of each zero

Generalized higher-derivative Lagrangian

Entire function
(good IR limit 𝐹 ⧠ → −⧠ +𝑚2)



• Scalar field Lagrangian:

ℒ = −
1

2
𝜙𝐹 ⧠ 𝜙 − 𝑉 𝜙 ,

• Weierstrass’ theorem:

𝐹 ⧠ = 𝑒−𝛾 ⧠ ෑ

𝑖=1

𝑁

−⧠+𝑚𝑖
2 𝑟𝑖

, 𝑁 ≤ ∞,

• Propagator:

𝑖Π −𝑝2 =
𝑒𝛾 −𝑝2

𝑝2 +𝑚2
ෑ

𝑖=2

𝑁
1

𝑝2 +𝑚𝑖
2 𝑟𝑖

Generalized higher-derivative Lagrangian

Entire function
(good IR limit 𝐹 ⧠ → −⧠ +𝑚2)



𝐹 ⧠ = 𝑒−𝛾 ⧠ ෑ

𝑖=1

𝑁

−⧠+𝑚𝑖
2 𝑟𝑖

• 𝑁 = 1, 𝑟𝑖 = 1, 𝛾 ⧠ = 0 ⟹ 2-derivative theory (Klein-Gordon)

𝐹 ⧠ = −⧠+𝑚2

• 𝑁 = 2, 𝑟𝑖 = 1, 𝛾 ⧠ = 0 ⟹ 4-derivative theory with ghost

𝐹 ⧠ = (−⧠ +𝑚2) 1 −
⧠

𝑀2

• 𝑁 ≥ 2 and/or 𝑟𝑖 ≥ 2 (with 𝑚𝑖 real) ⟹ ghosts!

Generalized higher-derivative Lagrangians



𝐹 ⧠ = 𝑒−𝛾 ⧠ ෑ

𝑖=1

𝑁

−⧠+𝑚𝑖
2 𝑟𝑖

• 𝑁 = 1, 𝑟𝑖 = 1, 𝛾 ⧠ ≠ 0

⟹ infinite-derivative theory with one real zero

𝐹 ⧠ = 𝑒−𝛾 ⧠ (−⧠ +𝑚2)

• Propagator:

𝑖Π 𝑝 =
𝑒𝛾 −𝑝2

𝑝2 +𝑚2 − 𝑖𝜖

Generalized higher-derivative Lagrangians



𝐹 ⧠ = 𝑒−𝛾 ⧠ ෑ

𝑖=1

𝑁

−⧠+𝑚𝑖
2 𝑟𝑖

• 𝑁 = 3, 𝑟𝑖 = 1, 𝛾 ⧠ ≠ 0

⟹ infinite-derivative theory with a pair of complex conjugate zeroes

𝐹 ⧠ =
𝑖

𝑀4
𝑒−𝛾 ⧠ −⧠+𝑚2 ⧠+ 𝑖𝑀2 ⧠ − 𝑖𝑀2

= 𝑒−𝛾 ⧠ −⧠+𝑚2 1 +
⧠2

𝑀4

• Propagator:

𝑖Π 𝑝 =
𝑀4𝑒𝛾 −𝑝2

𝑚4 +𝑀4

1

𝑝2 +𝑚2 − 𝑖𝜖
+
𝑝2 +𝑚2

𝑝4 +𝑀4

Generalized higher-derivative Lagrangians

[local case 𝛾 ⧠ = 0: Lee & Wick;  Modesto & Shapiro 2016+; 
Anselmi & Piva 2017+ ]



• 𝑁 = ∞, 𝑟𝑖 = 1, 𝛾 ⧠ =
⧠

𝑀𝑠
2

⟹ infinite-derivative theory 

with infinite pairs of complex conjugate zeroes

• Propagator:

𝑖Π 𝑝 =
1

𝑀𝑠
2 𝑒𝑝

2/𝑀𝑠
2
− 1

=
1

𝑝2 − 𝑖𝜖
−

1

2𝑀𝑠
2 + 2𝑝2

ℓ=1

∞

(−1)ℓ
1

𝑝4 + 4𝜋2𝑀𝑠
4ℓ2

Generalized higher-derivative Lagrangians

= −𝑒−𝛾 ⧠ ⧠ෑ

ℓ=1

∞
⧠

𝑖2𝜋𝑀𝑠
2ℓ
+ 1

⧠

𝑖2𝜋𝑀𝑠
2ℓ
− 1

𝐹 ⧠ = 𝑀𝑠
2 𝑒−⧠/𝑀𝑠

2
− 1

[LB, Lambiase, Yamaguchi PRD]

