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Motivation

Multi-partile Calogero-Moser-Sutherland systems [F.Calogero, 1969, 1971; J.Moser, 1970;

B. Sutherland, 1971, 1972℄ oupy a distinguished plae among the integrable systems.

Supersymmetri generalizations of the Calogero-Moser-Sutherland models are of partiular

interest among possible developments.

Most of the researhes in these diretions have been devoted to supersymmetrization of the

rational Calogero systems (see, for example, [D.Freedman, P.Mende, 1990;

L.Brink, T.Hansson, S.Konstein, M.Vasiliev, 1993;

S.Bellui, A.Galajinsky, S.Krivonos, 2003; S.Bellui, A.Galajinsky, E.Latini, 2005;

N.Wyllard, 2000; A.Galajinsky, O.Lehtenfeld, K.Polovnikov, 2006, 2008;

SF, E.Ivanov, O.Lehtenfeld, 2009, 2020; S.Krivonos, O.Lehtenfeld, 2011, 2020;

SF, E.Ivanov, 2016; SF, E.Ivanov, O.Lehtenfeld, S.Sidorov, 2018;

S.Krivonos, O.Lehtenfeld, A.Sutulin, 2018, 2019, 2020;

S.Krivonos, O.Lehtenfeld, A.Provorov, A.Sutulin, 2018; G.Antoniou, M.Feigin, 2019℄

and the review [SF, E.Ivanov, O.Lehtenfeld, 2012℄).

Supersymmetri generalizations of the hyperboli and trigonometri Calogero-Sutherland

systems have been studied in a very limited number of works (see, for example,

[B.SriramShastry, B.Sutherland, 1993; L.Brink, A.Turbiner, N.Wyllard, 1998;

A.Bordner, N.Manton, R.Sasaki, 2000; M.Io�e, A.Neelov, 2000;

P.Desrosiers, L.Lapointe, P.Mathieu, 2001; A.Sergeev, 2002,

A.Sergeev, A.Veselov, 2004, 2017; S.Krivonos, O.Lehtenfeld, A.Sutulin, 2018, 2019, 2020;

S.Krivonos, O.Lehtenfeld, A.Provorov, A.Sutulin, 2018; G.Antoniou, M.Feigin, 2019;

S.Krivonos, O.Lehtenfeld, A.Sutulin, 2019, 2020℄).



Supersymmetrization of the Calogero-Sutherland model implies the expansion of its phase

spae due to an additional set of odd (fermioni) variables.

In the standard sheme, the N -supersymmetri extension of the n-partile
Calogero-Sutherland system is ahieved by introduing Nn additional fermions.

However, beyond N= 2, serious di�ulties arise in suh extensions of n-partile models

(see, e.g., [N.Wyllard, 2000; A.Galajinsky, O.Lehtenfeld, K.Polovnikov, 2006, 2008;

G.Antoniou, M.Feigin, 2019℄).

A di�erent approah was put forward in [SF, E.Ivanov, O.Lehtenfeld, 2009℄, where

N= 1, 2, 4 supersymmetri extensions of the rational Calogero model were derived by a

gauging proedure [F.Deldu, E.Ivanov, 2006, 2007℄ applied to matrix super�eld systems.

Gauging formulation of pure bosoni Calogero-like model was onsidered in

[A.Polyhronakos, 1991; A.Gorsky, N.Nekrasov, 1994℄.

Suh a gauging super�eld approah was applied for obtaining new superonformal

Calogero-Moser systems with deformed supersymmetry and intrinsi mass parameter

[SF, E.Ivanov, O.Lehtenfeld, S.Sidorov, 2018℄.

A harateristi feature of the gauging approah is the presene of extra fermioni �elds (as

ompared to a minimal extension) and, in the N= 4 ase, of bosoni semi-dynamial

spinning variables.

