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Theoretical studies of the formation and properties
of quark-gluon matter

under conditions of high baryon densities

By theoretical I mainly mean the holographic studies

Results from holography for heavy ions collisions:
Fits experimental data
Predicts new results

What is special for NICA (Nuclotron Based Ion Collider fAcility)
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Outlook

1 Our goal
2 Our methods (Few remarks on holography)
3 The expected QCD phase diagram in (µ, T )-space

1-st order phase transition vs crossover
Phase diagrams for heavy vs light quarks

4 Holographic QCD phase diagrams in (µ, T,B, ν)-space
Background phase transition
Phase diagrams for nonlocal observables
Phase diagrams for local observables

5 Conclusion and what next?
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Few remarks on holography (AdS/CFT)

Holography is nowadays one of the most effective tools to study quantum
non-equilibrium physics of strongly interacting many body systems

These systems include ultrarelativistic heavy-ion collisions, cold atom
systems, quantum simulators, "ultrafast"techniques in condensed matter
physics, etc.

Holography translates the physics of quantum many body systems into a
dual classical gravitational problem in a space-time with an extra dimension
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The expected QCD phase diagram
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QCD Phase Diagram: Early Conjecture

Cabibbo and Parisi, 1975
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µ a measure of the imbalance between quarks and antiquarks in the system
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QCD Phase Diagram: Experiments

One of the main points at . . .
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QCD Phase Diagram: Lattice

Main problem with µ 6= 0. Imaginary chemical potential method.

A. Columbia plot. F.R. Brown et al, Phys. Rev. Lett. (1990)

B. O. Philipsen, C. Pinke, PRD (2016)

Does first order near the origine survive in the continuum?
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QCD Phase Diagram:
Lattice, phenomenological and freeze-out data
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A. Phase diagram for Nf = 2 + 1 flavour QCD — different approaches
and freeze-out data [Beam Energy Scan program]
The chiral crossover – the black dashed line

B. Phenomenological calculations from 1909.02991
Tc(µB)/Tc = 1− κ (µB/Tc)

2 + O(µ4B)
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“Heavy” and “light” quarks from Columbia plot
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The expected QCD phase diagram
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The expected QCD phase diagram
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The expected QCD phase diagram

    Sym

Neutron

stars

0.3GeV

Nuclei

FAIR

NICA

LHC

RHIC

1-st order

phase transition

transition

    Sym

Broken

 

Quarkyonic

CEP Deconfined

    (QGP)

Hadronic Deconfining

transition

ϰ

T

μB

0.
16
2G
ev

ϰ

Irina Aref’eva Holographic QCD for NICA QUARKS 2021 8 / 41



Anisotropy in QGP

Origins of anisotropy

Longitudinal and 2 transversal directions
Multiplicity dependencies ALICE M(s) ∼ s0.155(4)
I.A., Golubtsova, JHEP’14 M∼ s1/(ν+2) ⇒ ν = 4.5

Full anisotropy (in strong magnetic field, eB ∼ 5− 10 m2
π, mπ – pion mass)

• Origins  of anisotropy 
      

•  Longitudinal and 2 transversal directions 

• Full anisotropy (in strong magnetic) 
field)

• Holographic anisotropic phenomenological 
model and phase transitions
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Heavy ion collisions: largest known magnitude ~ 1018 Gauss 
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Full Anisotropic Background

Action
∫
d5x
√−g

[
R− f1(φ)

4
F 2
(1) −

f2(φ)

4
F 2
(2) −

fB(φ)

4
F 2
(B) −

1

2
∂µφ∂

µφ− V (φ)

]

Kinetic functions: f1 – fixed, f2, fB – to be find, as well as V (φ)

General anizotropic metric

ds2 =
b(z)

z2

[
− g(z)dt2 + g1(z)dx21 + g2(z)dx22 + g3(z)dx23 +

dz2

g(z)

]

In our model

ds2 =
b(z)

z2

[
− g(z) dt2 + dx2 + z2−

2
ν dy21 + ecBz

2

z2−
2
ν dy22 +

dz2

g(z)

]