𝐹 ⧠ = 𝑒−𝛾 ⧠ ෑ

𝑖=1

𝑁

−⧠+𝑚𝑖
2 𝑟𝑖



Perturbative unitarity

𝑆+𝑆 = 1, 𝑆 = 1 + 𝑖𝑇 ⟹ 𝑖(𝑇+ − 𝑇) = 𝑇+𝑇

𝑖 𝑏 𝑇+ 𝑎 − 𝑏 𝑇 𝑎 =

𝑛

𝑏 𝑇+ 𝑛 𝑛 𝑇 𝑎

𝑏 𝑇 𝑎 = 2𝜋 4𝛿 4 (𝑃𝑏 − 𝑃𝑎) 𝑏 ℳ 𝑎

𝑖 𝑏 ℳ+ 𝑎 − 𝑏 ℳ 𝑎

=

𝑛

ෑ

𝑙=1

𝑛

න
𝑑3𝑘𝑙
2𝜋 3

1

2𝜔𝑙
2𝜋 4 𝛿 4 𝑃𝑎 −

𝑙=1

𝑛

𝑘𝑙 𝑏 ℳ+ 𝑘𝑙 𝑘𝑙 ℳ 𝑎



Perturbative unitarity

𝑆+𝑆 = 1, 𝑆 = 1 + 𝑖𝑇 ⟹ 𝑖(𝑇+ − 𝑇) = 𝑇+𝑇

𝑖 𝑏 𝑇+ 𝑎 − 𝑏 𝑇 𝑎 =

𝑛

𝑏 𝑇+ 𝑛 𝑛 𝑇 𝑎

𝑏 𝑇 𝑎 = 2𝜋 4𝛿 4 (𝑃𝑏 − 𝑃𝑎) 𝑏 ℳ 𝑎

𝑖 𝑏 ℳ+ 𝑎 − 𝑏 ℳ 𝑎

=

𝑛

ෑ

𝑙=1

𝑛

න
𝑑3𝑘𝑙
2𝜋 3

1

2𝜔𝑙
2𝜋 4 𝛿 4 𝑃𝑎 −

𝑙=1

𝑛

𝑘𝑙 𝑏 ℳ+ 𝑘𝑙 𝑘𝑙 ℳ 𝑎

LHS

RHS



Perturbative unitarity

ℒ =
1

2
𝜙𝐹 ⧠ 𝜙 −

𝜆

3!
𝜙3 −

𝑔

4!
𝜙4 + 𝜅 𝜙𝜓2 +⋯



Perturbative unitarity

ℒ =
1

2
𝜙𝐹 ⧠ 𝜙 −

𝜆

3!
𝜙3 −

𝑔

4!
𝜙4 + 𝜅 𝜙𝜓2 +⋯

2𝐼𝑚 −𝑖 = = න𝑑Π𝑓

2

2𝐼𝑚 −𝑖 = = න𝑑Π𝑓

2

2𝐼𝑚 −𝑖 = = න𝑑Π𝑓

2

𝑓

𝑓

𝑓

𝑓

𝑓



Tree-level: nonlocality + real poles

ℒ =
1

2
𝜙𝐹 ⧠ 𝜙 −

𝜆

3!
𝜙3 −

𝑔

4!
𝜙4 + 𝜅 𝜙𝜓2 +⋯

𝐿𝐻𝑆 = 𝑖 𝑝3, 𝑝4 ℳ
+ 𝑝1, 𝑝2 − 𝑝3, 𝑝4 ℳ 𝑝1, 𝑝2

𝐹 ⧠ = 𝑒−𝛾 ⧠ −⧠+𝑚2 , 𝑖Π 𝑝 =
𝑒𝛾 −𝑝2

𝑝2 +𝑚2 − 𝑖𝜖
, 𝛾 𝑚2 = 0

𝑝0 > 0

= 2𝜋𝜆2𝜃 𝑝0 𝛿 𝑝2 +𝑚2

= 𝑖𝜆2𝑒𝛾 −𝑝2
1

𝑝2 +𝑚2 + 𝑖𝜖
−

1

𝑝2 +𝑚2 − 𝑖𝜖



Tree-level: nonlocality + real poles

ℒ =
1

2
𝜙𝐹 ⧠ 𝜙 −

𝜆

3!
𝜙3 −

𝑔

4!
𝜙4 + 𝜅 𝜙𝜓2 +⋯

𝑅𝐻𝑆 = න
𝑑3𝑘

(2𝜋)3
1

2𝜔
(2𝜋)4 𝛿(4) 𝑝 − 𝑘 𝑝3, 𝑝4 ℳ

+ 𝑘 𝑘 ℳ 𝑝1, 𝑝2

𝐹 ⧠ = 𝑒−𝛾 ⧠ −⧠+𝑚2 , 𝑖Π 𝑝 =
𝑒𝛾 −𝑝2

𝑝2 +𝑚2 − 𝑖𝜖
, 𝛾 𝑚2 = 0

𝑝0 > 0

= 2𝜋𝜆2𝜃 𝑝0 𝛿 𝑝2 +𝑚2

= 𝐿𝐻𝑆

Tree-level unitarity!



Tree-level: nonlocality + complex conjugate poles

ℒ =
1

2
𝜙𝐹 ⧠ 𝜙 −

𝜆

3!
𝜙3 −

𝑔

4!
𝜙4 + 𝜅 𝜙𝜓2 +⋯

𝐿𝐻𝑆 = 𝑖 𝑝3, 𝑝4 ℳ
+ 𝑝1, 𝑝2 − 𝑝3, 𝑝4 ℳ 𝑝1, 𝑝2

𝐹 ⧠ = 𝑒−𝛾 ⧠ −⧠ +𝑚2 1 +
⧠2

𝑀4 , 𝑖Π 𝑝 =
𝑀4𝑒𝛾 −𝑝2

𝑚4 +𝑀4

1

𝑝2 +𝑚2 − 𝑖𝜖
+
𝑝2 +𝑚2

𝑝4 +𝑀4

𝑝0 > 0

= 2𝜋𝜆2
𝑀4

𝑚4 +𝑀4 𝜃 𝑝0 𝛿 𝑝2 +𝑚2

= 𝑖𝜆2
𝑀4𝑒𝛾 −𝑝2

𝑚4 +𝑀4

1

𝑝2 +𝑚2 + 𝑖𝜖
−

1

𝑝2 +𝑚2 − 𝑖𝜖

[𝛾 𝑚2 = 0]



• So far, we have shown tree-level unitarity

• What about loops?

