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© Introduction
@ Some facts about holographic RG-flow
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The domain wall/ QFT correspondence

o All regular p-brane: AdS-geometry in the near horizon limit;
Duff, Gibbons, Townsend" hep-th/9405124.
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@ AdS + a dilaton & Domain Wall spacetime
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DW/CFT dualities ltzhaki et. al.'98, Boonstra et. al.'98;Skenderis'99

e AdS & DW, CFT< QFT,

e AdS isometry group < Poincaré isometry group of DW (the dilaton
breaks the scale invariance)

@ non-trivial RG flow; a restoration of the conformal symmetry only at
fixed points (in the UV and/or IR)
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Introduction

Holographic dictionary, review

S =Mt /d%/dwfg [R - %(8@2 - V(qb)] + Sy .

@ The scale factor e* — measures the field theory energy scale

@ The scalar field ¢ — the running coupling

°
5= d\ _ d¢
~dlogE  dA
The auxiliary scalar function W(¢) (aka superpotential)
dA d

W(é(u)) = —2(d — 1)5, —mwﬂ + %(ad,wf =V

The potential can be tuned to reproduce S-function.
Gursoy,Kiritsis' 0707.1324, Gursoy et. al."0707.1349, Gubser’'0804.0434

For asymptotically AdS UV A =0 V(\) = Vo+uvid+wvA+...
For confinement inthe IR A =00 V(A) ~ A%(log\)”

Gursoy, Jarvinnen, Policastro'15 V = —Vpe"® | k > 0.

4/20



Holographic dual and solutions

Outline

© Holographic dual and solutions
@ Vacuum solutions
@ Non-vacuum solutions
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Holographic dual and solutions

The action
1 4 1
S = 52 /d%’/du\/—g (R — §(5¢)2 + V(¢)) - /d4x -,
;)

V(p) = Cre?#1¢ + Cye?k2¢ Oy, ky, s = 1,2 are some constants.

J

Figure: The behaviour of the potential V' (¢) for C1 < 0, C2 > 0.

The ansatz for the metric

d82 _ —€2A(u)dﬁ2 + 62B(u)d?7 2 + eQC’(u)du27 ?7 — <y1’ Yo, yg)

The gauge C=A+3B and
16 16
kiko=—. ki=k ky=— k<4/3.
th2 =5 R 2= 0<k<4/3
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Holographic dual and solutions

The solution for the metric and the dilaton

d52 — Flgk —16 F22(16—9k ) (_62(1 udt2 4 e 3@ udg 2) +F19k —16 F216—9k du2‘
9k 9k
= ———InkF +———1InkFj,
¢ ok 16 ' Torz_16 "7
|Cs| . B .
sinh [ps(u — wos)], if 7ssCs > 0,mssEs > 0,
2| Es|
|Cs| . _ .
2[E,| sin [us(u — uos)], if 1s5sCs > 0,mssEs <0,
Fs(u—ugs) = s
Cs .
7|,us(u - uOs)‘u if 775505 > 07 ES - 01
o |
cosh [us(u —ugs)], if 10ssCs <0,mssEs > 0,
2|Es|
3E; 16 3B, ((16\* 1 16
=1,2 /22 k2 - 2 =222 (2) = -2
s=12 m =I5 =gl e $ 2 ((9) k? 9)’

7/29



Holographic dual and solutions

Constraints

2 1\2
E,+ Ey + (O;) —0. J

@ o' =0 -Vacuum solutions, Poincaré invariant, |E;| = | Es|
© o' # 0. — Non-vacuum solutions, no Poincaré invariance,
|En| # |Ea|
e Conditions from the potential
C1 <0, Cy>0, 0<k<4/3.

@ Constants of integration ug; > 0, ug2 < ug1, 3-branch solutions

left: u < Up2
middle: uge < u < Ugy
right: u > ugy

@ The degenerate case with ug; = ug2 = ug , 2-branch solutions

left: u < Ug
right: U > Ug.
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Holographic dual and solutions
[ eJelele]

Behaviour of solutions wugy # ugy # 0

18k2

8 ok2
d82 _ F19k2—16 F22(16—9k2)( dt2+dy1+dy2+dy3)+F19"2 16F16 16_9k2 d’LL

Cy Cy
I ‘2E sinh(py |u — up1]), Fo= ‘QE sinh(pz |u — up2l),
4
E, = —Ey E <0, Ey>0, p= ETaS
The dilaton
6= 9k o 5
To2_16 °F
and its potential
r 18k2 r 32
9k216 9k2—16
V= C1€2k¢ + 02632¢/(9k) =C} =2 + Cy =2 .
F F
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Holographic dual and solutions
(o] lelele]

