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How Well Do We Know Gravity?

S =
M2

p
2

∫
d4x
√
−g gµν Rµν(Γαβγ)

Choice of independent fields

Only gµν :
metric formulation

Assume Γαβγ s.t.
∇ρgµν = 0

gµν and Γαβγ :
Palatini formulation

δS
δΓρµν

∝ ∇ρgµν

⇒ Equivalent in pure gravity
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Metric vs. Palatini Gravity

I Coupling to scalar field h

S =
M2

p
2

∫
d4x
√
−g

{
gµνRµν(Γαβγ) + Lm(h, gµν)

}

I
δS
δΓρµν

changes

I Matter can break equivalence

I Phenomenology depends on formulation of gravity
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Open question

Which formulation of General Relativity should we use?

I Gravity cannot distinguish

I Ambiguity contained in General Relativity

I Must explore consequences of all formulations
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This Talk

Einstein-Cartan gravity

. Generalizes metric and Palatini formulations

. Gauge theory of Poincaré group2

1 From Palatini to Einstein-Cartan

2 Higgs Inflation

3 Conclusions

2R. Utiyama, Invariant theoretical interpretation of interaction, Phys. Rev. 101 (1956).
T. Kibble, Lorentz invariance and the gravitational field, J. Math. Phys. 2 (1961).
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Metric vs. Palatini Gravity

I Coupling to scalar field h

S =
∫

d4x
√
−g
{

M2
P
2

(
1 + ξh2

M2
p

)

︸ ︷︷ ︸
Ω2

gµνRµν(Γαβγ)− 1
2(∂µh)2 − U

}

I Conformal transformation gµν → Ω−2ĝµν

S =
∫

d4x
√
−ĝ
{

M2
P
2 R̂ − 1

2

( 1
Ω2

)
(∂µh)2 − U

Ω4

}

I Difference mapped to kinetic term
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Allow for Torsion: Einstein-Cartan

I Palatini: still assume Γαµν = Γανµ

I Einstein-Cartan: remove assumption

Tα
µν = Γαµν − Γανµ

I Torsion Tα
µν does not propagate

I Dynamically
Tα
µν = 0

I Same action: equivalent to Palatini
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Extend action

I Holst term

S ⊃ γ̄−1
M2

p
4

∫
d4x
√
−g Rµνρσεµνρσ

(
1 + ξγ

h2

M2
P

)

I Nieh-Yan term

S ⊃
∫

d4x ∂µ
(√
−gεµνρσTνρσ

)

ξηh2

I Equivalence to Palatini broken

I New coupling constants
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Analyze Theory

I Example: Nieh-Yan

S =
∫

d4x
√
−g
{

M2
P
2 Ω2R − 1

2(∂µh)2 − U
}

− 1
4

∫
d4x ∂µ

(√
−gεµνρσTνρσ

)
ξηh2

I Solve for torsion: equivalent theory

S =
∫

d4x
√
−ĝ
{

M2
P
2 R̂ − 1

2

( 1
Ω2 +

6h2ξ2η
M2

PΩ4

)
(∂µh)2 − U

Ω4

}

I ξη = 0: Palatini

I ξη = ξ: metric
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Einstein-Cartan Gravity

I Allow for non-propagating torsion

I Minimal action: equivalent to Palatini

I Additional terms

Einstein-Cartan:
Dimensionless couplings ξη, . . . ⇔

Torsion-free theory:
energy scales MP

ξη
, . . .

I Metric and Palatini formulations as special cases
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

1 From Palatini to Einstein-Cartan

2 Higgs Inflation

3 Conclusions
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Metric and Palatini Higgs Inflation

I Identify h with Higgs field: use as inflaton

I Known scenarios: metric3 and Palatini4

S =
∫

d4x
√
−g
{

M2
P
2

(
1 + ξh2

M2
p

)
R − 1

2(∂µh)2 − λ

4h4
}

I Match amplitude of perturbations:
metric: ξ ∼ 103 Palatini: ξ ∼ 107

3F. Bezrukov and M. Shaposhnikov, The Standard Model Higgs boson as the inflaton,
arXiv:0710.3755.