• Unitarity of nonlocal theories with standard poles
[Sen & Pius 2015; Carone 2017; Briscese & Modesto 2018; Chin & Tomboulis 2018;       

Koshelev & Tokareva 2021]

• Unitarity of nonlocal theories with complex conjugate poles
[LB, Yamaguchi – arXiv:21XX.XXXXX]

• We only consider one-loop bubble diagrams

Perturbative unitarity

ℒ =
1

2
𝜙𝐹 ⧠ 𝜙 −

𝜆

3!
𝜙3 −

𝑔

4!
𝜙4 + 𝜅 𝜙𝜓2 +⋯



Bubble diagram: local 2-derivative case

ℳ(𝑝) ≡ 𝑝 ℳ 𝑝 = (−𝑖)𝜆2න
𝒞

𝑑𝑘0

2𝜋
න

𝑑3𝑘

(2𝜋)3
1

𝑘2 +𝑚2 − 𝑖𝜖

1

(𝑘 − 𝑝)2+𝑚2 − 𝑖𝜖

Im[𝑘0]

Re[𝑘0]

𝑄1 = −𝜔𝑘 + 𝑖𝜖

𝑄3 = 𝜔𝑘 − 𝑖𝜖

𝑄2 = 𝑝0 − 𝜔𝑘−𝑝 + 𝑖𝜖

𝜔𝑘 = 𝑘2 +𝑚2

𝑄4 = 𝑝0 + 𝜔𝑘−𝑝 − 𝑖𝜖

𝜔𝑘−𝑝 = (𝑘 − റ𝑝)2+𝑚2

●●

●●

𝑄1 𝑄2

𝑄3 𝑄4

Re 𝑝0 > 0

𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝



Bubble diagram: local 2-derivative case

ℳ(𝑝) ≡ 𝑝 ℳ 𝑝 = (−𝑖)𝜆2න
𝒞

𝑑𝑘0

2𝜋
න

𝑑3𝑘

(2𝜋)3
1

𝑘2 +𝑚2 − 𝑖𝜖

1

(𝑘 − 𝑝)2+𝑚2 − 𝑖𝜖

Im[𝑘0]

Re[𝑘0]

𝑄1 = −𝜔𝑘 + 𝑖𝜖

𝑄3 = 𝜔𝑘 − 𝑖𝜖

𝑄2 = 𝑝0 − 𝜔𝑘−𝑝 + 𝑖𝜖

𝜔𝑘 = 𝑘2 +𝑚2

𝑄4 = 𝑝0 + 𝜔𝑘−𝑝 − 𝑖𝜖

𝜔𝑘−𝑝 = (𝑘 − റ𝑝)2+𝑚2

●●

●●

𝑄1 𝑄2

𝑄3 𝑄4

Re 𝑝0 > 0

𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝



ℳ 𝑝 = 𝜆2න
𝑑3𝑘

(2𝜋)3
1

2𝜔𝑘2𝜔𝑘−𝑝

1

𝑝0 − 𝜔𝑘 − 𝜔𝑘−𝑝 + 𝑖𝜖
−

1

𝑝0 + 𝜔𝑘 + 𝜔𝑘−𝑝

Re 𝑝0 > 0

1

𝑥 ± 𝜖
= 𝑃. 𝑉.

1

𝑥
∓ 𝑖𝜋𝛿(𝑥)

L𝐻𝑆 = 2𝐼𝑚 ℳ 𝑝

Optical theorem
(unitarity) is satisfied!

𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝

= 2𝜋𝜆2න
𝑑3𝑘

2𝜋 3

1

2𝜔𝑘2𝜔𝑘−𝑝
𝜃 𝑝0 − 𝜔𝑘−𝑝 𝛿 𝑝0 − 𝜔𝑘 − 𝜔𝑘−𝑝 = 𝑅𝐻𝑆

Bubble diagram: local 2-derivative case



ℳ(𝑝) ≡ 𝑝 ℳ 𝑝 = (−𝑖)𝜆2න
𝒞

𝑑𝑘0

2𝜋
න

𝑑3𝑘

(2𝜋)3
𝑒𝛾(−𝑘

2)

𝑘2 +𝑚2 − 𝑖𝜖

𝑒𝛾(−(𝑘−𝑝)
2)

(𝑘 − 𝑝)2+𝑚2 − 𝑖𝜖

Im[𝑘0]

Re[𝑘0]

●●

●●

𝑄1 𝑄2

𝑄3 𝑄4

𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝

• Liouville’s theorem implies the 
presence of singularities at
infinity!

Re 𝑝0 > 0

Bubble diagram: nonlocal with real poles



• Example of singularity at infinity: 𝛾(−𝑘2) = −𝑘2 = 𝑘0 2 − 𝑘2

Singularities at infinity

𝑒−𝑘
2
= 𝑒 𝑘0

2
−𝑘2 = 𝑒−𝑘

2
𝑒𝑖 𝜅

2 sin 2𝜗𝑒𝜅
2 cos 2𝜗

𝑘0 = 𝜅𝑒𝑖𝜗, 𝜅 ∈ ℝ+



• In local two-derivative theories starting from Minkowski is
equivalent to starting from Euclidean

• In nonlocal theories starting from Minkowski is NOT well-defined
because of divergencies at infinity

• Define the contour 𝒞 to be the imaginary 𝑘0 −axis

• Complexify internal and external energies: 𝑘0 ∈ ℂ, 𝑝0∈ ℂ

• To avoid poles and pinchings deform the contour in finite-distance
region of the complex plane by keeping the ends fixed at ±𝑖∞

• Analitically continue external energies to real values

• Nonlocal theories + real poles [Sen & Pius 2015]

• Nonlocal theories + complex conjugate poles [LB, Yamaguchi - arXiv:21XX.XXXXX]

Contour prescription



ℳ(𝑝) ≡ 𝑝 ℳ 𝑝 = (−𝑖)𝜆2න
𝒞

𝑑𝑘0

2𝜋
න

𝑑3𝑘

(2𝜋)3
𝑒𝛾(−𝑘

2)

𝑘2 +𝑚2 − 𝑖𝜖

𝑒𝛾(−(𝑘−𝑝)
2)

(𝑘 − 𝑝)2+𝑚2 − 𝑖𝜖

Im[𝑘0]

Re[𝑘0]

●●

●●

𝑄1 𝑄2

𝑄3 𝑄4

𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝

• Pinching:

𝑄2 = 𝑄3 ⇔ 𝑝0 = 𝜔𝑘 + 𝜔𝑘−𝑝

Re 𝑝0 > 0

Bubble diagram: nonlocal with real poles



• Region I:

𝑅𝑒[𝑄2] < 𝑅𝑒[𝑄3] ⇔ 𝑝0 < 𝜔𝑘 + 𝜔𝑘−𝑝

Re 𝑝0 > 0

Bubble diagram: nonlocal with real poles

● ● ●◉

𝑄1
𝑄2

𝑄3 𝑄4



• Region II:

𝑅𝑒[𝑄2] > 𝑅𝑒[𝑄3] ⇔ 𝑝0 > 𝜔𝑘 + 𝜔𝑘−𝑝

Re 𝑝0 > 0

Bubble diagram: nonlocal with real poles

● ● ●◉

𝑄1

𝑄3

𝑄2
𝑄4



• Region II:

𝑅𝑒[𝑄2] > 𝑅𝑒[𝑄3] ⇔ 𝑝0 > 𝜔𝑘 + 𝜔𝑘−𝑝

Re 𝑝0 > 0

Bubble diagram: nonlocal with real poles

𝑄1

𝑄3

𝑄2 𝑄4

● ● ●◉



• Region II:

𝑅𝑒[𝑄2] > 𝑅𝑒[𝑄3] ⇔ 𝑝0 > 𝜔𝑘 + 𝜔𝑘−𝑝

Re 𝑝0 > 0

Bubble diagram: nonlocal with real poles

𝑄1

𝑄3

𝑄2
𝑄4

● ● ●◉



• Region III: close to the pinching

𝑅𝑒[𝑄2] ≈ 𝑅𝑒[𝑄3] ⇔ 𝑝0 ≈ 𝜔𝑘 + 𝜔𝑘−𝑝

Re 𝑝0 > 0

Bubble diagram: nonlocal with real poles

𝑄1

𝑄3

𝑄2
𝑄4

● ● ●◉

Pinching can generate 
an imaginary part!



Bubble diagram: nonlocal with real poles

ℳ(𝑝) = (−𝑖)𝜆2න
𝐼∪𝒞𝑟

𝑑𝑘0

2𝜋
න

𝑑3𝑘

(2𝜋)3
𝑒𝛾(−𝑘

2)

𝑘2 +𝑚2 − 𝑖𝜖

𝑒𝛾(−(𝑘−𝑝)
2)

(𝑘 − 𝑝)2+𝑚2 − 𝑖𝜖

𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝

Re 𝑝0 > 0

=ℳ𝐼(𝑝) +ℳ𝒞𝑟(𝑝)

Gives an imaginary part!

𝐿𝐻𝑆 = 2𝐼𝑚{ℳ 𝑝 } = 2𝜋𝜆2න
𝑑3𝑘

2𝜋 3

1

2𝜔𝑘2𝜔𝑘−𝑝
𝜃 𝑝0 − 𝜔𝑘−𝑝 𝛿 𝑝0 − 𝜔𝑘 − 𝜔𝑘−𝑝

Same Cutkosky rules of 
local two-derivative case!



𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝

𝑅𝐻𝑆 = න
𝑑3𝑘2
2𝜋 3

න
𝑑3𝑘2
2𝜋 3

(2𝜋)4

2𝜔12𝜔2
𝛿(4) 𝑝 − 𝑘1 − 𝑘2 𝑝 ℳ+ 𝑘1, 𝑘2 𝑘1, 𝑘2 ℳ 𝑝

Optical theorem
(unitarity) is satisfied!

= 2𝜋𝜆2න
𝑑3𝑘

2𝜋 3

1

2𝜔𝑘2𝜔𝑘−𝑝
𝜃 𝑝0 − 𝜔𝑘−𝑝 𝛿 𝑝0 − 𝜔𝑘 − 𝜔𝑘−𝑝

= 𝐿𝐻𝑆

Bubble diagram: nonlocal with real poles



Bubble diagram: nonlocal case + complex poles

ℳ 𝑝 = (−𝑖)𝜆2𝑀8න
𝒞

𝑑𝑘0

2𝜋
න

𝑑3𝑘

(2𝜋)3
𝑒𝛾(−𝑘

2)

(𝑘2+𝑚2 − 𝑖𝜖)(𝑘4 +𝑀4)

𝑒𝛾(−(𝑘−𝑝)
2)

[(𝑘 − 𝑝)2+𝑚2 − 𝑖𝜖][ 𝑘 − 𝑝 4 +𝑀4]

Im[𝑘0]

Re[𝑘0]

●●

●●

𝑄1 𝑄2

𝑄3 𝑄4

𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝

Re 𝑝0 > 0

𝑄5 = −Ω𝑘 𝑄6 = 𝑝0 − Ω𝑘−𝑝

𝑄9 = Ω𝑘

Ω𝑘−𝑝 = (𝑘 − റ𝑝)2+𝑖𝑀2

𝑄7 = −Ω𝑘
∗ 𝑄8 = 𝑝0 − Ω𝑘−𝑝

∗

𝑄10 = 𝑝0 + Ω𝑘−𝑝

𝑄12 = 𝑝0 + Ω𝑘−𝑝
∗

Ω𝑘 = 𝑘2 + 𝑖𝑀2

𝑄7

𝑄5

𝑄8

𝑄6 𝑄11 𝑄12

𝑄9 𝑄10

𝑄11 = Ω𝑘
∗



Bubble diagram: nonlocal case + complex poles

ℳ 𝑝 = (−𝑖)𝜆2𝑀8න
𝒞

𝑑𝑘0

2𝜋
න

𝑑3𝑘

(2𝜋)3
𝑒𝛾(−𝑘

2)

(𝑘2+𝑚2 − 𝑖𝜖)(𝑘4 +𝑀4)

𝑒𝛾(−(𝑘−𝑝)
2)

[(𝑘 − 𝑝)2+𝑚2 − 𝑖𝜖][ 𝑘 − 𝑝 4 +𝑀4]

Im[𝑘0]

Re[𝑘0]

●●

●●

𝑄1 𝑄2

𝑄3 𝑄4

𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝

Re 𝑝0 > 0

𝑄7

𝑄5

𝑄8

𝑄6 𝑄11 𝑄12

𝑄9 𝑄10
• Pinchings with real and positive 

external momenta:

𝑄2 = 𝑄3 ⇔ 𝑝0 = 𝜔𝑘 + 𝜔𝑘−𝑝

𝑄8 = 𝑄9 ⇔ 𝑝0 = Ω𝑘
∗ + Ω𝑘−𝑝

𝑄6 = 𝑄11 ⇔ 𝑝0 = Ω𝑘 + Ω𝑘−𝑝
∗

𝑄6



Re 𝑝0 > 0

● ● ●◉

𝑄3

𝑄1

𝑄2

𝑄4

𝑄6

𝑄11 𝑄12

𝑄9
𝑄10𝑄7

𝑄5

𝑄8

Bubble diagram: nonlocal case + complex poles



Re 𝑝0 > 0

𝑄3

𝑄1
𝑄2

𝑄4

𝑄6

𝑄11

𝑄12

𝑄9

𝑄10𝑄7

𝑄5

𝑄8

● ● ●◉

Bubble diagram: nonlocal case + complex poles



Re 𝑝0 > 0

𝑄3

𝑄1

𝑄2

𝑄4

𝑄6

𝑄11

𝑄12

𝑄9

𝑄10𝑄7

𝑄5

𝑄8

● ● ●◉

Bubble diagram: nonlocal case + complex poles



Re 𝑝0 > 0

𝑄3

𝑄1

𝑄2

𝑄4

𝑄6

𝑄11
𝑄12

𝑄9

𝑄10𝑄7

𝑄5

𝑄8

● ● ●◉

Bubble diagram: nonlocal case + complex poles



Re 𝑝0 > 0

𝑄3

𝑄1
𝑄2

𝑄4

𝑄6

𝑄11
𝑄12

𝑄9

𝑄10𝑄7

𝑄5

𝑄8

● ● ●◉

Bubble diagram: nonlocal case + complex poles



𝑘 − 𝑝

k

𝑘 − 𝑝

𝑘

𝑝𝑝
𝑝𝑝

Re 𝑝0 > 0

= ℳ𝐼 𝑝 +ℳ𝒞𝑟 𝑝 +ℳℬ 𝑝 +ℳℬ∗(𝑝)

𝐿𝐻𝑆 = 2𝐼𝑚{ℳ 𝑝 }

Same Cutkosky rules of 
local two-derivative case!

ℳ 𝑝

= (−𝑖)𝜆2𝑀8න
𝐼∪𝒞𝑟∪ℬ∪ℬ

∗

𝑑𝑘0

2𝜋
න

𝑑3𝑘

(2𝜋)3
𝑒𝛾(−𝑘

2)

(𝑘2+𝑚2 − 𝑖𝜖)(𝑘4 +𝑀4)

𝑒𝛾(−(𝑘−𝑝)
2)

[(𝑘 − 𝑝)2+𝑚2 − 𝑖𝜖][ 𝑘 − 𝑝 4 +𝑀4]

• ℳℬ
∗ 𝑝 = ℳℬ∗ 𝑝 ⇒ Imaginary contribution ONLY from the residue at 𝑄2

= 2𝜋𝜆2
𝑀8

(𝑚4+𝑀4)2
න

𝑑3𝑘

2𝜋 3

1

2𝜔𝑘2𝜔𝑘−𝑝
𝜃 𝑝0 −𝜔𝑘−𝑝 𝛿 𝑝0 −𝜔𝑘 − 𝜔𝑘−𝑝

Bubble diagram: nonlocal case + complex poles



• We have shown that the complex masses do not contribute to 
the discontinuity across the real axis

• In other words, the Cutkosky rules only applies to the standard 
propagator with one real mass:

• However, in the RHS we can still have intermediate states with 
complex masses:

• We need to make a consistent projection onto the physical
Fock space: ℱ → ℱ𝑝ℎ

Consistent Projection

𝑖Π 𝑝 =
𝑀4𝑒𝛾 −𝑝2

𝑚4 +𝑀4

1

𝑝2 +𝑚2 − 𝑖𝜖
+
𝑝2 +𝑚2

𝑝4 +𝑀4 ⟶ 2𝜋
𝑀4

𝑚4 +𝑀4 𝜃(𝑝
0)𝛿(𝑝2+𝑚2)

𝑖 𝑏 𝑇+ 𝑎 − 𝑏 𝑇 𝑎 = 

| ۧ𝑛 ∈ℱ

𝑏 𝑇+ 𝑛 𝑛 𝑇 𝑎



• We need to make a consistent projection onto the physical
Fock space: ℱ → ℱ𝑝ℎ

• Thus, the RHS will be given by

Consistent Projection

𝑖 𝑏 𝑇+ 𝑎 − 𝑏 𝑇 𝑎 = 

| ۧ𝑛 ∈ℱ𝑝ℎ

𝑏 𝑇+ 𝑛 𝑛 𝑇 𝑎

𝑅𝐻𝑆 =
𝑀8

(𝑚4+𝑀4)2
න
𝑑3𝑘2
2𝜋 3

න
𝑑3𝑘2
2𝜋 3

(2𝜋)4

2𝜔12𝜔2
𝛿(4) 𝑝 − 𝑘1 − 𝑘2 𝑝 ℳ+ 𝑘1, 𝑘2 𝑘1, 𝑘2 ℳ 𝑝

Optical theorem
(unitarity) is satisfied!

= 2𝜋𝜆2
𝑀8

(𝑚4+𝑀4)2
න

𝑑3𝑘

2𝜋 3

1

2𝜔𝑘2𝜔𝑘−𝑝
𝜃 𝑝0 − 𝜔𝑘−𝑝 𝛿 𝑝0 − 𝜔𝑘 − 𝜔𝑘−𝑝

= 𝐿𝐻𝑆



• Higher loops investigated in the case of real masses 

• Higher loops complex conjugate masses not yet

• More complicated vertexes will not affect the result as long as
they do not change the pole structure

• In the gravitational case, proving the Cutkosky rules is not
sufficient. We also need to project away unphysical states due 
to gauge invariance

• What about infinite pairs of complex conjugate poles? 
The same prescription should apply.