Within the Hamiltonian formalism, suh type of matrix systems with an extended sets of

fermioni �elds was further used in [S.Krivonos, O.Lehtenfeld, A.Sutulin, 2018, 2019, 2020℄

for deriving supersymmetri Calogero systems.



In this talk we will onsider the using of the gauging proedure in super�eld matrix systems

to obtain supersymmetri extensions of the hyperboli An−1 Calogero-Sutherland model,

up to the N= 4 ase.

Advantages of the gauging approah used:

Starting from super�eld model guarantees the presene of supersymmetry at all stages

(if the performed proedures are supersymmetri).

Sine the bosoni limit desribes the standard hyperboli Calogero-Sutherland system,

the super�eld system is automatially a supersymmetrization of the required system.

At all steps we have physially equivalent systems.

Generators of nonlinear (omplex) supersymmetry transformations are obtained from

generators of standard linear transformations as a result of gauge �xings.

New properties of the gauging models:

The models have semi-dynamial degrees of freedom. In the N= 2 ase, they are pure

gauge ones. But in the N= 4 ase, some of them are dynamial and desribe the

spinning degrees of freedom.

Sine our initial models are super�eld (n×n)-matrix models, the number of fermioni

degrees of freedom is proportional to n2
, in ontrast to the more standard models with

∼ n fermions.

It is possible that suh an extension of the odd setor is neessary for obtaining

supersymmetri generalization in the N≥ 4 ases.



Hyperboli Calogero-Sutherland model by gauging

Let us onsider the formulation of the n-partile hyperboli Calogero-Sutherland model as

the U(n)-gauging Hermitian matrix system.

The matrix model we will deal with is underlaid by the positive de�nite Hermitian

n × n�matrix �eld

X(t) := ‖Xa
b(t)‖ , (Xa

b)∗ = Xb
a , det X 6= 0 , a, b = 1, . . . , n ,

and the omplex U(n)-spinor �eld

Z (t) := ‖Za(t)‖ , Z̄ a = (Za)
∗ .

It also involves n2
gauge �elds

A(t) := ‖Aa
b(t)‖ , (Aa

b)∗ = Ab
a .

The gauge-invariant ation has the following form

S =

∫
dt

[
1

2
Tr
(

X−1∇X X−1∇X
)
+

i

2

(
Z̄∇Z −∇Z̄Z

)
+ c TrA

]
,

where the ovariant derivatives are

∇X = Ẋ + i [A,X ] , ∇Z = Ż + iAZ , ∇Z̄ = ˙̄Z − i Z̄A .

The last Fayet-Iliopoulos term inludes only U(1) gauge �eld, c being a real onstant.



The ation is invariant with respet to the loal U(n) transformations, g(τ) ∈ U(n),

X → gXg† , Z → gZ , Z̄ → Z̄ g† , A → gAg† + i ġg† .

Using these gauge transformations we an impose the gauge-�xing

Xa
b = 0 , a 6= b ⇒ Xa

b = xaδa
b ,

Z̄ a = Za .

As a result, in this gauge the �nal gauge-�xed ation beomes

S =
1

2

∫
dt

[
∑

a

ẋa ẋa

(xa)2
−

∑

a 6=b

xaxb c2

(xa − xb)2

]
.

Introduing the variables qa as

xa = exp(qa) ,

we ast the ation in the form

S =
1

2

∫
dt

[
∑

a

q̇aq̇a −
∑

a 6=b

c2

4 sinh2 qa−qb
2

]
,

whih is just the standard ation of the hyperboli Calogero-Sutherland system of the

An−1-root type.