Fixed points ug, # uge # 0

@ The

@ The

@ The

left solution u < w2 (the conformally flat spacetimes)
3pqu

U — —0o0 d32 ~ 22/3 (—dt2 + dy% —|—dy§ +dy§ + dz2) 2~ o~ 3R
¢~ e (2 — pa)u ~ log z — —0o

18k2
u = upz — € ds® ~ 264987 (—dt® + dyi + dy3 + dy3 + dz*),
64—9k2 Lok
z~ m(u — Upz) 41697,

middle solutlon up2 < u < ugy (the conformally flat spacetimes)

u — up2 + € the same as for the left solution at u — ug2 — €
u— o1 — € ds® ~ 2921 (—dt® 4+ dyi + dy3 + dy3 + dz?),

4-9k2

16—9k? (u — 1) 16-9K2 .

9k2—4

9k
¢N mlOgZ%—OO,ZN

right solution u > ug; (the conformally flat spacetimes)

o u — ug1 + € the same as for the middle solution at ©w — wg1 + €
o u— 4oo ds? ~ 223 (—dt2 + dy? + dys + dy5 + dz2),

¢ ~logz — —o0
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Holographic dual and solutions
[e]e] lele]

Fixed points: ug; = ugy = 0

@ In the UV u — ug we obtain the AdS-spacetime
1
ds® ~ ?(—dt2 +dy? + dyd + dy + d2?), 2~ 4ul/t

The dilaton is constant in the UV

9k 3k 9k

0 Jee IV
160k %7 T 2016 —or2)

&

¢= Gy

log

@ In the IR u — +00 we obtain the conformally flat spacetime

3pqu

ds® ~ 22/3(—dt2 + dy% + dy% + dyg + dz2), 2~ e 3F3k

The dilaton in the IR

¢ ~logz - —x
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Holographic dual and solutions
[e]ele] o]

Figure: Dilaton solutions as functions of w: A) the dilaton for u < ug2, ug2 =0
B) the dilaton for uge < u < ug1, wor =1, ug2 =0 C) the dilaton for u > wg1,
up1 = 1. FOI’ aII E1 = E2 = —1, 01 = —CQ = —1, k,‘ = 0.4,1, 1.2.

A C

Figure: The dilaton potential plotted on the left, middle and right solutions for
¢.
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Holographic dual and solutions
[ee]e]e] ]

Dilaton and its potential T' = 0 ug; = ugo

A « B
Figure: A) The behaviour of the dilaton (solid lines) and its asymptotics at
infinity (dashed lines) for up1 = ug2 =0, C1 = —Cy = -1, B = —Fy = —1

and different values of k. From bottom to top k = 0.4,1,1.2. B) The dilaton
potential as a function of ¢ for u > 0.
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Holographic dual and solutions
@00

Non-vacuum solutions

The metric reads

8 9k2 18k2

d82 _ F9k2716F2(16—9k2)( 20! udt2+e 3a uzdy +F%2 IGFIG 9k2d 2
- 1 2 7
i=1
The dilaton reads
9k 9k
=————InkF+——-InF
0= g 16 M T g g

where F} = ’2% sinh(uy Ju — up1|), Fo = )2% sinh(ug |u — up2|),

~ [3E1, [16 _\/3E2 \/ ) B,
VI g =R =y g M=V E M

2
E1 + E2 + 5(061)2 =0.
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Holographic dual and solutions
(o] le}

Fixed points ug, # uge # 0

@ The left solution u < ugs

e U — —O0 ¢u—>—oo ~ ﬁ[(# ,LL1)’(L+ 110g|C2E1 |]
@ U — Up2 — €

9%k CoEy
Pu—rugz—e ~ ~g_gpz 108 [\/ Cr s S (o1 u02>>] — Foo.

@ The middle solution ugs < u < ug1

e u — ug2 + € the same as for the left solution at u — w2 — ¢
@ U — Upl — €

/ Ca Eq sinh(ug (uo1—uo02)) _
¢u~>u0176 ~ 1= 9k2 log |: C1 B2 1€ — —00.

@ The right solution u > ug;

o u — ug1 + € the same as for the middle solution at ©w — wg1 + €

o u— 00 ¢H(X,N_ﬁ[(m_m)qwglog|g§§;|].

6k2(a1)2

= Fo= ———.
® [ H2, 2 16 — k2

e 1 > M2
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Holographic dual and solutions
[efe] ]

Figure: The dilaton non-vacuum solutions with wp1 = 1,402 =0

V,u
right branch | / dilaton

—  — rancl ¢)
=3 2 - v T 2

potenfial

leftbranch

Figure: V.=V (¢) on non-vacuum solutions ¢ = ¢(u) and u = u(p).
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RG equations at 7" = 0
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© RG equations at 7' =0
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RG equations at 7" = 0
Holographic RG equations

The solution in the domain wall coordinates

ds® = dw? + >4 (—dt2 + nijdmidacj) .

