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Maximal SYM
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¢ Partial or total cancellation of UV divergences (\dx\?;‘o\@ox\
(all bubble and triangle diagrams cancel) ‘ w“;«ﬁw \2
¢ First UV divergent diagrams at D=4+6/L S Y\?p\@d
¢ Conformal or dual conformal symmetry N\@“\

¢ Common structure of the integrands
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_ ¢ On-shell Pnite up to 8 loops
D=4 N=8 Supergravity ¢ Similar to higher dim SYM
Object : Helicity Amplitudes on mass shell
with arbitrary number of legs and loops
The case: Planarlimit N, — oo, g%,; — 0 and gi-,,N . - Pxec

The aim : to get all loop (exact) result

Study of higher dim SYM gives insight into quantum gravity



UV divergences in all Loops

Spinor-helicity formalism: S-matrix elements

D=4 N=4 No UV div IR div on shell
D=6 N=2 UV div from 3 loops No IR div
D=8 N=1 UV divfrom 1lloop No IR div

D=10N=1 UV divfrom1lloop No IR div

All these theories are non-renormalizable by power counting

1
M D—4

The aim: to get all loop (exact) result for the leading (at least) divs

2
The coupling U has dimension [gZ] =




Perturbation Expansion for the 4-point
Amplitudes for any D

A4/A tree g *
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Universal expansion for any D in maximal SYM due to Dual conformal invarianc:e4



Leading Divergences from Generalized
«Renormalization Group»

¥ In renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefbcient of 1/5d'n loops is
I (n)
' a (n) — 7 54(1)y\n
- an’ =(a;")

N

R'G =
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Leading Divergences from Generalized
«Renormalization Group»

¥ In renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefbcient of 1/5d'n loops is

(n)
Rie= 2 aM = (al?)"

N
n

¥ In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

R'G=1! KR!+ KR|KR}|\! ..,
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SubLeading pole Agn), B YQ 1-loop graph

B{M 2-loop graph



Subleading Divergences from Generalized
«Renormalization Group»

¥ In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

All terms like (I()gp_z)m/! K" should cancel

Leading pole
Al from 1 loop
AN = (1 )+t % D diagrams
| "
B(M = (1 1)" EBén) Ml ! 25&”) < SubLeading pole
n N from 2 loop
diagrams
| n A(n) B(n) B A(n)/ B(n)/
I n n
KR"Gp = |kn t |nl'<'1 = In t In" 1°
k=1 ' ' ' ' Just like in
renormalizable
A (™) theories one can
AP = )t = 2L deduce the
n leading,
nY/ 2 n) . 25 (n subheading, etc
B = (n(nl 1)Bé '+ HB§ )) divergences from
1, 2, etc diagrams




R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
/\ iy e :
el H) L -D L H - U H ] -
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MAn=!Ans —> A, =(-1)" (! g°9)"
mn.
. - , N
Summation ZLZZAn(—Z) Z: T
n=3
2 z*
ZL—— e —1—2z— —
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R-operation and Recurrence Relation

D=6 N=2
Horizontal boxes + double tennis court
1 1
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(1 111, 1
A= g AT gt ot U
(| gZS)n! 1(| g2t) (| gzs)n
¢ 2g
Summation 22 = ZAS "+ A n(—=2)" 7| gl_
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R-operation and Recurrence Relation

D=6 N=2
Horizontal boxes + double tennis court
1 1
nAj = ! §AL! 1 l nAp =1 A7 3An| 1
("1 11 1
Av= gusnr AT agren! o0 D
(! g?9)™ (! g°t) (! g?s)"
2
Summation 22 = Z Ay (—2)" + At n(—2)" Z ! $
1 z 1z¢2 173 1 1
| — 213y 11 2 220 22 )1+ | | 11 | Z721 =23
L2755 7 27”1 11 3' 379 627)(1 2 ) (e 1! sz! 22 z)

¥ Similar relations one can get for all other series
¥ All of them have 1/n! behavior
¥ Number of these series group as n!