N= 2 and N= 4 super�eld models

N= 2 N= 4

N= 2 s-spae: (t, θ, θ̄), θ̄ = (θ)∗ N= 4 s-spae: (t, θi , θ̄i), θ̄i = (θi )∗, i = 1, 2

N= 2 hiral s-spaes: (tL, θ), (tR , θ̄), N= 4 harmoni s-spae: (t, θ±, θ̄±, u±
i )

tL,R = t ± iθθ̄ θ± = θiu±
i , θ̄± = θ̄iu±

i , u+i u−
i = 1

Harmoni analyti s-spae: (ζ, u) = (tA, θ+, θ̄+, u±
i )

tA = t + i(θ+θ̄− + θ−θ̄+)

N= 2 invariant integration measure: N= 4 invariant integration measures:

µ = dtd2θ µH = dudtd4θ, µ
(−2)
A = dudtAdθ+dθ̄+

N= 2 ovariant derivatives: N= 4 ovariant derivatives:

D = ∂θ − i θ̄∂t , D̄ = −∂θ̄ + iθ∂t D+ =
∂

∂θ−
, D− = − ∂

∂θ+
− 2i θ̄−∂tA

D̄+ = − ∂

∂θ̄−
, D̄− =

∂

∂θ̄+
− 2iθ−∂tA

D±± = ∂±± + 2iθ±θ̄±∂tA + θ±
∂

∂θ∓
+ θ̄±

∂

∂θ̄∓



Super�eld ontents

We gauge the ation of n2
super�elds forming Hermitian n × n matrix X = ‖Xa

b‖,
a = 1, . . . , n, and desribing n multiplets (1,N ,N − 1).

We use also n super�elds forming SU(n) spinor Φ = ‖Φa‖ and desribing

n semi-dynamial multiplets (N ,N , 0).

N= 2 N= 4

N= 2 prepotential Va
b(t, θ, θ̄) , V = V † N= 4 onnetion V++

a
b(ζ, u), V++ = Ṽ++

de�nes ovariant derivatives de�nes harmoni ovariant derivatives

DX = DX+ e−2V (De2V )X , D++ = D++ + i V++

D̄X = D̄X− X e2V (D̄e−2V ) and all other onnetions

Hermitian n × n matrix N= 2 super�eld Hermitian n × n matrix N= 4 super�eld

Xa
b(t, θ, θ̄) , (X)† = X Xa

b(t, θ±, θ̄±, u) , X̃ = X

subjet to the onstraints D++ X = 0,
D

+
D

−
X = D̄

+
D̄

−
X = (D+

D̄
− + D̄

+
D

−)X = 0

even U(n)-spinor super�eld Za(tL, θ) even U(n)-spinor super�eld Z+
a (ζ, u)

and its onjugate Z̄a(tR , θ̄) are and its onjugate Z̃+a(ζ, u) are
ommuting (anti)hiral N= 2 super�elds ommuting analyti N= 4 super�elds

satisfying satisfying the onstraints

D̄Za = 0 , DZ̄a = 0 D++ Z+ = 0 , D+ Z+ = 0 , D̄+ Z+ = 0



Super�eld ations

N -supersymmetri and U(n) gauge invariant ation

S = SX + SWZ + SFI .

is the sum of the ation SX for dynamial supermuptiplet X, Wess-Zumuno term SWZ for

semi-dynamial supermultiplet Z and Fayet-Iliopoulos term SFI for gauge supermultiplet V .

N= 2 N= 4

SX =
1

2

∫
µ Tr

(
X
−1D̄XX

−1DX

)
SX =

1

2

∫
µH Tr

(
lnX

)

SWZ = −1

2

∫
µ Z̄ e2VZ SWZ = −1

2

∫
µ
(−2)
A Z̃+ Z+

SFI = c
∫

µTrV SFI = − ic

2

∫
µ
(−2)
A Tr

(
V++

)

c is a real onstant.