Irina Aref’eva Holographic QCD for NICA QUARKS 2021 10 / 41



Full Anisotropic Background

“Bottom-up” approach

Wrap-factor b(z) = e2A(z) Kinetic function f1(z)

heavy quarks
A(z) = − cz2/4 → (b, t) Andreev, Zakharov (2006)
f1 = z−2+ 2

ν IA, Rannu, JHEP, 2018
light quarks

A(z) = − a ln(bz2 + 1) → (d, u) Gursoy, Kiritsis, Nitti, JHEP’08
f1 = e−cz

2−A(z)z−2+ 2
ν IA, Rannu, Slepov, JHEP, 2021

a = 4.046, b = 0.01613, c = 0.227 Li, Yang, Yuan (2017)
hybrid (more realistic)

A(z) = − a ln(bz2 + 1) + cz2/2 + pz4/4

f1 = e−cz
2−A(z)z−2+ 2

ν IA, Rannu, Slepov in progress

Maxwell’s fields

A
(1)
µ = At(z)δ

0
µ F

(2)
µν = q dy1 ∧ dy2 F

(B)
µν = qB dx ∧ dy1
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Full Anisotropic Background

Boundary conditions

Vector field
At(z) = µ− ρ z2 + . . . , At(zh) = 0

↘
the baryon density

Scalar field
φ(z0) = 0 → σstring(T )
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Anistropic solution for light quarks

ds2 =
b(z)

z2

[
− g(z)dt2 + dx2 + z2−

2
ν dy21 + z2−

2
ν dy22 +

dz2

g(z)

]

At = µ
ecz

2 − ecz2h
1− ecz2h

, ρ = − µ c

1− ecz2h

g = 1−
∫ z
0

(
1 + b ξ2

)3a
ξ1+

2
ν dξ

∫ zh
0

(1 + b ξ2)
3a
ξ1+

2
ν dξ

+
2µ2c

1− ecz2h

∫ z

0

ecξ
2 (

1 + b ξ2
)3a

ξ1+
2
ν dξ×

×
[

1−
∫ z
0

(
1 + b ξ2

)3a
ξ1+

2
ν dξ

∫ zh
0

(1 + b ξ2)
3a
ξ1+

2
ν dξ

∫ zh
0
ecξ

2 (
1 + b ξ2

)3a
ξ1+

2
ν dξ

∫ z
0
ecξ2 (1 + b ξ2)

3a
ξ1+

2
ν dξ

]
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Anistropic solution for heavy quarks

At = µ
e(c−2cB)z2/4 − e(c−2cB)z2h/4

1− e(c−2cB)z2
h
/4

, ρ = − µ (c− 2cB)

4
(

1− e(c−2cB)z2
h
/4
)

fB = − 2cB z
1−ν/2 g

q2B e
cz2/2

(
3cz

2
+

2

νz
− cBz −

g′

g

)

g = ecBz
2

{
1−

Γ
(
1 + 1

ν

)
− Γ

(
1 + 1

ν
; 3
4

(2cB − c)z2
)

Γ
(
1 + 1

ν

)
− Γ

(
1 + 1

ν
; 3
4

(2cB − c)z2h
) −

− µ2 (2cB − c)−
1
ν

4

(
1− e(c−2cB)

z2
h
4

)2

(
Γ

(
1 +

1

ν

)
− Γ

(
1 +

1

ν
;

3

4
(2cB − c) z2

))
×

×
[

1−
Γ
(
1 + 1

ν

)
− Γ

(
1 + 1

ν
; 3
4

(2cB − c)z2
)

Γ
(
1 + 1

ν

)
− Γ

(
1 + 1

ν
; 3
4

(2cB − c)z2h
) Γ

(
1 + 1

ν

)
− Γ

(
1 + 1

ν
; (2cB − c)z2h

)
Γ
(
1 + 1

ν

)
− Γ

(
1 + 1

ν
; (2cB − c)z2

)]}

φ =

z∫
z0

1

νξ

√√√√4ν − 4 + (4νcB + 3(3c− 2cB)ν2) ξ2 +

(
3

2
ν2c2 − 2c2B

)
ξ4 dξ, z0 6= 0
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Anistropic hybrid solution

At = µ
e(c−

cB
2 )z2 − e(c−

cB
2 )z2h

1− e(c−
cB
2 )z2h

, ρ = − µ (c− cB/2)

1− e(c−cB/2)z2h

fB = f1, g = 1− I3(z)

I3(zh)
+

µ2 (2c− cB)(
1− e(c−

cB
2 )z2h

)2
(
I7(z)− I7(zh)