Some remarks

[Sen & Pius 2015]

[Work in progress…]



Outlook

• Why do we care? Even about nonlocal theories with complex
conjugate poles???

• First of all, it is very interesting that higher (infinite)-derivative 
theories can be unitary

• Nonlocal gravitational actions seem to be good candidate for
quantum gravity

• Loop corrections (e.g. due to matter) in nonlocal theories 
introduce complex conjugate poles! Is then unitarity spoiled? 

Our analysis ‘suggests’ that unitarity may still be satisfied. 

• Unitarity of p-adic string Lagrangian around tachyon vacuum:

[Koshelev’s and Kumar’s yesterday talks]

[Shapiro PLB 2015]

ℒ𝑝−𝑎𝑑𝑖𝑐 = −
1

2
𝜙 𝑒−⧠ − 1 𝜙 +⋯



Some open problems

• How to define a ‘good’ classical limit? 

Standard correspondence principle does not work especially in    

presence of complex masses

• How do define an Hamiltonian ? (is it really needed?) 

• Quantification of the causality violation? 

Only at short distances…?    

• Huge arbitrarity in the choice of the entire function !?!

• Nonlocal Lagrangians from first principles…?

[Tomboulis – private communications]



Thank you

for

your attention!

Спасибо за
Ваше внимание!



• In the RHS we need to project unphysical complex-mass states away

ℒ =
1

2
𝜙𝐹 ⧠ 𝜙 −

𝜆

3!
𝜙3 −

𝑔

4!
𝜙4 + 𝜅 𝜙𝜓2 +⋯

𝑅𝐻𝑆 =
𝑀4

𝑚4 +𝑀4න
𝑑3𝑘

(2𝜋)3
1

2𝜔
(2𝜋)4 𝛿(4) 𝑝 − 𝑘 𝑝3, 𝑝4 ℳ

+ 𝑘 𝑘 ℳ 𝑝1, 𝑝2

𝑝0 > 0

= 2𝜋𝜆2
𝑀4

𝑚4 +𝑀4
𝜃 𝑝0 𝛿 𝑝2 +𝑚2

Tree-level: nonlocality + complex conjugate poles

𝐹 ⧠ = 𝑒−𝛾 ⧠ −⧠ +𝑚2 1 +
⧠2

𝑀4 , 𝑖Π 𝑝 =
𝑀4𝑒𝛾 −𝑝2

𝑚4 +𝑀4

1

𝑝2 +𝑚2 − 𝑖𝜖
+
𝑝2 +𝑚2

𝑝4 +𝑀4

= 𝐿𝐻𝑆
Tree-level unitarity!



• Locality, causality, unitarity , renormalizability, positive norms, 
positive energies… too many requirements? 

• Beyond fourth-order derivatives? Diffeomorphism invariance
allows more…

• Generalized quadratic gravitational action, parity-invariant and 
torsion-free:

Generalized quadratic action

𝑆 = 𝑆𝐸𝐻 +
1

32𝜋𝐺
න𝑑4𝑥 −𝑔 𝑅𝐹1 ⧠ 𝑅 + 𝑅𝜇𝜈𝐹2 ⧠ 𝑅𝜇𝜈 + 𝑅𝜇𝜈𝜌𝜎𝐹3(⧠)𝑅

𝜇𝜈𝜌𝜎

𝐹𝑖 ⧠/𝑀𝑠
2 = 

𝑛=0

𝑁≤∞

𝑓𝑖,𝑛
⧠

𝑀𝑠
2

𝑛

, [𝑵 = ∞ 𝑵𝒐𝒏𝒍𝒐𝒄𝒂𝒍]



• Generalized quadratic gravitational action, parity-invariant and 
torsion-free:

• By using

• We can write

Generalized quadratic action

𝑆 = 𝑆𝐸𝐻 +
1

32𝜋𝐺
න𝑑4𝑥 −𝑔 𝑅ℱ1 ⧠ 𝑅 + 𝑅𝜇𝜈ℱ2 ⧠ 𝑅𝜇𝜈 + 𝒪 𝑅3

𝑆 = 𝑆𝐸𝐻 +
1

32𝜋𝐺
න𝑑4𝑥 −𝑔 𝑅𝐹1 ⧠ 𝑅 + 𝑅𝜇𝜈𝐹2 ⧠ 𝑅𝜇𝜈 + 𝑅𝜇𝜈𝜌𝜎𝐹3(⧠)𝑅

𝜇𝜈𝜌𝜎

𝑅𝜇𝜈𝜌𝜎⧠
𝑛𝑅𝜇𝜈𝜌𝜎 = 4𝑅𝜇𝜈⧠

𝑛𝑅𝜇𝜈 − 𝑅⧠𝑛𝑅 + 𝒪 𝑅3 + 𝑡𝑜𝑡. 𝑑𝑖𝑣.



• Up to quadratic order around Minkowski the relevant part of the 
action is:

• Gauge independent part of the graviton propagator:

Generalized quadratic action

𝑆 = 𝑆𝐸𝐻 +
1

32𝜋𝐺
න𝑑4𝑥 −𝑔 𝑅ℱ1 ⧠ 𝑅 + 𝑅𝜇𝜈ℱ2 ⧠ 𝑅𝜇𝜈

Π𝜇𝜈𝜌𝜎 𝑘 =
𝒫𝜇𝜈𝜌𝜎
2

𝑓(𝑘)𝑘2
+

𝒫𝜇𝜈𝜌𝜎
0

(𝑓 𝑘 − 3𝑔(𝑘))𝑘2

𝑓 ⧠ = 1 +
1

2
ℱ2 ⧠ ⧠,

𝑔 ⧠ = 1 − 2ℱ1 ⧠ ⧠ −
1

2
ℱ2 ⧠ ⧠



• Up to quadratic order around Minkowski the relevant part of the 
action is:

• Gauge independent part of the graviton propagator:

• Ghost-freeness condition:

𝑓 𝑘 = 𝑒𝛾1(𝑘), 𝑓(𝑘) − 3𝑔 𝑘 = 𝑒𝛾2(𝑘),

Entire functions
[Biswas et al., PRL 2012]