The ation is invariant with respet to the loal U(n) transformations:

N= 2 N= 4

X ′ = eiλ X e−iλ̄
, X ′ = eiλ X e−iλ

Z′ = eiλZ, Z̄′ = Z̄ e−iλ̄ Z+′ = eiλZ+
, Z̃+′ = Z̃+ e−iλ

e2V ′

= eiλ̄ e2V e−iλ
, V++ ′ = eiλ V++ e−iλ + i eiλ(D++e−iλ)

λ(tL , θ) ∈ u(n), λ̄(tR , θ) = (λ)† ∈ u(n) λ(ζ, u±) ∈ u(n), λ̃ = λ

We an hoose Wess-Zumino gauge

N= 2 N= 4

Va
b = θθ̄ Aa

b(t) V++
a

b = 2i θ+θ̄+ Aa
b(tA)

Physial �elds are presented in the expansions

N= 2 N= 4

Xa
b = Xa

b + θΨa
b − θ̄Ψ̄a

b + . . . Xa
b = Xa

b + θ−Ψi
a

bu±
i + θ̄−Ψ̄i

a
bu±

i + . . .

where Ψa
b
, Ψ̄a

b = (Ψb
a)∗ � odd �elds where Ψi

a
b
, Ψ̄i

a
b = (Ψi b

a)∗ � odd �elds

Za = Za + . . ., Z̄a = Z̄ a + . . . Z+
a = Z i

au+
i + . . ., Z̃+a = Z̄ a

i u+i + . . ., Z̄ a
i = (Z i

a)



After putting the Wess-Zumino gauge and elimination of auxiliary �elds, we obtain the

on-shell omponent ation Smatrix =

∫
dt Lmatrix with the Lagrangian

Lmatrix = Lb + L2f + L4f ,

Lb =
1

2
Tr
(

X−1∇X X−1∇X + 2c A
)

+
i

2

(
Z̄k∇Z k −∇Z̄k Z k

)

L2f =
i

2
Tr
(

X−1Ψ̄k X−1∇Ψk − X−1∇Ψ̄k X−1Ψk
)

L4f =
1

8
Tr
(
{X−1Ψi ,X−1Ψ̄i} {X−1Ψk ,X−1Ψ̄k}

)
,

where the quantity c is a real onstant and the ovariant derivatives are de�ned by

∇X = Ẋ + i [A,X ] and ∇Ψk = Ψ̇k + i [A,Ψk ], ∇Z k = Ż k + iAZ k
and ..

Properties:

N= 2 N= 4

index k takes only one value k = 1 index k is SU(2)-index and

runs over two values k = 1, 2

Lb is exatly the Lagrangian of Lb desribes the SU(2) spin hyperboli

the hyperboli Calogero-Sutherland system Calogero-Sutherland system (will see below)

⇓ ⇓
Smatrix desribes N= 2 supersymmetri Smatrix desribes N= 4 supersym. SU(2) spin
hyperboli Calogero-Sutherland system hyperboli Calogero-Sutherland system



Hamiltonian formulation

The matrix system is desribed by total Hamiltonian

Hmatrix = H + Tr
(
AF

)
,

where the �rst term is the anonial Hamiltonian

H =
1

2
Tr
(

XPXP
)

− 1

8
Tr
(
{X−1Ψi ,X−1Ψ̄i} {X−1Ψk ,X−1Ψ̄k}

)

and the seond term Tr
(
AF

)
uses the quantities

Fa
b := i [P,X ]a

b + Z k
a Z̄ b

k − 1

2
{X−1Ψk ,X−1Ψ̄k}a

b − 1

2
{Ψk X−1, Ψ̄k X−1}a

b − c δa
b .

The variables Aa
b
play the role of the Lagrange multipliers for the onstraints

Fa
b ≈ 0 .

Due to the 2-nd lass onstraints also present here, the nonvanishing Dira brakets take the

form

{Xa
b,Pc

d}D = δd
a δ

b
c , {Z i

a, Z̄ b
k }D = −iδb

aδ
i
k , {Ψi

a
b, Ψ̄k c

d}D = −iXa
d Xc

bδi
k .