I3(z)

I3(zh)

)
−

− q2B
2

(
c− cB

2

)1− 1
ν
(
IG(z)− IG(zh)

I3(z)

I3(zh)

)

I3(z) =

∫ z

0
e

(3c−2cB)ξ2

4
(
1 + b ξ2

)3a
ξ1+

2
ν dξ, I7(z) =

∫ z

0
e

(7c−4cB)ξ2

4
(
1 + b ξ2

)3a
ξ1+

2
ν dξ

IG(z) =

∫ z

0
Γ

(
− 1 +

1

ν
; (2c− cB)

ξ2

2

)
e

(3c−2cB)ξ2

4
(
1 + b ξ2

)3a
ξ1+

2
ν dξ

f2 = z1−4/ν

(
1− 1

ν

)
e−(c−2cB) z

2

2 g

q2(1 + bz2)2a

[
12abz

1 + bz2
+

4

z

(
1 +

1

ν

)
+ (3c− 2cB)z − 2g′

g

]

φ =

∫ z

z0

√√√√(3c2

2
− 2c2B

)
ξ2 + 3(3c− 2cB) +

4cB

ν
+

4(ν − 1)

ν2ξ2
+

12ab
(
1 + cξ2

)
1 + bξ2

+
24
(
1 + abξ2

)
(1 + bξ2)2

dξ
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Anisotropic holographic models Refs
Holographic approach to the study of QGP is actively developed

Isotropic models for light and heavy quarks
O. Andreev, V.I. Zakharov, PRD’06
Y. Yang, P.-H. Yuan, JHEP’15
M.-W. Li, Y. Yang, P.-H. Yuan, PRD’17

Anisotropic models for light and heavy quarks
I.A., K. Rannu, JHEP’18
I.A., K. Rannu, P. Slepov, PLB’19
I.A., K. Rannu, P. Slepov, JHEP’21

Magnetic catalysis/inverse catalysis
S. He, Y. Yang, P.H. Yuan 2004.01965
A. Ballon-Bayona, J.P. Shock, D. Zoakos, JHEP’20
H. Bohra, D. Dudal, A. Hajilou, S. Mahapatra, PRD’21
U. Gürsoy, M. Järvinen, G. Nijs, J.F. Pedraza, JHEP’21
I.A., K. Rannu, P. Slepov, 2011.07023

Wilson loops in anisotropic model
D. Ageev, I.A, A. Golubtsova, E. Gourgoulhon, NPB’17

Early papers + “Top-down” R.A. Janik, P. Witaszczyk’08; A. Rebhan, D. Steineder’08;
D. Giataganas’12; D. Mateos, D. Trancanelli’11; . . .
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Non-monotonic dependence of T on the horizon

Isotropic models
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Model for: light quarks heavy quarks heavy quarks + magnetic field
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cB = − 0.1, qB = 0.0001 cB = − 0.1, qB = 0.02

We see: horizon dependence on temperature can be a multivalued function
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Hawking-Page Phase Transitions

Due non-monotonic dependence of T = T (zh) the entropy s = s(T ) is not monotonic

As a consequence the free energy F =
∫
sdT undergoes the phase transition

In all plots µ = 0

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
zh

0.2

0.4

0.6

0.8

1.0
s

Entropy as function

   of the horizon size 

0 1 2 3 4 5
zh0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

T

LBH (Large Black Hole)  

SBH (SmallBlackHole)

Tmin

Entropy as function of the temperature

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
zh

0.2

0.4

0.6

0.8

1.0
s

Entropy as function
   of the horizon size 

0 1 2 3 4 5
zh0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

T

LBH (Large Black Hole

SBH (SmallBlackHole)

Tmin

Temperature as function
   of the horizon size

LBH

SBH

Tmin

Entropy as function
   of temperature 

0.2 0.4 0.6 0.8 1.0
T

0.2

0.4

0.6

0.8

1.0

S
F

Tmin

SBH

LBH

Freeenergy as function
of temperature 

0.12 0.13 0.14 0.15
T

μ = 1.6, a = 0.15, c = 1.16

s(zh, c, ⌫) =
e

3
4 cz2

h

4
z
� (⌫+2)

