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Information paradox = apparent unitarity loss

~ = c = kB = Mpl = 1
Black holes evaporate, TH = (8πM)−1

Hawking '71

Ψin → BH

TH

→ ρ̂out = e−Ĥ/TH 6= |Ψout〉〈Ψout|

TH

Non�unitary evolution?

BUT

AdS/CFT: QGRA on AdS5 × S5 = unitary CFT Maldacena '01

black holes = thermal states
unitary ⇐ unitary

New entanglement entropy: Σ = −tr(ρ̂out ln ρ̂out)
�puri�cation� of states ⇒ unitarity! Penington '19

see also Almheiri, Hartman, Maldcena, Marolf, Stanford, Shenker, . . . '19-20
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S�matrix?

Ψin

−−−−−−−−→
Ψin → Ψout = ŜΨin

Ψout

This is a scattering process!

Q: Ŝ�matrix for this process?

Unitarity test: Ŝ†Ŝ = Î
't Hooft '99

Bezrukov, DL, Sibiryakov '15
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Direct semiclassical method

Ψin t Ψout

〈Ψout|Ŝtot|Ψin〉 =
∫
DΦ︸︷︷︸ eiStot[Φ]

gµν , f , . . . ← �at → �at!

← includes Ψin, Ψout

Stot � 1: Saddle�point method!

Φs(x) : δStot/δΦ = 0 � saddle�point con�guration
(classical solution)

Low E : �at → �at � �xed topology

〈Ψout|Ŝ|Ψin〉 = ��A eiStot[Φs ] � îòâåò

BUT collapsing solutions: �at → black hole
incorrect asymptotics!

Complex saddle�point con�gurations? Bezrukov, DL, Sibiryakov, 1503.07181

How to �nd them?
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Imagine that we can do nasty things

DL, Panin, Sibiryakov '07

Consider functional Tint[Φ] ∼
∫
MassR0 dt Bezrukov, DL, Sibiryakov '15

Ψin R0
BH R0 Ψout R0

Add a constraint Tint[Φ] = T0 to the action

⇓
Correct asymptotics of Φs!

(but incorrect equations)

Properties of Tint[Φ]

≥ 0 & rep-invariant

= +∞ if Φ→ black hole

Finite for scattering
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Faddeev�Popov unity

1 =

∫ ∞
0

dT0 δ(T0 − Tint[Φ]) =

∫ ∞
0

dT0

∫ i∞

−i∞
dε eε(T0−Tint[Φ])

〈Ψin|Ŝ|Ψout〉 =
∫
DΦ · eiStot[Φ]

DL, Panin, Sibiryakov '07

Bezrukov, DL '04

Strategy:
1 First, integrate over Φ

⇒ New action: Sε = Stot + iεTint

⇒ Φε ⇒ Φε[x ] � saddle�point of : �at at t → ±∞
⇒ Re ε > 0 � integral converges!

2 Second, integrate over ε è T0

⇒ T0 = Tint[Φε] & ε→ +0

〈Ψin|Ŝ|Ψout〉 ≈ lim
ε→+0

eiSε[Φε]

In 4D gravity: Bezrukov, DL, Sibiryakov, 1503.07181
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2D dilaton gravity with a boundary

S =
∫

φ<φ0

d2x
√
|g |e−2φ

[
R + 4(∇φ)2 + 4λ2

]
← CGHS: φ, gµν

↑
mass scale

Callan,Giddings,Harvey,Strominger '92

+
∫

φ=φ0

e−2φ0(2K + 4λ) ← boundary GH term

−m
∫

traj

dτ ← matter: quantum particle

+ Properties

Exact solutions

Stable vacuum

Black holes:

TH = λ/2π � temperature

rh = ln(M/2λ)/2λ � Schw. radius

i+

i−

i0i′0

φ
=
φ
0

φ < φ0 ⇒ r > r0

Chung, Verlinde '93

Fitkevich, DL, Zenkevich '17
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Why do we need a boundary in CGHS?

Quantize the model: Russo, Susskind, Thorlacius '92

Z =
∫
DΦ︸︷︷︸ eiSCGHS−c

∫
φR+matter

Strominger '92
↑

RST counterterm

Perform singular Weyl transformation:

ĝab = e−2φ gab , φ̂ = e−2φ + cφ ← non�invertable at φ(x) = φcr !

Result: Z =
∫
DΦ̂ ei

∫
(R̂φ̂+4λ2)+ìàòåðèÿ︸ ︷︷ ︸

�at JT gravity (Λ→ 0)

Fitkevich, DL, Zenkevich '20

BUT �at JT is unitary ← and no black holes
Dubovsky, Gorbenko, Mirbabayi '17

⇒ CGHS is sick at φ = φcr !