But there are also the nonvanishing Dira brakets

{Pa
b,Pc

d}D ∼ (X−1Ψk X−1Ψ̄k )a
d X−1

c
b 6= 0 ,

{Ψk
a

b ,Pc
d}D ∼ δd

a (X
−1Ψk )c

b 6= 0 , {Ψ̄k a
b ,Pc

d}D ∼ δd
a (X

−1Ψ̄k )c
b 6= 0 .



Partial gauge-�xing of the matrix system

The onstraints Fa
b = (Fb

a)∗ form the u(n) algebra with respet to the Dira brakets,

{Fa
b, Fc

d}D = −iδa
d Fc

b + iδc
bFa

d ,

are the 1-st lass ones and generate loal U(n) transformations

δXa
b = −i [α,X ]a

b , δPa
b = −i [α,P]a

b , δZ k
a = −i(αZ k)a , δΨk

a
b = −i [α,Ψk ]a

b ,

where αa
b(τ) = (αb

a(τ))∗ are the loal parameters.

Below we apply the expansions Xa
b = xaδa

b + xa
b
, Pa

b = paδa
b + pa

b
, where xa

b
and

pa
b
represent the o�-diagonal matrix quantities.

The gauges Xa
b = 0 at a 6= b �x the loal transformations with the parameters αa

b(τ), a 6=b
generated by the o�-diagonal onstraints Fa

b ≈ 0, a 6= b. This gauge �xing takes the form

xa
b ≈ 0

In addition, using the onstraints Fa
b ≈ 0, a 6= b, we express the momenta pa

b
through the

remaining phase variables:

pa
b = − i Z k

a Z̄ b
k

xa − xb
+

i (xa + xb) {Φk , Φ̄k}a
b

2(xa − xb)
√

xaxb
,

where we use the odd matrix variables de�ned by

Φk
a

b :=
Ψk

a
b

√
xaxb

, Φ̄k a
b = (Φk

b
a)∗ :=

Ψ̄k a
b

√
xaxb

.



Final physial systems

For obtaining standard Hamiltonian ∼ ∑
a(pa)2

we introdue the phase variables

qa = log xa , p a = xapa .

As a result, after the partial gauge �xing, phase spaes of the onsidered systems are de�ned

by

• 2n even real variables qa, pa, • Nn2
odd omplex variables Φi

a
b
,

• Nn/2 even omplex variables Z i
a, whih nonvanishing Dira brakets are

{qa, p b}
′

D = δab , {Z i
a, Z̄ b

k }
′

D = −i δb
aδ

i
k , {Φi

a
b, Φ̄k c

d}′

D = −i δd
a δ

b
c δ

i
k .

In these variables the Hamiltonians take the form

H =
1

2

∑

a

papa +
1

8

∑

a 6=b

Ra
bRb

a

sinh2
(qa − qb

2

) − 1

8
Tr
(
{Φi , Φ̄i}{Φk , Φ̄k}

)
,

where Ra
b := Z k

a Z̄ b
k − cosh

(
qa − qb

2

)
{Φk , Φ̄k}a

b .

The residual 1-st lass onstraints are n diagonal onstraints

Fa := Fa
a = Ra

a − c = Z k
a Z̄ a

k − {Φk , Φ̄k}a
a − c ≈ 0 (no summation over a) ,

whih form an abelian algebra with respet to the Dira brakets {Fa,Fb}
′

D = 0
and generate the [U(1)]n gauge transformations with the loal parameters γa(t):

Z k
a → eiγa Z k

a , Φk
a

b → eiγaΦk
a

be−iγb (no sums over a, b) .



Properties of the N -supersymmetri systems obtained

Sine the starting systems are N -supersymmetri matrix models, the resulting systems

are desribed by Nn2
fermions, in ontrast to the standard supersymmetri

Calogero-like system [D.Freedman, P.Mende, 1990℄ whih involves only Nn fermions.

N -supersymmetri systems involve Nn/2 semi-dynamial even variables Z .
In N= 2 ase, there are n 1-st lass onstraints whih allow us to gauging all these

variables Za.