⌫

h
<latexit sha1_base64="GQkXFk3g0f3f1efwrbKSYoI4KWA="></latexit><latexit sha1_base64="GQkXFk3g0f3f1efwrbKSYoI4KWA="></latexit><latexit sha1_base64="GQkXFk3g0f3f1efwrbKSYoI4KWA="></latexit><latexit sha1_base64="hjLhKjmVbdX1VdRQ2Qc2TuLV57w=">AAACtHicjVLLTsMwEJyGVwkFyplLRIXEqUq4ADckOHAsEqGVSoUS1y2mecl2kKqKH+DKxyH+AP6CtUkloELgKMl4dmfs9TouEqG077/WnKXlldW1+rq70XA3t7abjWuVl5LxkOVJLntxpHgiMh5qoRPeKySP0jjh3XhyZuLdBy6VyLMrPS34II3GmRgJFmmiOrfNlt/27fAWQVCBFqqRN19wgyFyMJRIwZFBE04QQdHTRwAfBXEDzIiThISNczzCJW1JWZwyImIn9B3TrF+xGc2Np7JqRqsk9EpSetgnTU55krBZzbPx0job9jfvmfU0e5vSP668UmI17oj9SzfP/K/O1KIxwrGtQVBNhWVMdaxyKe2pmJ17X6rS5FAQZ/CQ4pIws8r5OXtWo2zt5mwjG3+zmYY1c1bllng3u6T+Bj+7uQjCw/ZJO7j0Uccu9nBAXTzCKS7QQUiOQzzh2Tl37p3i8xo4teo+7ODbcOQHT8mMsQ==</latexit><latexit sha1_base64="CK7y/dUGX7uLCpKhK2u4DjCrC+E="></latexit><latexit sha1_base64="KtS9a5V0VqwdjZ4pIrXTfvsRXSE="></latexit><latexit sha1_base64="n1bspCdoB1IZiQBZQOi1Aylwps0="></latexit><latexit sha1_base64="GQkXFk3g0f3f1efwrbKSYoI4KWA="></latexit><latexit sha1_base64="GQkXFk3g0f3f1efwrbKSYoI4KWA="></latexit><latexit sha1_base64="GQkXFk3g0f3f1efwrbKSYoI4KWA="></latexit><latexit sha1_base64="GQkXFk3g0f3f1efwrbKSYoI4KWA="></latexit><latexit sha1_base64="GQkXFk3g0f3f1efwrbKSYoI4KWA="></latexit><latexit sha1_base64="YRZ/Y1gGi4jW9eovVXC30prIeBQ="></latexit>

8

advocated in [54] to provide the chiral symmetry breaking. Note that the entanglement en-

tropy that also exhibits this phase transition can be associated with the mass gap, not with

the confinement/deconfinement phase transition [57]. Horizon dependence on temperature

can be a multivalued function, see typical examples presented in Fig.6.Temperature	vs	horizon
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Figure 4. Dependence of temperature T on the horizon size zh for deformed AdS BH for different µ:

A. in the isotropic model for heavy quarks, B. in the isotropic model for light quarks, C. in isotropic

model for heavy quarks in the presence of the magnetic field.
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For all cases the dependence of the entropy on the horizon size has a typical form pre-

sented in Fig.5.A. This is a decreasing function. But due to the Van der Waals character

of temperature dependence on zh (see Fig.6) we get the regions of unstable temperature

behavior of entropy (indicated by red color in Fig.7.B). Taking into account the relation

between entropy and the free energy F =
R

sdT , we obtain the free energy dependence on

the temperature presented in Fig.7.C for the model [22].

One of the goals of this talk is to advocate the idea, that there is one more parameter that

should be taken into account in the search of the phenomenological model. This parameter

is nothing but the anisotropy parameter. To argue why there is a reason to deal with it we

have to discuss the thermalization of a matter created in HIC. This is a subject of Sect.4.
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Hawking-Page Phase Transitions

Competition between BB and thermal AdS ⇒ THP > Tmin

In all plots µ = 0
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advocated in [54] to provide the chiral symmetry breaking. Note that the entanglement en-

tropy that also exhibits this phase transition can be associated with the mass gap, not with

the confinement/deconfinement phase transition [57]. Horizon dependence on temperature
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model for heavy quarks in the presence of the magnetic field.
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sdT , we obtain the free energy dependence on
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BB-phase Transitions

BB-PT describes transition from small black holes → large black holes
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The swallow-tailed shape
Physical quantities that probe backgrounds are smooth relative to zh
⇒ their dependence on T should be taken from stable region