Ghost-free higher derivative gravity

𝑆 = 𝑆𝐸𝐻 +
1

32𝜋𝐺
න𝑑4𝑥 −𝑔 𝑅ℱ1 ⧠ 𝑅 + 𝑅𝜇𝜈ℱ2 ⧠ 𝑅𝜇𝜈

Π𝜇𝜈𝜌𝜎 𝑘 =
𝒫𝜇𝜈𝜌𝜎
2

𝑓(𝑘)𝑘2
+

𝒫𝜇𝜈𝜌𝜎
0

(𝑓 𝑘 − 3𝑔(𝑘))𝑘2



Ghost-free higher derivative gravity

• Nonlocal higher-derivative gravity theories can be ghost-free;
also known as Infinite Derivative Gravity (IDG)

• Ghost-free propagator:

[Krasnikov 1987; Kuz’min, 1989; Tomboulis 1997; Biswas et al., 2006,2011; Modesto et al. 2011+]

𝑓 ⧠ = 𝑒−𝛾 ⧠/𝑀𝑠
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2
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𝒫𝜇𝜈𝜌𝜎
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16𝜋𝐺
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⧠



Ghost-free higher derivative gravity

• Non-local higher derivative theories can be ghost-free:

• Ghost-free propagator:

• Entire function, e.g.  

[Krasnikov 1987; Kuz’min, 1989; Tomboulis 1997; Biswas et al., 2006,2011; Modesto et al. 2011+]

𝑒−𝛾 ⧠/𝑀𝑠
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• Nonlocal gravitational action:

• Nonlocal graviton propagator:

• Ghost-free graviton propagator! Poles: massless spin-2 
graviton pole + 1 pair of Lee-Wick poles

𝑆 =
1

16𝜋𝐺
න𝑑4𝑥 −𝑔 ℛ − 𝐺𝜇𝜈
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⧠
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Nonlocal Lee-Wick: gravity sector



• Nonlocal scalar theory with infinite complex conjugate poles:

ℒ = −
𝑀𝑠
2

2
𝜙 𝑒−⧠/𝑀𝑠

2
− 1 𝜙, 𝐹 ⧠ = 𝑀𝑠

2 𝑒−⧠/𝑀𝑠
2
− 1

• Ghost-free propagator:

Π 𝑝 =
1

𝑀𝑠
2 𝑒𝑝

2/𝑀𝑠
2
− 1

=
𝑒
−
𝑝2

2𝑀𝑠
2

𝑝2
+ 𝑒

−
𝑝2

2𝑀𝑠
2


ℓ=1

∞

(−1)ℓ
1

𝑝2 + 𝑖2𝜋𝑀𝑠
2ℓ
+

1

𝑝2 − 𝑖2𝜋𝑀𝑠
2ℓ

Infinite pairs of complex
conjugate poles: 𝑝2 = 𝑖2𝜋𝑀𝑠

2ℓ

[LB, Lambiase, Yamaguchi, PRD]

1

sinh(𝑖𝑧/2)
=
2

𝑖


ℓ=−∞

∞

(−1)ℓ
1

𝑧 + 𝑖2𝜋ℓ

Nonlocal case: infinite complex poles



• Nonlocal gravitational action:

• Nonlocal graviton propagator:

• Ghost-free graviton propagator! 
Poles: massless spin-2 graviton propagator + infinite pairs of 
complex conjugate poles

𝑆 =
1

16𝜋𝐺
න𝑑4𝑥 −𝑔 ℛ − 𝐺𝜇𝜈
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ℛ𝜇𝜈 −𝑀𝑠
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Nonlocal (infinite-derivative) case: gravity sector

[LB, Lambiase, Yamaguchi, PRD]



• Linearized metric for a static point-like source: 

𝑑𝑠2 = − 1 + 2𝜙 𝑟 𝑑𝑡2 + 1 − 2𝜙 𝑟 (𝑑𝑟2 + 𝑟2𝑑Ω2)

[Tseytlin, 1995; Biswas et al., 2006; Biswas et al., 2012]

Singularity-free!

IR UV

𝑒
−
∇2

𝑀𝑠
2
∇2𝜙 Ԧ𝑟 = 4π𝐺𝑚𝛿(3) Ԧ𝑟 ⟹ 𝜙 𝑟 = −

𝐺𝑚

𝑟
𝐸𝑟𝑓

𝑀𝑠𝑟

2

𝜙 𝑟 ~ −
𝐺𝑚

𝑟
𝜙 𝑟 ~ −

𝐺𝑚𝑀𝑠

𝜋
< ∞

𝐸𝑟𝑓 𝑥 ≔
2

𝜋
න
0

𝑥

𝑒−𝑡
2
𝑑𝑡

Ghost-free higher derivative gravity



• Scalar curvature:

𝑅 =
𝐺𝑚𝑀𝑠

3𝑒−𝑀𝑠
2𝑟2/4

𝜋

• Non-singular curvature invariants!

• Conformally-flat at r=0!

• Smearing of the (delta-) source due to non-locality!

• The UV/short distances behavior is ameliorated!