All loop Exact Recurrence Relation

D=6 N=2
s-channelterm S, (S,t) t-channel term Th(s,t) Th(s,t) = Sn(t,s)

Exact relation for ALL diagrams

n>4
t' = t(x! y)! sy

NSn (s, t) = ! 25/1 dx /X dy (Sni 1(S,t) + Tni (s, 1))
0] 0

S3=15s/3, Ts=113
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n>4
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Summation Yr(s,t,z) = (I 2)"S,(s,t)
n=k
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All loop Exact Recurrence Relation

D=6 N=2
s-channelterm S, (S,t) t-channel term Th(s,t) Th(s,t) = Sn(t,s)

Exact relation for ALL diagrams

n>4
t' = t(x! y)! sy

NSn (s, t) = ! 25/1 dx /X dy (Sni 1(S,t) + Tni (s, 1))
0] 0
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!OO
Summation Yr(s,t,z) = (I 2)"S,(s,t)
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0
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d % LT X
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z < 0 0




Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AN = gt 1A

2 2 M2
nNA, = ﬁAn! 1t g AkAnr 1k, n" 3 A1 =1/6 1 loop box
' k=1

10



Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AM = gt I
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AN = gt 1A
2 2 M2
NA, =1 —An 1+ = AcAni 11k, N° 3 A;=1/6 1 loop box
41 51
!!
Summation | (2) = An(t 2)"
n=m
d 2 2 1 1
LT gt gl teThat AuZ A2z%, 12=! 1t Az, Ar= o A=t o
| o1 . d 1 2 2
LA 1 _ 2 2
Diff eqn —la=! —+ 1,1 I z = g°s°/!
dz A~ 3 @A oA o

10



Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AM = gt I
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All loop Exact Recurrence Relation
D=8 N=1

s-channel term

Sn(s,t) tchannelterm  Th(S,1)

Exact relation for ALL diagrams

Ta(s,t) = S,(t,S)

-1 " X
nSn(S’t): | 252 dx dy y(l! X) (Sn—l(s1t/)+ Tn—l(S,t/))lt!:tx+yu
0 0
4! 1d 201 2n—22k—2 1 P : N o
st o aaxrEx)T S gre (S Tk(s 1)
k=1 p=0
adP
_ 1 _ 1 ! _1_ N+ Th_1_ Nli= 1! P
S, = 5 T, = T d/p (Sn—1-k(s, 1) n—1-k(S, 1)) ]tr= —sx (tSX( X))




All loop Exact Recurrence Relation
D=8 N=1

s-channel term

Sn(s,t) tchannelterm  Th(S,1)

Exact relation for ALL diagrams

Ta(s,t) = S,(t,S)

-1 " X
nSn(S’t): | 252 dx dy y(l! X) (Sn—l(s1t/)+ Tn—l(S,t/))lt!:tx+yu
0 0
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_ 1 _ 1 ! _1_ N+ Th_1_ Nli= 1! P
S, = 5 T, = T d/p (Sn—1-k(s, 1) n—1-k(S, 1)) ]tr= —sx (tSX( X))

summation




All loop Exact Recurrence Relation

D=8 N=1
s-channelterm S, (S,t) tchannelterm  Tn(S,t) Th(s,t) = Sn(t,s)

Exact relation for ALL diagrams

-1 "X
nSn(S’t): | 252 dx dy y(l! X) (Sn—l(s1t/)+ Tn—l(S,t/))lt!:tx+yu
0 0
4! 1d 201 2n—22k—2 1 4P . o e
+ ! + ]
> (11 %) . pi(p+2) gre k(S )+ Tk(s, 1)
k=1 p=0
dP
_ 1 _ 1 " 1 N+ To_q k(S t')D]= _ tsx (1! P
S, = B T, = - dt’p(sn 1 k(S,t) n—1 k(S ))lt SX (SX( X))
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All loop Exact Recurrence Relation

D=8 N=1
s-channelterm S, (S,t) tchannelterm  Tn(S,t) Th(s,t) = Sn(t,s)

Exact relation for ALL diagrams

1 X
nS,(s,t) = | 2s? dx dy y(1! x) (Sp_1(s,t") + Th_1(S,t)) |t'= tx + yu
0 0
L n—22k—2 1 o
4 2 | 2 t/ + T ,t/ "
TS e _pipr dep xS TS D)
k=1 p=0
[ 1] dp
S1 = %2 T1 = %2 dt’p (Sn—l—k(S,t/) T Tn—l—k(S,t/))lt!: —SX (tSX(l! X))p
summation l 5(s,t,2) =1 1(s,t,2) — Sa(s,t)z% + Si(s, 1)z, ! 5(s,t,2) =1 i(s,t,2) + Si(s,t)z
Diff egn
d 1 b . ,
—%(s,t,z) =! — +2s° dx dyy(1! x) (3(s,t',2) + Z(t',S,2))|tr=tx +yu
dz 12 0 0
4! ' 2 2"" 1 d’ 2
| ! L p
l's O dx x“(1! Xx) . p!(p+2)!(dt!p(§3(s,t,z)+2(t 'S, Z)) = sx )” (tSX (1! X))P.
p=0




All loop Solution (leading divs
D=6 N=2

PT (15 terms)

Ladder
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Tl ! z ” $
PT and Pade versus Lad+Lad?
ladder for t=s

Ladder Lddder 2

2 8222 0°
1 1 (s,2)= ——(e**! 1! sz! — z= >
L( ) 8222 2 )

Numerical solution of the full equation is close to the ladder approx



All loop Solution (leading divs)

D=8 N=1
Ladder
| Numerics . /

— 1"HS%&'() *+)",&+- .