BB-PT immediately provides the 1-st PT for corresponding characteristic of QCD
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BB-phase Transitions

Physical quantities that probe backgrounds are smooth relative to zh
⇒ their dependence on T should be taken from stable region
BB-PT immediately provides the 1-st PT for corresponding characteristic
of QCD
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The arrows show transitions from the unstable phases to the stable ones
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Change of Density across the 1-st Order Transition

At(z) = µ− ρ z2 + . . .
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Density ρ/µ(T ) in logarithmic scale for different µ
a = 4.046, b = 0.01613, c = 0.227

Inner plots show the fragments of main plots zoomed

At a given T the value of the ratio ρ/µ increases with the transition from unstable to
stable state. Quarkionic phase transition?
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Anizotropic Phase Transitions
One more phenomenological parameter — anisotropy parameter ν

Location of isotropic and anisotropic 1-st order PTs
Blue lines for ν = 4.5, the green lines for isotropic case
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light quarks model heavy quarks models
B = 0 B 6= 0

We see
for the light quarks model the end of 1-st PT line (and CEP) moves to µ = 0
with increasing ν

the 1-st PT line becomes longer with increasing ν for heavy quarks model

as full anisotropy increasing, i.e. increasing cB (the magnetic field stronger),
the whole transition line is shortened
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Position of CEP (Critical End Point)
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Phase Transitions for Various Probes

Wilson loops through background PT

Temporal Wilson loop
string tension
confinement/deconfinrment PT

Spatial Wilson loop
Drag forces and energy lost

Light-light Wilson loop

Extra local fields
Bosons (chiral symmetry breaking)

Extra Maxwell field (electric conductivity)

Maxwell field (Regge spectrum)
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Temporal Wilson loops

S =
1

2πα′

∫
dξ0 dξ1

√
− dethαβ , hαβ = Gµν ∂αX

µ ∂βX
ν

X0 ≡ t = ξ0, X1 ≡ x = ξ1 cosϑ sinα, X2 ≡ y1 = ξ1 sinϑ sinα

X3 ≡ y2 = ξ1 cosα, X4 ≡ z = z(ξ1)Temporal Wilson loops

x

y1

y2

ϑ

α ~n

Pavel Slepov (MI RAS) Energy Loss 22 / 25
Irina Aref’eva Holographic QCD for NICA QUARKS 2021 24 / 41



Temporal Wilson loop
W [Cϑ] = e−Sϑ,t ~n: nx = cosϑ, ny1 = sinϑ, ny2 = 0

A

t

B

xϑ

z

ϑ
xx B

A

y

z

1

` x – collision axes

Two special cases: `→∞ S ∼ σDW `

ϑ = 0 WL (longitudinal) ↙
ϑ = π/2 WT (transversal) the string tension

σDW =
b(z)e

√
2
3φ(z,z0)

z2

√
g(z)

(
z2−

2
ν sin2(ϑ) + cos2(ϑ)

)∣∣∣
z=zDW

,
∂σ

∂z

∣∣∣∣∣
z=zDW

= 0

I.A., K. Rannu, P. Slepov, PLB, 19
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Phase diagram for light quarks (ν = 1, 4.5)
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Our String tension vs Lattice
We take z0 = 10 exp(−zh/4) + 0.1 (#)

The green curve shows the string tension as function of temperature
for z0 = (#), µ = 0, ν = 1, a = 4.046, b = 0.01613, c = 0.227

The dots with different decorations Lattice N.Cardoso, P.Bicudo, PRD’12
The thin green dotted line shows the WL phase transition
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Phase transitions for heavy quarks
cB = 0
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We see the inverse magnetic catalysis
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Spatial Wilson loops. Parametrization.