N= 4 system uses SU(2) spinors Z i
a and in bosoni limit its Hamiltonian has the form

Hbose =
1

2

∑

a

papa +
1

8

∑

a 6=b

Tr(SaSb)

sinh2
(qa − qb

2

) ,

where the n×n matrix quantities Sai
k := Z̄ a

i Z k
a at all values a form the u(2) algebras

with respet to the Dira brakets:

{Sai
k ,Sbj

l}′

D = −i δab

(
δk

j Sai
l − δl

i Saj
k
)
.

Thus, the Hamiltonian is same as the Hamiltonian of the U(2)-spin hyperboli

Calogero-Sutherland An−1-root system [J.Gibbons, T.Hermsen, 1984; S.Wojiehowski,

1985℄. Hene we built N= 4 supersymmetri SU(2) spin hyperboli C-S system.



Supersymmetry generators

Sine the systems onsidered here are obtained from N -super�eld ation, they possess

N -supersymmetry invariane.

Putting the partial gauge �xing onditions in expressions of the Noether harges, we obtain

supersymmetry generators

Q i =
∑

a

paΦ
i
a

a − i

2

∑

a 6=b

Ra
bΦi

b
a

sinh
(qa − qb

2

) +
i

2

∑

a,b

[Φk , Φ̄k ]a
bΦi

b
a ,

Q̄ i =
∑

a

paΦ̄i a
a − i

2

∑

a 6=b

Ra
bΦ̄i b

a

sinh
(qa − qb

2

) − i

2

∑

a,b

[Φk , Φ̄k ]a
bΦ̄i b

a

where Ra
b := Z k

a Z̄ b
k − cosh

(
qa − qb

2

)
{Φk , Φ̄k}a

b .

In N= 2 ase, index i takes only one value i = 1 and last terms are identially zero.

Seond terms in the superharges desribing the Calogero-like interation are zero

when the o�-diagonal matrix fermions Φi
a

b
, Φ̄i a

b
, a 6= b vanish.

⇓
The matrix nature of the original system is important for the given type of systems.



Superharges Qi
, Q̄i and Hamiltonian H form the N= 2 or N= 4 superalgebra

with respet to the Dira brakets on the shell of the 1-st lass onstraints Fa ≈ 0:

{Qi ,Qk}′

D = − i

4

∑

a 6=b

Φ(i
a

bΦk)
b

a

sinh2
(qa − qb

2

)
(

Fa − Fb

)
,

{Qi , Q̄k}
′

D = −2i H δi
k − i

4

∑

a 6=b

Φi
a

bΦ̄k b
a

sinh2
(qa − qb

2

)
(

Fa − Fb

)
,

{Qi ,H}′

D = −1

8

∑

a 6=b

Ra
bΦi

b
a

sinh3
(qa − qb

2

)
(

Fa − Fb

)
.

These generators H, Qi
, Q̄i are gauge invariant: {Qi ,Fa}

′

D = {Q̄i , Fa}
′

D = {H,Fa}
′

D = 0 .

Remark:

As already noted, in the N= 2 ase it is possible to gauge-eliminate all semi-dynamial

variables Za. As a result of this proedure, we reprodue superharges

[S.Krivonos, O.Lehtenfeld, A.Provorov, A.Sutulin, 2018, 2020℄

that either have irrational dependene on odd variables

or use odd quantities with nontrivial properties with respet to omplex onjugation.



Lax representation

Classial dynamis of the system onsidered here is de�ned by the total Hamiltonian

HT = H +
∑

a λaFa ,

where λa(t) are the Lagrange multipliers for the 1-st lass onstraints Fa.

A time derivative of an arbitrary phase variable B(t) takes the form Ḃ = {B,HT}
′

D .