é(w), A = e? — the running coupling.
The SB-function
dAgrr  dA

BN = dlogE ~ dA

The S-function satisfies the holographic RG egs.
dX 4 3 dlogV
— — —— (=) =k —
a5 = 30 ) < TIX dg ) !

where X (¢) is related with the S-function

_ B
The enegy scale
A=et
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RG equations at T'= 0

16 9k2
: : ToT6 T6o0kZ
The domain wall coordinates dw = F**"~*° F,'~*" du.

The running coupling

9k

Fy\ o%2-16
A=e? == ;
‘ (F1>

The scale factor of the domain wall

2

4
AzilogFl—i—4

9
T logF
k2 — 16 (16 — 9k2) 872

The energy scale
2

4 9k
A = et = FP 16 Fatio—or?)

1/ F 16E§k2 Y
X=-(2 2
3\ F A’

The X-function
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RG equations at 7" = 0

E=001
E<0.15
E<035
£06

¢
C D

Figure: The behaviour of the X-function with the dependence on the dilaton
plotted using the solutions for A. A)left B) middle C)right D) uo1 = wo2
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RG equations at 7" = 0

The behaviour of the running coupling A on the energy scale

Figure: X\ on the energy A on the dilaton plotted using the solutions for A and

¢.A) the left branch with wpz > u, B) the middle branch ug2 < u < wo1; C) the
right branch u > ug1. For all plots & = 0.4, C1 = —2, Cy = 2, different curves
on the same plot corresponds to the different values of |E1| = | E2|, labeled as

E on the legends and different uo1 and uo1 also indicated on the legends.
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RG-flow at finite T
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@ RG-flow at finite T’
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RG-flow at finite T
RG flow at finite temperature

The domain wall solution

ds® = eQA(T)mjdmidmj +dr?, ¢ =o¢(r).

The black brane

3 . dr?
ds? = e2AM) r)dt? + 6;;datda’) + ——,
( f( ) J ) f(T) )
Example The Chamblin-Reall solution f =1 — CoA~ 5% >, A = ¢®.

Gursoy, Kiritsis, Mazzantini, Nitti'09, Gursoy, Jarvinen, Policastro'16
The Y-variable is defined through the function f

~

—_
Q

Y(¢) = 1A g =log f,

ax 4. 3 dlogV
o 3(1 X+Y)( +3x i ),
ay 4. s Y

@w - 3(1 X +Y)X
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RG-flow at finite T

Black brane solution

ds* = C X( — e ug? 4 dgfz) +ct X(u)%go‘luduz,
c = (1 & e*#l“Ol) CEET (1 & *Mzuoz) 4(1‘?%29’62)
2\ |2E, 2V |2E;
Xuw) = (1- e—Zul(u—um))*ﬁ(l _ e_2l‘2(u_u02))2(13+291c2’)

Null geodesics ds? = 0, i.e. for the light moving in the radial direction

t—ty = /uduC3/2 (1 + ) o .

Uo

This calculation confirms that we have at © = 400 the horizon.

Hawking temperature

_ 2 o
= 37 (3/2
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RG-flow at finite T

The running coupling on the energy scale (ug; # 0, ug2 # 0)

Figure: The dependence of A on the energy scale A= e at the left solution A),
the middle solution B) and the right one C). a* = 0 (cyan), a* = —0.25
(blue), o' = —0.5 (green), a* = —0.8 (red), o' = —1 (brown).
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Outlook
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© Outlook
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The bottom line

@ Vacuum and non-vacuum holographic RG-flows were constructed

@ Holographic RG flows can have AdS fixed point in the UV and
hyperscaling violating boundary in the IR region.

@ The holographic running coupling can mimic QCD behaviour at zero
T.

@ Exact solutions allow not to deal with superpotential W/
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The bottom line

@ Vacuum and non-vacuum holographic RG-flows were constructed

@ Holographic RG flows can have AdS fixed point in the UV and
hyperscaling violating boundary in the IR region.

@ The holographic running coupling can mimic QCD behaviour at zero
T.

@ Exact solutions allow not to deal with superpotential W/

”

@ Analysis of the non-vacuum solutions (7' # 0).

o Careful studies of the behaviour A = e? on the energy scale at
T # 0.
@ Analysis of confinement-deconfinement phase transition.

28 /29



Thank you for attention!
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