Solution: φ < φ0 � cuto� the singularity!
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Re�ections from the boundary

〈p|Ŝ | − p〉 =

∫
DΦ eiStot [Φ] � re�. amplitude

(energy M)

i+

i−

i0i′0

φ
=
φ
0

(Semi)classical solutions

Schwarzschild coordinates: (r, t) ← (φ = −λr)

�Birkho�� theorem:

empty space = �at or BH(M)

rr0 r∗(t)

particleboundary

�at M

Sewing at r∗: eq. for particle r = r∗(t)
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Classical solutions

Low M

rr0 r∗(t)

particleboundary

�at M
rh

Trivial re�ection from the boundary

High M ⇔ rh > r0

rrhr0 r∗(t)

particle horizonboundary

MM

Black hole formation at M > Mcr
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Adding a constraint: Sε = Stot + iεTint

iεTint = iε
∫
d2x
√−g δ(φ− φε)︸ ︷︷ ︸

rε = −φε/λ

[
(∇φ)2 − λ2

]2︸ ︷︷ ︸
zero for �at

≥ 0

rr0 r∗(t)

particleboundary

�at M ′ M
rε

regulator

Eqs. at rε: M ′ = M + iε′ ε′ > 0

Complex motion: Im rh > 0!

Properties of Tint

rep.�invariant

≥ 0

�nite: Φ→ ïëîñêîå

+∞: Φ→ BH

=mr

<e rr0

Cr
rh

M < Mcr

=mr

<e rr0

Cr
rh

M > Mcr

⇒ Complex solutions with correct asymptotics!
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Classical action: 〈p|Ŝ| − p〉 = exp(iSε)

Sε = SCGHS + SGH, φ0 + SGH,∞ + Sm − i ln Ψ∗out − i ln Ψin

gravity boundary in�nity particle states: ±ipr

− Sfree + iε(Tint − τ0) ← ε→ +0
free action regulator

φ
=
φ
0

τ ×
φ
=
φ
0

tf = const

r
=
r ∞

ti = const

Sε = −M −Mcr

λ
ln

(
1− M + iε′

Mcr

)
+

p

λ

(
1− ln

Mcr

2λ

)

− p

λ
ln

(
1

2
+

Mm2

8Mcrp2
+

p×
2p

)
+

2Mcr

λ
ln

(
4Mcr(p× + M) + m2

4Mcr(p× + M)−m2

)

+
M

λ
ln

(
4M3 − 3m2M + (4M2 −m2)p×

(p + M)3
+

m2(4M2 + m2)

4Mcr(p + M)3)

)
where p2 = M2 −m2, p2

× = (M + m2/4Mcr)
2 −m2, Mcr = 2λe−2φ0
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Result: 〈p|Ŝ| − p〉 = exp(iSε)

Amplitude: Im Sε =
π

λ
(M −Mcr) θ(M −Mcr)

M

ReSε

m

Mcr 2Mcr
0

−5

5

−10
M

ImSε

m Mcr 2Mcr

20

30

10

0

Probability P ≈ e−2Im Sε =

{
1 , M < Mcr

e−π(M−Mcr )/λ , M > Mcr

High energies: particle → BH → particle

⇒ P ≈ N−1
BH = e−ΣBH

ΣBH =
M −Mcr

TH
=

2π

λ
(M −Mcr ) � BH entropy!

Agrees with Fiola, Preskill, Strominger, Trivedi '94; Myers '94; Hayward '94
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Last remark: Euclidean calculation of entropy

Gibbons�Hawking instanton

rh tE ∞

No points with φ = φ0!

ΣBH = 2π
λ M � gives this instanton

ΣBH = 2π
λ (M − 2λe−2φ0) � our result

Something wrong with Euclidean calculation?

This solution does not give contribution!
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Require that the boundary φ = φ0 is present

New instanton

(−,−) (+,+)

φ
=
φ
0

r′h rh ∞

M1 M
interior exterior

Minimum of SE at M1 = 2λe−2φ0

ΣBH = 2π
λ (M − 2λe−2φ0) � agrees!

⇒ We should require that the boundary is present
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Conclusions

We have a method to calculate 〈Ψout|Ŝ|Ψin〉 !

Collapsing solutions do not contribute into Ŝ.

But complex ones do!

Application to shells in 4D gravity: Bezrukov, DL, Sibiryakov '15

Can we test unitarity of Ŝ?
Coherent states:

〈a|̂I |b〉 = e
∫
dk a∗kbk =

∑
c
〈a|Ŝ†|c〉 〈c |Ŝ|b〉︸ ︷︷ ︸

calculate semiclassically!

BUT: need solutions in �eld theory!

Any connection to replica instantons? ← ρnout = (Ψ†outΨout)
n

replica inst = 2n complex solutions?
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Thanks for attention!
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