This evolution an be written using the n×n matrix Lax pair

La
b = pa δa

b − i
(

1 − δb
a

) Ra
b

2 sinh
(qa − qb

2

) ,

Ma
b =

1

4
{Φk , Φ̄k}a

aδa
b +

1

4

(
1 − δb

a

)



cosh
(qa − qb

2

)

sinh2
(qa − qb

2

) Ra
b + {Φk , Φ̄k}a

b


+ λa δa

b .

Evolution of (q, p)-variables is represented by the matrix ommutator

L̇a
b = −i [M, L]ab − i

(
1 − δb

a

) La
b (Fa − Fb)

4 sinh2
(qa − qb

2

) ,

where Fa ≈ 0 are the onstraints.



The equations of motion of odd matrix variables Φi
a

b
, Φ̄i a

b
are also represented as

ommutators

Φ̇i
a

b = −i [M,Φi ]a
b , ˙̄Φi a

b = −i [M, Φ̄i ]a
b .

The Lax equations yield the onserved harges:

the trae of any polynomial funtion

F(L,Φ, Φ̄)

of the matrix variables La
b
, Φi

a
b
, Φ̄i a

b

is onserved quantity on the shell of onstraints the 1-st lass onstraints Fa ≈ 0:

J := Tr(F) , J̇ ≈ 0 .

In partiular, superharges and Hamiltonian have the same form

Qi = Tr(Φi L) +
i

2
Tr
(
[Φk , Φ̄k ]Φ

i
)
, Q̄i = Tr(Φ̄i L

k−1)− i

2
Tr
(
Φ̄i [Φ

k , Φ̄k ] ,

H =
1

2
Tr(L2)− 1

8
Tr
(
{Φi , Φ̄i}{Φk , Φ̄k}

)
.



The equations of motion of the ommuting spinning variables Z i
a, Z̄ a

i are represented as

Ż i
a = −i

∑
b

Aa
bZ i

b , ˙̄Z a
i = i

∑
b

Z̄ b
i Ab

a , where Aa
b =

(
1 − δb

a

) Ra
b

4 sinh2
(qa − qb

2

) + λa δa
b .

We obtain that the U(2) harges Sk
i :=

∑
a

Z̄ a
k Z i

a are onserved: Ṡk
i = 0.

Moreover, Z j=2
a = 0, Z̄ a

j=2 = 0, at all a are N= 4 supersymmetry invariant and an be used

as redution onditions. After redution our N= 4 system involves only half of initial

semi-dynamial variables za := Z j=1
a , z̄a := Z̄ a

j=1, {za, z̄b}′

D = −iδb
a and desribes N= 4

spinless hyperboli Calogero-Sutherland system:

Q i =
∑

a

paΦ
i
a

a − i

2

∑

a 6=b

Ta
bΦi

b
a

sinh
(qa − qb

2

) +
i

2

∑

a,b

[Φk , Φ̄k ]a
bΦi

b
a , Q̄ i ,

H =
1

2

∑

a

papa +
1

8

∑

a 6=b

Ta
bTb

a

sinh2
(qa − qb

2

) − 1

8
Tr
(
{Φi , Φ̄i}{Φk , Φ̄k}

)
,

where Ta
b := zaz̄b − cosh

(
qa−qb

2

)
{Φk , Φ̄k}a

b
and with the 1-st lass onstraints

Fa := Ta
a − c = zaz̄a − {Φk , Φ̄k}a

a − c ≈ 0 (no summation over a) .

Gauge-elimination of all semi-dynamial variables za in the last system yields

the N= 4 superharges presented in [S.Krivonos, O.Lehtenfeld, 2020℄

with nontrivial properties of odd variables with respet to omplex onjugation.



Quantum generators

Supersymmetry quantum generators are obtained by using the Weyl ordering of

supersymmetry lassial ones. Let us present the N= 2 ase.

Quantum N= 2 supersymmetri hyperboli Calogero-Sutherland system is desribed by the

operators qa , p a , Za , Z̄a , Φa
b , Φ̄a

b , with anonial (anti)ommutation relations:

[qa,p b] = i δab , [Za, Z̄b] = δb
a , {Φa

b, Φ̄c
d} = δd

a δ
b
c .