To describe the nesting of the 2-dimensional world sheet in 5-dimensional space time
we use

X0(ξ) = const,

Xi(ξ) =
∑
α=1,2

aiα(φ, θ, ψ) ξα, i = 1, 2, 3, α = 1, 2,

X4(ξ) = z(ξ1),

where xi are spatial coordinates and aij(φ, θ, ψ) are entries of the rotation matrix

�

⇠1

⇠2

x1

x2

⇠3

x3

N
 

✓

Figure 4. ORIGINAL The subsystem orientation is defined by the Euler angles, �, ✓,  

in respect to the coordinate system related with the HIC , (parallepiped-MIAN.nb)

The determinant of the induced metric is [[CHECK FORMULA!!!!!!]]

det g =

✓
L2bs(z)

z2

◆3 ✓
g1g2g3 +

z02

g
(ḡ22ḡ33 � ḡ2

23)

◆
(3.12)

Or in term of elements of the Euler matrix we get:

det g =

✓
L2bs(z)

z2

◆3 ⇣
g1g2g3 +

⇣
(a21a23 � a22a31)

2g1g2 (3.13)

+ (a31a32 � a21a33)
2g1g3 + (a23a32 � a22a33)

2g2g3

⌘z0 2

g

(3.14)

CHECK (see FulAniz-NG-action.nb )

ḡ22ḡ33 � ḡ2
23 = (g1a

2
21 + g2a

2
22 + g3a

2
23)(g1a

2
31 + g2a

2
32 + g3a

2
33) (3.15)

� (g1a21a31 + g2a22a32 + g3a23a33)
2

= (a21a23 � a22a31)
2g1g2 + (a31a32 � a21a33)

2g1g3 + (a23a32 � a22a33)
2g2g3

– 10 –

Brick’s orientation is equivalent to rectangle’s orientation
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The Nambu-Goto action for SWL

SSWL = L

∫
dξ

bs

z2

√
g1g2a233 + g1g3a223 + g2g3a213 + g23a

2
32(a231 − a213) +

z′2

g
ḡ22

V(z(ξ)) =
bs
z2

√
g1g2a233 + g1g3a223 + g2g3a213 + g23a

2
32(a231 − a213)

g, g1, g2, g3 are functions of z

ḡ22, ḡ33, ḡ23 are functions of z and the Euler angles
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DW equations for SWL

X

y ×X-rectangley

The equations for the DW for SWL in particular cases of orientation:

DWxY1 = DWXy1 ≡ 2b′s(z)

bs(z)
+

g′1(z)

g1(z)
+

g′2(z)

g2(z)
− 4

z

∣∣∣∣∣
z=zDW

= 0

DWy2X = DWxY2 ≡ 2b′s(z)

bs(z)
+

g′1(z)

g1(z)
+

g′3(z)

g3(z)
− 4

z

∣∣∣∣∣
z=zDW

= 0

DWy2Y1 = DWy1Y2 ≡ 2b′s(z)

bs(z)
+

g′2(z)

g2(z)
+

g′3(z)

g3(z)
− 4

z

∣∣∣∣∣
z=zDW

= 0
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Spatial String Tensions

String tension for different orientations

σXy1 =
bs
z2
√
g1g2

∣∣∣
z=z∗

σxY2 =
bs
z2
√
g1g3

∣∣∣
z=z∗

σy1Y2 =
bs
z2
√
g2g3

∣∣∣
z=z∗

σxY1 = σXy1 = σ1 σxY2 = σY2x = σ2 σy1Y2 = σY1Y2 = σ3

z∗ = zh or = zDW (if the DW exists)

Or in term of vierbeins

ea = eaµ(z)dxµ, eaµ(z) = δaµ

√
bs
z2

gµ, a = 0, . . . , 3, µ = 0, . . . , 3, g0 = g

gµν = ηabe
a
µe
b
ν , ηij is the Minkowski metric

for Wilson loop extending in (a, b)-directions

τ ab = e(z)a ∧ e(z)b
∣∣∣
z=z∗

= τabµνdx
µ ∧ dxν τabµν = δaµδ

b
ν
bs
z2
√

gµ gν

∣∣∣
z=z∗
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Spatial String Tensions and Drag Forces

The answers can be compared with drag forces:
Sin, Zahed, 2007
Andreev, 2018

For the drag forces in anizotropic models I. A., Phys.Part.Nucl. 2020

fi = gii

∣∣∣
z=z∗

vi, i = 1, 2, 3

here vi is a constant velocity
Next corrections (cf. compare with isotropic case with Gursoy, Kiritsis,

Michalogiorgakis, Nitti, JHEP’09)

fi = gii

∣∣∣
z=z∗

vi + g′ii

∣∣∣
z=z∗

vi 2 vi + . . .
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Spatial String Tension. Example.