— IHG%&() *+)" &+ |

— 01% )(22%% *$3"$-'$

— 40 *$%&$*5 /6 ,$YoH*

— 4(2$ (T7%+88H(,&+-19:; "

o
>

|

PT and Pade versus
ladder for t=s

5 (5.2) = | ! £ 4 tan(zs?/ (8_1_5?)_
1! tan(zs?/(8 15)) 5/3




Subleading divergences

| L(Z)+ TN (Z)+ 121 NN L (Z)+ acé 1 (2) = z"Fn
n
D=4 N=4 2z= g°/
D=6 N=2 z=g°s/l,2= g°t/!
D=8 N=1 z=g°s?/l,z2= g*st/!,..
D=10 N=1 z= g°s°/l,z= g°s°t/!,..
D=8 N=1
252

sLadder case ' vt = S! g (2) + t! g (2) S



Subleading divergences

!|_(Z)'|‘!!|\||_(Z)+!2! NNL (Z2) + a ¢ l(z)=  Z"Fs
n
D=4 N=4 2z= g°/
D=6 N=2 z=g°s/l,z= g°t/!
D=8 N=1 z=g°s?/l,z2= g*st/!,..
D=10 N=1 z= g°s°/l,z= g°s°t/!,..
D=8 N=1
252
sLadder case ' v = 8! g (2) + t! 5 (2) 2= =
| ! — S z/ 60 | : |
| 5 (2) = 5 e” *¥(2cos@/30)! sin(z/30))! 2
1

l g = | 3—6'60+ z+ e/ %01 (60 + z)cos(z/30)! 2(! 15 + z)sin(z/30))




Sum of Ladder diagrams (subleading divs)

| | 2 I I
S = Y 2" Bl P @4 1,0 P2D 4 1,950 @)= a(@)
n=2
Diff egn 1 1,4
| — + LA
f1(z) = 15’
1 LA, 1% 1 dl 4
= —1 —+ +
T2(2)= 59" 360" 800" 15 dz
2321 11 A7 1 . 23 1,
fa(z) = | A + I A R R Y R N 121!
32)= 55> A" 1800 B ' 55 A 572 A B T 750 AT 1200 A

19dla, L1djy  23dZ 1d(lali), 3

l
36 dz 15 dz 225 dz 30 dz - 32




Sum of Ladder diagrams (subleading divs)

| | 2 I I
S = Y 2" Bl P @4 1,0 P2D 4 1,950 @)= a(@)
n=2
Diff egn 1 1,4
| — + LA
f1(z) = 15’
1 LA, 1% 1 dl 4
= —1 —+ +
T2(2)= 59" 360" 800" 15 dz
2321 11 A7 1 . 23 1,
fa(z) = | A + I A R R Y R N 121!
32)= 55> A" 1800 B ' 55 A 572 A B T 750 AT 1200 A

19dla, L1djy  23dZ 1d(lali), 3

l
36 dz 15 dz 225 dz 30 dz - 32

Solution to Diff egn _ _
smooth monotonic function

| _dA u(z)_- zd ] de f3(X) “
| 8 (2) = —=u(2) B A TN




Sum of the Ladder diagrams

solutions



Sum of the Ladder diagrams

solutions

Leading divs

Infinite number of poles
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Sum of the Ladder diagrams

solutions

Leading divs

13(+

La(( ¢

143(|

I"H$"%& ' )"#%
+,-) %/01)$/2

|

Infinite number of poles

32(+
3(( -

2(}

Subleading divs

sSB

I"#$"%& '( )"#*%
+*"#$-./%0/,)$01

NA



Sum of the Ladder diagrams

solutions
Leading divs N Subleading divs
5, '(( | |
“ | - SB
, 32(
3(| —
(|7 I"H#$"%6& ()" #%
’ ’ +,*"#$-./%0/,)$01
0 2 ,
? { ————— "HS Y08, ( ) H % ] /,"
La(( /J
+,-.) %/01)$/2 R/
&
143(|
0
o
o — I"#$%&'()* '|
. — $%&(*-1,"
Infinite number of poles
% #'\_/f/? & 1
P
g