Ghost-free higher derivative gravity

[LB, Koshelev, Lambiase, Marto, Mazumdar, JCAP]



• Linearized metric for a rotating ring source in IDG:

• Stress-energy tensor:

• Differential equations: 

𝑑𝑠2 = − 1 + 2𝜙 𝑟 𝑑𝑡2 + 2ℎ ∙ 𝑑 Ԧ𝑟𝑑𝑡 + 1 − 2𝜙 𝑟 (𝑑𝑟2 + 𝑟2𝑑Ω2)

Ghost-free higher derivative gravity

[LB, et al. PRD]



• Linearized metric for a rotating ring source in IDG:

• Solutions: 

Ghost-free higher derivative gravity

𝑑𝑠2 = − 1 + 2𝜙 𝑟 𝑑𝑡2 + 2ℎ ∙ 𝑑 Ԧ𝑟𝑑𝑡 + 1 − 2𝜙 𝑟 (𝑑𝑟2 + 𝑟2𝑑Ω2)

[LB, et al. PRD]



• Linearized metric for a rotating ring source in IDG:

• Non-singular solutions: 

[LB, et al. PRD]

Ghost-free higher derivative gravity

𝑑𝑠2 = − 1 + 2𝜙 𝑟 𝑑𝑡2 + 2ℎ ∙ 𝑑 Ԧ𝑟𝑑𝑡 + 1 − 2𝜙 𝑟 (𝑑𝑟2 + 𝑟2𝑑Ω2)



• Linearized metric for a rotating ring source in IDG:

• Non-singular solutions: 

Ghost-free higher derivative gravity

𝑑𝑠2 = − 1 + 2𝜙 𝑟 𝑑𝑡2 + 2ℎ ∙ 𝑑 Ԧ𝑟𝑑𝑡 + 1 − 2𝜙 𝑟 (𝑑𝑟2 + 𝑟2𝑑Ω2)

[LB, et al. PRD]



• Nonlocal action:

𝑆 = න𝑑4𝑥𝑑4𝑦𝜙 𝑥 𝐾 𝑥 − 𝑦 𝜙 𝑦

= න𝑑4𝑥𝑑4𝑦𝜙 𝑥 න
𝑑4𝑘

2𝜋 4
𝐹 −𝑘2 𝑒𝑖𝑘∙ 𝑥−𝑦 𝜙 𝑦

= න𝑑4𝑥𝑑4𝑦𝜙 𝑥 𝐹 ⧠ න
𝑑4𝑘

2𝜋 4
𝑒𝑖𝑘∙ 𝑥−𝑦 𝜙 𝑦

= න𝑑4𝑥𝑑4𝑦𝜙 𝑥 𝐹 ⧠ 𝜙 𝑥

Extra Slides: nonlocality



• Nonlocal scalar field:

ℒ =
1

2
𝜙𝑒−𝛾 ⧠/𝑀𝑠

2
⧠−𝑚2 𝜙 − 𝑉 𝜙 ,

𝛾 ⧠/𝑀𝑠
2 = 

𝑛=0

𝑁≤∞

𝛾𝑛
⧠

𝑀𝑠
2

𝑛

• Ghost-free propagator:

Π 𝑝 =
𝑒𝛾 −𝑝2/𝑀𝑠

2

𝑝2 +𝑚2

Perturbative unitarity (optical theorem and Cutkosky rules)
[Pius & Sen 2015; Briscese & Modesto 2018; Chin & Tomboulis 2018]

Causality violation at microscopic scales (acausal Green functions and 
local commutativity violation)
[Tomboulis 2015; LB, Lambiase, Mazumdar 2018] 

Stringy inspired nonlocal theories

Entire function: 
No extra poles!



• NO time-ordered propagator:

𝑒−𝛾 ⧠ ⧠ −𝑚2 Π 𝑥 = 𝑖𝛿 4 𝑥 ,

Π 𝑥 = Π𝑐 𝑥 + Π𝑛𝑐 𝑥 ,

𝑊 𝑞 𝑥 = න
𝑑4𝑘

2𝜋 4
𝑒𝑖𝑘∙𝑥𝜃(𝑘0)𝛿(𝑘2 +𝑚2)

𝜕(𝑞)𝑒−𝛾 −𝑘2

𝜕𝑘0(𝑞)

Microcausality violation

[Tomboulis, PRD; LB, Lambiase, Mazumdar, NPB]

Π𝑛𝑐 𝑥 = 𝑖

𝑞=1

∞
𝑖𝑞−1

𝑞!
𝜕
𝑥0
(𝑞−1)

[𝑊 𝑞 𝑥 −𝑊 𝑞 −𝑥 ]

Π𝑐 𝑥 = 𝑇 𝜙(𝑥)𝜙(0)



• Acausal Green function (principal value + residues):

𝑒
−
⧠

𝑀𝑠
2

2𝑛

⧠ −𝑚2 𝐺𝑅(𝑥 − 𝑦) = 𝑖𝛿 4 𝑥 − 𝑦 ,

[LB, Lambiase, Mazumdar, NPB]

𝐺𝑅 𝑥 − 𝑦 ≠ 0, 𝑓𝑜𝑟 (𝑥 − 𝑦)2 > 0

Microcausality violation



Extra slides: spin projection operators



• Kuzmin/Tomboulis’ entire function:

𝛾 𝑧 = Γ 0, 𝑃 𝑧 + 𝛾𝐸 + 𝑙𝑜𝑔 𝑃 𝑧

• UV behavior:

z → ∞ ⟹ 𝑒𝛾 𝑧 ⟶ 𝑒𝛾𝐸𝑃 𝑧

Extra Slides: Renormalizable nonlocal gravity

[Kuzmin 1989, Tomboulis 1977]



• Nonlocal propagator:

• Poles:

Π 𝑝 =
1

𝑀𝑠
2 𝑒
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𝑀𝑠
2
− 1
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− 𝑖휀(ℓ)

− Ԧ𝑝2 + Ԧ𝑝4 + 𝑖4𝜋2𝑀𝑠
4ℓ2

2

[LB, Lambiase, Yamaguchi, PRD]

Enlarging the class of ghost-free operators



• Non-local gravitational action:

• Nonlocal graviton propagator:

• Ghost-free graviton propagator! Poles: massless spin-2 
graviton propagator + infinite pairs of complex conjugate
poles

𝑆 =
1
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[LB, Lambiase, Yamaguchi, PRD]

Enlarging the class of ghost-free operators



Different type of nonlocal Lagrangians

• P-adic string: [Freund, Witten, Frampton, Dragovich….]

• SFT inspired nonlocal Lagrangian: [Krasnikov, Arefeva, Koshelev, Biswas, Mazumdar, 
Modesto…]

• Nonlocal model with complex conjugate poles: [LB, Lambiase, Yamaguch PRD]
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2𝐼𝑚 −𝑖 = = න𝑑Π𝑓