Effective potential V1 = bs
z2
√
g1g2

0 5 10 15
z

1

2

3

4

5
V1

cB = 0, ν = 1

cB = - 0.05

cB = - 0.1

cB = - 0.15

cB = - 0.2

cB = - 0.25

ν = 1, μ = 0

5 10 15
z

20

40

60

80

100

V1
cB = 0, ν = 4.5

cB = - 0.05

cB = - 0.1

cB = - 0.15

cB = - 0.2

cB = - 0.25

ν = 4.5, μ = 0V1V1

Irina Aref’eva Holographic QCD for NICA QUARKS 2021 34 / 41



Spatial String Tension. Isotropic case and cB = 0

σ1 ≡ σXy1 = bs
z2
√
g1g2

∣∣∣
z=z∗

z∗ = zDW or zh cyan (stable – solid, UNS – dashed) for DW
green (stable – solid, UNS – dashed) for zh

0.0 0.1 0.2 0.3 0.4 0.5
T0

1

2

3

4

5

σ1

μ = 0, ν = 1

0.0 0.1 0.2 0.3 0.4 0.5
T0

1

2

3

4

5

σ1

μ = 0.01, ν = 1
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Spatial String Tension σ1 in isotropic and anisotropic cases (ν = 4.5)

0.00 0.05 0.10 0.15 0.20
T1.0

1.2

1.4

1.6

1.8

2.0
σ1

μ = 0, ν = 1

0.00 0.05 0.10 0.15 0.20
T1.0

1.2

1.4

1.6

1.8

2.0
σ1

μ = 0.1, ν = 1

0.00 0.05 0.10 0.15 0.20
T1.0

1.2

1.4

1.6

1.8

2.0
σ1

μ = 0.5, ν = 1

cB = 0 cB = - 0.05 cB = - 0.1 cB = - 0.15

cB = 0 cB = - 0.05 cB = - 0.1

0.0 0.1 0.2 0.3 0.4 0.5
T5

6

7

8

9

10
σ1

μ = 0, ν = 4.5

0.0 0.1 0.2 0.3 0.4 0.5
T5

6

7

8

9

10
σ1

μ = 0.1, ν = 4.5

0.0 0.1 0.2 0.3 0.4 0.5
T5

6

7

8

9

10
σ1

μ = 0.5, ν = 4.5

cB = 0 cB = - 0.1 cB = - 0.2 cB = - 0.4

cB = 0 cB = - 0.1 cB = - 0.2 cB = - 0.4

0 5 10 15 20

0.1

0.2

0.3

0.4

0.5

Irina Aref’eva Holographic QCD for NICA QUARKS 2021 36 / 41



Drag Forces Phase Transitions

0.000.050.100.150.20

T

0.0
0.5

1.0
1.5

2.0

μ

-0.2

-0.1

0.0

cB

0.000.050.100.150.20

T

0.0
0.5

1.0
1.5

2.0

μ

-0.2

-0.1

0.0

cB

Phase transition surfaces are surfaces stretched on blue /green curves
Under variation of (T, µ, magnetic field) the spatial string tension undergoes
the phase transition I.A., K.Rannu, Slepov, 2012.05758
The light green and blue lines represent to the end of the phase transitions
Drag forces and energy losses undergo the phase transition as well
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Direct photons emission rate
and electric conductivity

The number of photons emitted per unit time per unit volume Γ (photon
emission rate) in thermal equilibrium is given by the light-like correlator

Caron-Huot, Kovtun, Moore, Starinets, Yaffe, JHEP’ 06

dΓ = − d3k

(2π)3
e2nb(|k|)
|k| Im [tr (ηµνG

µν
R )]

∣∣∣
k0=|k|

nb(|k|) = A
e−k/T−1 is Bose-Einstein thermal distribution function

Retarded Green’s function is related to the electric conductivity through the
Kubo relation

σµν = −G
µν
R

iw
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Electric Conductivity

To find the electric conductivity
perturb the background by adding Maxwell field with a dilaton kinetic term

S = Sbackgr + Spert Spert ∼
∫
d5x
√
−gf0(φ)F 2

Ansatz AM (t, x3, z)=ψM (z) exp(−i(wt− kx3)) M = 0, . . . , 4

Iatrakis, Kiritsis, Shen, Yang JHEP’16
Conductivity

I.A., Ermakov, Slepov, 2104.14582

σ11 =
f0

z

√
bs g3g2

g1

∣∣∣∣∣∣
z=zh

σ22 =
f0

z

√
bs g3g1

g2

∣∣∣∣∣∣
z=zh

σ33 =
f0

z

√
bs g1g2

g3

Simple formula
σii

s
= f0 g

ii
∣∣∣
z=zh
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Electric conductivity