4F. Bauer and D. Demir, Inflation with Non-Minimal Coupling: Metric versus Palatini
Formulations, arXiv:0803.2664.
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Metric and Palatini Higgs Inflation

Te
ns
or
-t
o-
sc
al
ar

ra
tio

︸︷︷︸

Spectral index

ns = 1− 2
N

Planck Collaboration, Planck 2018 results. I., arXiv:1807.06205.
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Higgs Inflation in Einstein-Cartan3

I Extend action

S =
∫

d4x
√
−g
{

M2
P
2

(
1 + ξh2

M2
p

)
R − 1

2(∂µh)2 − λ

4h4
}

− 1
4

∫
d4x ∂µ

(√
−gεµνρσTνρσ

)
ξηh2

I Generalizes Palatini (ξη = 0) and metric (ξη = ξ) scenarios

3M. Shaposhnikov, A. Shkerin, I. Timiryasov, S. Z., Higgs inflation in Einstein-Cartan
gravity, arXiv:2007.14978.
See also M. Långvik, J. Ojanperä, S. Raatikainen, S. Rasanen, Higgs inflation with the
Holst and the Nieh-Yan term, arXiv:2007.12595.
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Holst and the Nieh-Yan term, arXiv:2007.12595.
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Add Fermions

I Non-minimal couplings

4

S = i
2

∫
d4x
√
−g

(
Ψ̄γµDµΨ− h.c.

)

I Equivalent torsion-free theory

S ⊃ “ 1
M2

P

(
α Ψ̄γµΨ− (1− β) Ψ̄γ5γµΨ

)2 ”

I Specific interactions for scalars and fermions additional material

4 L. Freidel, D. Minic, T. Takeuchi, Quantum gravity, torsion, parity violation and all
that, arXiv:hep-th/0507253.
S. Alexandrov, Immirzi parameter and fermions with non-minimal coupling,
arXiv:0802.1221.
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From Palatini to Einstein-Cartan Higgs Inflation Conclusions

Further Applications

I Universal 4-fermion interaction:
new mechanism for production of fermionic dark matter5
See talk by I. Timiryasov in workshop on Dark Matter

I Electroweak symmetry breaking by gravitational instanton6
See talk by M. Shaposhnikov on Monday

5M. Shaposhnikov, A. Shkerin, I. Timiryasov, S. Z., Einstein-Cartan Portal to Dark
Matter, arXiv:2008.11686.

6M. Shaposhnikov, A. Shkerin, S. Z., Standard Model Meets Gravity: Electroweak
Symmetry Breaking and Inflation, arXiv:2001.09088.
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Summary

Einstein-Cartan theory

I Pure gravity: all formulations equivalent

I Include matter: additional couplings

I In equivalent torsion-free theory:
geometric criterion for selecting higher-dimensional operators

I Interesting phenomenology

. Higgs inflation

. Fermion dark matter production

. Non-perturbative generation of Higgs mass

. . . .
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Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Additional Material

4 Einstein-Cartan Higgs Inflation

5 Full Action

6 Fermionic Dark Matter

7 Gravitational Instanton

8 Form Language

20



Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Generalization

Extend with Holst term: 1
γ̄

M2
p
4
∫

d4x
√
−g Rµνρσεµνρσ

back
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Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Full Action

Use form language additional material

S =1
4

∫
(M2

P + ξh2)εIJKLeIeJFKL

+ 1
2γ̄

∫
(M2

P + ξγh2)eIeJFIJ + 1
2

∫
ξηh2d(eIeJCIJ)

+
∫
εIJKLeIeJeKeL

24

(
−1
2(∂Nh)2 − U

)
+ i

12

∫
εIJKLeIeJeK

(
Ψ̄(1− iα− iβγ5)γLDΨ− h.c.

)

Conformal transformation

eI → eI
Ω ωIJ → ωIJ Ω2 = 1 + ξh2

M2
P

22
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Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

After Conformal Transformation

S =M2
P
4

∫ {
εIJKLeIeJFKL + 2γeIeJFIJ + 2ηd

(
eIeJCIJ

Ω2

)}

+
∫
εIJKLeIeJeKeL

24

(
−1
2

1
Ω2 (∂Nh)2 − U

Ω4

)
+ i

12

∫
εIJKLeIeJeK

(
Ψ̄(1− iα− iβγ5)γLDΨ− h.c.