Below we use the odd operators ϕa, φa
b
and .. whih are de�ned by the expansions

Φa
b = ϕaδa

b + φa
b , Φ̄a

b = ϕ̄aδa
b + φ̄a

b , {ϕa, ϕ̄b} = δab , {φa
b, φ̄c

d} = δd
a δ

b
c .

Quantum superharges have the form

Q =
∑

a

paϕa − i

4

∑

a 6=b

coth
(qa − qb

2

)(
ϕa − ϕb

)
− i

2

∑

a 6=b

Ra
bφb

a

sinh
(qa − qb

2

) ,

Q̄ =
∑

a

paϕ̄a +
i

4

∑

a 6=b

coth
(qa − qb

2

)(
ϕ̄a − ϕ̄b

)
+

i

2

∑

a 6=b

φ̄a
bRb

a

sinh
(qa − qb

2

) ,

H =
1

2

∑

a

papa +
1

8

∑

a 6=b

Ra
bRb

a

sinh2
(qa − qb

2

) − 1

8
Tr
(
{Φ, Φ̄}{Φ, Φ̄}

)
+

n(4n2 − 1)

24
.

where Ra
b := ZaZ̄b − cosh

(
qa − qb

2

)
{Φ, Φ̄}a

b



Physial states |Ψ〉 obey the onditions Fa|Ψ〉 = 0 where the operators

Fa := Ra
a − c = ZaZ̄a − {Φ, Φ̄}a

a − c (no summation over a)

are quantum ounterparts of the 1-st lass onstraints.

In the spae of physial states |Ψ〉 the operators Q, Q̄, H form the N= 2 superalgebra.

In ontrast to the lassial superharges, the quantum superharges have the following

speial property: the �rst two terms in them

Q =
∑

a

paϕa − i

4

∑

a 6=b

coth
(qa − qb

2

)(
ϕa − ϕb

)
, and ..

do not ontain o�-diagonal fermions φa
b
, φ̄a

b
and themselves form the N= 2 superalgebra

{Q, Q̄} = 2H , {Q,Q} = {Q̄, Q̄} = 0 ,

where the Hamiltonian of suh a �trunated� subsystem is given by the following expression:

H =
1

2

∑

a

papa +
1

8

∑

a 6=b

(
ϕ̄a − ϕ̄b

)(
ϕa − ϕb

)

sinh2
(qa − qb

2

) +
n(n2 − 1)

24
.

Suh system is in fat the N=2 speial extension of the hyperboli Calogero-Sutherland

system with a �xed value of the oupling onstant.

In ontrast to the N= 2 ase, the separation of the invariant setor with only diagonal odd

variables does not work in the N= 4 quantum ase.



Conlusion

This talk presented new models of multi-partile supersymmetri mehanis, whih are

N= 2 and N= 4 supersymmetri generalizations of the Calogero-Sutherland hyperboli

system of An−1 root type.

Important element of our onstrution was super�eld matrix systems with U(n) gauge
symmetry.

Resulting n-partile systems possess Nn2
real physial fermions.

In the N= 4 ase, the system involves additional semi-dynamial bosoni spin variables

and so desribes a N= 4 supersymmetri generalization of the U(2)-spin
Calogero-Sutherland hyperboli system.

It is possible to impose the redution onditions that are N= 4 supersymmetry

invariant and eliminate half of the spinning variables. Suh a redued system is in fat

the N= 4 generalization of the spinless hyperboli Calogero-Sutherland system.

Expliit expressions are obtained for the lassial and quantum supersymmetry

generators, orresponding to the hyperboli Calogero-Sutherland system.

The Lax representation of the equations of motion for the system under onsideration

is presented and the set of onserved quantities is found.



THANK YOU !