The dependence of ratio σ11/T on T

The solid brown line – stable phase µ = 0.001

The green dash-dotted line – µ = 0 case

The blue dash-dotted line – N = 4 SYM

Blue dots Lattice G. Aarts et al, JHEP’15
for Nc = Nf = 3
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Electric conductivity

The dependence of ratio σ11/T on T for µ 6= 0 and cB 6= 0
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Electric conductivity

The dependence of ratio σ11/T on T for µ 6= 0 and cB 6= 0
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Conclusion

The rich structure of phase transitions in (T, µ,B, ν)-space is found
We have an interplay between two types of phase transitions

Crossover
1-st order phase transition

Our models have some parameters and one/two arbitrary functions
These functions have to be given from outside, say from lattice calculations
at µ = 0, B = 0 or other methods
The model provides the dependence of physical quantities on µ,B, ν
The analogy with RG (EOMs play the role of RG equations)

What to do next
PT for “hybrid” model corresponding to realistic quark masses
Other characteristics (susceptibility, transport coefficients, eta/s,
direct-photon spectra, jet quenching, thermalization time, etc)
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BACKUP. Born-Infeld type action

S =

∫ `/2

−`/2
M(z(ξ))

√
F(z(ξ)) + (z′(ξ))2 dξ, V (z(ξ)) = M(z(ξ))

√
F(z(ξ)) (1)

We have two options to have `→∞ IA, EPJ Web Conf.,2018
1) The existence of a stationary point of V(z): V ′

∣∣∣
zDW

= 0.

` ∼
z→z∗

1√
F (zDW )

√
V(zDW )

V ′′(zDW )
log(z − z∗), (2)

S ∼
z→z∗

M(zDW )

√
V(zDW )

V ′′(zDW )
log(z − z∗). (3)

S ∼ M(zDW ) ·
√
F (zDW ) · `, (4)

σDW = M(zDW )
√
F (zDW ). (5)
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BACKUP. Born-Infeld type action

2) There is no stationary point of V(z) in the region 0 < z < zh, and we suppose
it to be near horizon

F (z) = F(zh)(zh − z) +O((zh − z)2), (6)

if M(z) →
z→zh

∞ as

M(z) ∼
z∼zh

M(zh)√
z − zh

, (7)

` ∼
z→zh

1√
F(zh)

1√
− 2V′(zh)
V(zh)

log(z − zh), (8)

S ∼
z→z∗

M(zh)
1√

− 2V′(zh)
V(zh)

log(z − zh) (9)

σh =M(zh)F1/2(zh). (10)
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BACKUP. Relations between 5-dim backgrounds
and 4-dim models

Relations between parameters of the 5-dim background (black hole) and
thermodynamical parameters are the following:

TBH = TQCD, where TBH is the temperature of the 5-dim black hole;
A0(z) = µB − ρBz2 +O(z), where A0(z) is the 0-component of the
electromagnetic field Aµ(z), µB is the baryonic chemical potential, ρB is the
density and z is the 5-dimentional coordinate;
SBH = s, where SBH is the entropy of the black hole, which as usual is
defined by the square of the black hole horizon, s is the thermodynamical
entropy;
FBH = − p, where FBH is the free energy of the black hole, p is the
thermodynamical pressure.
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BACKUP. RG vs HRG

Relations between HRG & QCD flows are the following:

5-dim background

ds25 = GMNdx
MdxN = w(z)(ds24 + dz2)

5-th coordinate z takes a role of an energy scale,
the dilaton field φ = φ(z) defines the running coupling λ = expφ(z) in 4-dim
holographic β = dλ(z)

d logw(z)
.

The field X(z) = β/(3λ) satisfies dX
dφ

= X (φ,X) (follows from the Einstein
EOM for the background).

We know the QCD RG flow of the running coupling

β(E) =
dλ(E)

d logE

perturbatively in UV and expect its form in IR from lattice calculations. Note
that the form of the renormgroup flow depends on the mass of quarks, number of
flavours, temperature, chemical potential, etc.
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