)
+ 1

8

∫ dΩ2εIJKLeIeJeK
Ω2 (αV L + βAL)

Ω2 = 1 + ξh2

M2
P

γ =
1 + ξγh2

M2
P

γ̄Ω2 η = ξηh2

M2
P

23



Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Solve for Torsion
Equation of motion

2C [I
KBKJ]+

(dη
Ω2 + dγ

)
eIeJ

= 1
M2

P

(1
2eIeJePAP + 1

6εKLMNeKeLeMδN[I
(
αV J] + βAJ]

))
BKJ = 1

2ε
KJLMeLeM + γeKeJ

Solution

C IJ = − 1
2(γ2 + 1)

(
εIJKLeK

(
∂Lη

Ω2 + ∂Lγ

)
− 2γe[I

(
∂J]η

Ω2 + ∂J]γ

))

+ 1
4M2

P(γ2 + 1)

(
εIJKLeK (AL + γ(αVL + βAL))

+ 2e[I
(
αV J] + (β − γ)AJ]

))
24
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Equivalent Metric Theory

Seff =
∫

d4x
√
−g

{
M2

P
2 R̊ + i

2ΨγµD̊µΨ− i
2 D̊µΨγµΨ

}

−
∫

d4x
√
−g

{ 1
2Ω2 (∂µh)2 + U

Ω4

}
−
∫

d4x
√
−g 3M2

P
4(γ2 + 1)

(
∂µη

Ω2 + ∂µγ

)2

+
∫

d4x
√
−g 3α

4

(
∂µΩ2

Ω2 + γ

γ2 + 1

(
∂µη

Ω2 + ∂µγ

))
V µ

+
∫

d4x
√
−g 3

4

(
β
∂µΩ2

Ω2 + 1 + γβ

γ2 + 1

(
∂µη

Ω2 + ∂µγ

))
Aµ

−
∫

d4x
√
−g 3

16M2
P(γ2 + 1)

(
(
1 + 2γβ − β2

)
A2
µ + 2α (γ − β) AµV µ − α2V 2

µ

)
back

25



Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Dark Matter Production7

I Singlet fermion N in early Universe

Ψ

Ψ̄

N

N̄(α+β)2
M2

P

I Universal portal to dark matter

I Relative abundance
ΩN

ΩDM
=

10−2 mN
10 keV

(α + β)4 T 3

M3
P

I All of dark matter for
mN = 10 keV, . . . , 108 GeV

7M. Shaposhnikov, A. Shkerin, I. Timiryasov, S. Z., Einstein-Cartan Portal to Dark
Matter, arXiv:2008.11686. 26
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Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Example: Warm Dark Matter

I Cutoff in Palatini Higgs inflation

Λ ∼ MP√
ξ

I Universal scales
α ∼ β ∼

√
ξ

I Warm dark matter
ΩN

ΩDM
= mN

10keV
I Characteristic momentum distribution back
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Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Naturalness of Higgs mass mH

Naturalness of Higgs mass mH

1 Sensitivity to heavy particles

Disappears if no particles above weak scale

2 Why mH � MP?

Generation of hierarchy by gravitational instanton8

mH ∼ MPe−S

More simple in Palatini9

8M. Shaposhnikov, A. Shkerin, Gravity, Scale Invariance and the Hierarchy Problem,
arXiv:1804.06376.

9M. Shaposhnikov, A. Shkerin, S. Z., Standard Model Meets Gravity: Electroweak
Symmetry Breaking and Inflation, arXiv:2001.09088.
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Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Einstein Frame Action

I Palatini action after conformal transformation

S =
∫

d4x
√
−ĝ
{
− 1

2
1

Ω2 (∂µh)2 − λ

4
h4
Ω4 + M2

P
2 R̂

}

I Canonical field

dχ = dh
Ω ⇒ h = MP√

ξ
sinh

(√
ξχ

MP

)

I Final action

S =
∫

d4x
√
−ĝ
{

M2
P
2 R̂−1

2(∂µχ)2−λM4
P

4ξ2

(
tanh

(√
ξχ

MP

))4}

29
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Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Effective Action

I Expectation value

〈h〉 ∼
∫

DhDgµνDΓαβγ h e−SE

∼ MP√
ξ

∫
DχDĝµνe

√
ξχ

MP
−SE

I Effective source

Seff =
∫

d4x
(
−
√
ξχ(x)
MP

δ(4)(x) +
√

ĝE LE

)

I Regularize: S = Seff + Sreg

Sreg =
∫

d4x
√
−ĝ δ

M8
PΩ8

(
1 + δ

Ω2

)
(∂µh)6

30
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−ĝ δ

M8
PΩ8

(
1 + δ

Ω2

)
(∂µh)6

30



Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Saddle Point

I On saddle point:
〈h〉 ∼ MP√

ξ
e−S

I Match phenomenology
S ≈ 30

I Ansatz
ds2 = f (r)2dr2 + r2dΩ2

3

I E.o.m.