Infinite number of poles at the same position



Scheme dependence and
arbitrariness of subtraction

subleading case

Al +Bl = 6%(1+01!) " ESB = clzd;—z!A. —p z! z(1+ ce).
sub-subleading case
Ay + By = 3!48”2- 11 132! +2¢1) + col? " o= szzd(':'l_j_
—>  z! z(1+ ¢l)+ z%cy!%
s = Cfi. =3 12d;;3\ — 2! zZ(1+ ¢!+ Z3(co + GBI A2



Scheme dependence and
arbitrariness of subtraction

subleading case
1

/ / no | — d’,
AL+BL = (o)) I G —@zd—zA. —> 2! z(1+(©)).

sub-subleading case

- dll |
_ S n | — 2 A
Az + By = 314112 1 _I t2a! +@ " osc T @ dz

—>  z! z(1+ ¢!)+ 242

noo/ .dl d2", 2 2
| SC:!@ SAL 125 —  z! Z(1+ o)+ (e + B)4)




Scheme dependence and
arbitrariness of subtraction

sub-subleading case inear term
AL+ Bl = 2 -11 iI+2cl+c|2 ibution f
2 2= 3202 1 1! 2! new contripbution rrom

subleading term

, 719,52 . 71s°
" ! — ' ' —
" ~(3! loop) = ! 1036800 — l g (3! loop) = ! 3456002
e e e ! 71952
-2 | + [ TOL =D <4~ 2 '. | lrunc (3 | = |
----- }'4 o 51109 1 31104007
the source of o g e .
a problem " s (8~ loop) = erzm) (3 = loop)

2l 2L+ e+ 2%(c ™ c£/AN1Y + 2B /est Zhet/alent +



Scheme dependence and
arbitrariness of subtraction

sub-subleading case inear term
A+ Bl= 5 1) EI+@D+c|2 ibution f
2 2= 312~ 1 2! new contripution from

subleading term

, 719,52 . 71s°
" ! — ' ' | —
" ~(3! loop) = ! 1036800 — l g (3! loop) = ! 3456002
e e e ! 71952
-2 | + [ TOL =D <4~ 2 '. | lrunc (3 | = |
----- }'4 o 51109 1 31104007
the source of o g e .
a problem " s (8~ loop) = erzm) (3 = loop)
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Kinematically dependent renormalization

¥ R-operation is equivalent to

renormalizable theories nonrenormalizable theories
— 2 are
Mél B Z4(g )Mi ‘ggare | >g 224

ggare — U!Z4(92)92-

Z=1- KRG
simple multiplication i operator multiplication
Z =1+ g!_2+ g4(!£2 + !})+ Z =1+ 9!_23t+ g!4st(82!+2tz + il 3!” 752)+
scheme dependence scheme dependence
g°= zg?%, z=1+ g%ci+ gico+ ... g° = zg?, z=1+ g?stc; + g?st(s® + t3)c, + ...
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Kinematically dependent renormalization

operator kinematically dependent renormalization

at 2 loops

G3st, ghst’ s2+t? 27/4s?+1/3st+ 27/ 4

R=10 Z S 1 |

_ 2
R, = Z4(9 )@Larebgare | >g2Z,

g°st .\ g'st s+ t° 5/12s°+1/3st+5/12?

e TR T TR e |

g5 = g°(1+ g—2)
8 = 9 31

9°s t — g? <s D + ot v> this is operator action!
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Conclusions

¢ The UV divergences for the on-shell scattering amplitudes DO NOT
CANCEL in any given order of PT

¢ The recurrence relations allow one to calculate the leading UV
divergences in ALL orders of PT algebraically starting from 1 loop

¢ The recurrence relations allow one to calculate the sub leading UV
divergences in ALL orders of PT algebraically starting from 1 and 2 loops

¢ This procedure apparently continues the same way for all divergences
just like in renormalizable theories
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Conclusions cont’d

¢ The sum of the leading UV divergences to ALL orders obeys the nonlinear
Integro-differential equation

¢ The numerical solution indicates that solution to the full equation seems to
behave like the ladder approximation

& There is no simple limit when T 40

¢ This means that one cannot simply remove the UV divergence and non-
renormalizability of a theory is not improved when summing the inbnite

series
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Conclusions cont’d

¢ The structure of UV divergences in non-renormalizable theories essentially
copies that of renormalizable ones

¢ The main difference is that the renormalization constant depends on
kinematics and acts like an operator rather than simple multiplication

¢ As a result, one can construct the higher derivative theory that gives the
Pnite scattering amplitudes with a single arbitrary coupling g debned in PT
within the given renormalization scheme.

¢ Transition to another scheme is performed by the action on the amplitude
of a Pnite renormalization operator z that depends on kinematics.
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