∂r

(
r3χ′

f + 6δr3χ′5G(χ)
M8

P f 5

)
− δr3χ′6G ′(χ)

M8
P f 5

− r3fU ′(χ) = −
√
ξ

2π2MP
δ(r)

6− 6f 2 + 2r2f 2U(χ)
M2

P
− r2χ′2

M2
P
− 10δr2χ′6G(χ)

M10
P f 4

= 0

Define G(χ) = 1 + δ/ cosh2
(√
ξχ/MP

)

31



Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Saddle Point

I On saddle point:
〈h〉 ∼ MP√

ξ
e−S

I Match phenomenology
S ≈ 30

I Ansatz
ds2 = f (r)2dr2 + r2dΩ2

3

I E.o.m.

∂r

(
r3χ′

f + 6δr3χ′5G(χ)
M8

P f 5

)
− δr3χ′6G ′(χ)

M8
P f 5

− r3fU ′(χ) = −
√
ξ

2π2MP
δ(r)

6− 6f 2 + 2r2f 2U(χ)
M2

P
− r2χ′2

M2
P
− 10δr2χ′6G(χ)

M10
P f 4

= 0

Define G(χ) = 1 + δ/ cosh2
(√
ξχ/MP

)

31



Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Saddle Point

I On saddle point:
〈h〉 ∼ MP√

ξ
e−S

I Match phenomenology
S ≈ 30

I Ansatz
ds2 = f (r)2dr2 + r2dΩ2

3

I E.o.m.

∂r

(
r3χ′

f + 6δr3χ′5G(χ)
M8

P f 5

)
− δr3χ′6G ′(χ)

M8
P f 5

− r3fU ′(χ) = −
√
ξ

2π2MP
δ(r)

6− 6f 2 + 2r2f 2U(χ)
M2

P
− r2χ′2

M2
P
− 10δr2χ′6G(χ)

M10
P f 4

= 0

Define G(χ) = 1 + δ/ cosh2
(√
ξχ/MP

)

31



Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Saddle Point

I On saddle point:
〈h〉 ∼ MP√

ξ
e−S

I Match phenomenology
S ≈ 30

I Ansatz
ds2 = f (r)2dr2 + r2dΩ2

3

I E.o.m.

∂r

(
r3χ′

f + 6δr3χ′5G(χ)
M8

P f 5

)
− δr3χ′6G ′(χ)

M8
P f 5

− r3fU ′(χ) = −
√
ξ

2π2MP
δ(r)

6− 6f 2 + 2r2f 2U(χ)
M2

P
− r2χ′2

M2
P
− 10δr2χ′6G(χ)

M10
P f 4

= 0

Define G(χ) = 1 + δ/ cosh2
(√
ξχ/MP

)
31



Einstein-Cartan Higgs Inflation Full Action Fermionic Dark Matter Gravitational Instanton Form Language

Solution

6.0 6.5 7.0 7.5 8.0
log10ξ

0.5

1.0

1.5

δ/ξ2

back
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Spin connection

I Tetrad
#»e I = e µ

I
#»

∂ µ
#»e I · #»e J = ηIJ

I Spin connection
∇µv I = ω I

µ JvJ

I Recover Christoffel

Γαµν = e α
I

(
eIµ, ν + ω I

µ KeKν
)

I Tetrad “postulate”
∇µe I

ν = 0

I Antisymmetry of spin connection

∇µηIJ = 0 ⇒ ωµIJ = −ωµJI
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Introduce Forms

I 1-forms:
eI = eIµdxµ ωIJ = ωµIJdxµ

I Torsion
T I = DeI = deI + ωI

J ∧ eJ

(
Tα
µν = e α

I

(
T I
)
µν

= Γαµν − Γανµ
)

I Contorsion 1-form

ωIJ = ω̊IJ + C IJ , D̊eI = 0

T I = C I
J ∧ eJ
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Action

I Curvature 2-form

F IJ = dωIJ + ωI
K ∧ ωKJ

I Einstein-Hilbert action

SEH = M2
P
4

∫
εIJKLeI ∧ eJ ∧ FKL

I Vary with respect to connection

δSEH
δωIJ

∝ D
(
εIJKLeI ∧ eJ

)
= 0

⇒ C [K
M ∧ ε

ML]IJeI ∧ eJ = 0 ⇒ CK
M = 0

back
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